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Abstract
In this paper we introduce the notion of generalized Lie algebroid and we develop
a new formalism necessary to obtain a new solution for the Weistein’s Problem [53].
Many applications emphasize the importance and the utility of this new framework
determined by the introduction of generalized Lie algebroids.
We introduce and develop the exterior differential calculus for generalized Lie
algebroids and, in this general framework, we establish the structure equations of
Maurer-Cartan type. In particular, we obtain a new point of view over the exterior
differential calculus for Lie algebroids.
Using the (generalized) Lie algebroids theory, we build the Lie algebroid gene-
ralized tangent bundle and, using that, we obtain a new method by determining
the (linear) connections for fiber bundles, in general, and for vector bundles, in
particular.
Using the linear connections theory we develop the study of the geometry of
vector bundles. Moreover, using the connections theory, we develop the geometry
of total space of the generalized tangent bundle for a vector bundle.
We present a geometric description of metrizability for the total space of the Lie
algebroid generalized tangent bundle, where we extend the notions of generalized
Lagrange space, Lagrange space and Finsler space. Using the Lie algebroid gene-
ralized tangent bundle of a generalized Lie algebroid, we introduce and develop a
mechanical systems theory and we present a Lagrangian formalism for these me-
chanical systems. In particular, using the Lie algebroid generalized tangent bundle
of a Lie algebroid, we obtain a new solution for the Weinstein’s Problem.
A geometric description of metrizability for the total space of the Lie algebroid
generalized tangent bundle for dual vector bundle is presented. We extend the
notions of generalized Hamilton space, Hamilton space and Cartan space. Using
the Lie algebroid generalized tangent bundle of dual of a generalized Lie algebroid,
we introduce and develop the dual mechanical systems theory and we present a
Hamiltonian formalism for dual mechanical systems.
Finally, we introduce and develop the concept of (horizontal) Legendre equiva-
lence between a vector bundle and its dual vector bundle.
We remark that, if the morphisms used are identities morphisms, then we obtain
similar results to the classical results, but which are not classical results though.
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3
1 Introduction
The motivation for our researches was the
Weinstein’s Problem:
Develop a Lagrangian formalism directly on the given Lie algebroid similar
to Klein’s formalism for ordinary Lagrangian Mechanics [25].
This problem was formulated by A. Weinstein in [53], where the author gave the
theory of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations
using the dual of a Lie algebroid and the Legendre transformation defined by a regular
Lagrangian.
In [28], P. Liberman showed that such a formalism is not possible if one consider
the tangent bundle of a Lie algebroid as space for developing the theory. Using the
prolongation of a Lie algebroid over a smooth map introduced by P.J. Higgins and
K. Mackenzie in [15], E. Martinez solved the Weinstein’s Problem in [53] (see also
[13], [27]).
Finding an other space for developing the theory, we discovered the generalized Lie
algebroids which are presented in Subsection 3.3.
Since any Lie algebroid can be regarded as a generalized Lie algebroid, we proposed
to obtain a new solution for theWeinstein’s Problem using the new notion of generalized
Lie algebroid.
To solve this problem it was necessary to introduce and develop a new formalism.
In order to develop our researches, new and interesting notions and results appeared,
which determined the apparition of new theories which are naturally integrated in our
paper.
So, in Subsection 3.2 we introduce and develop the exterior differential calculus
for generalized Lie algebroids and, using that, we establish the structure equations of
Maurer-Cartan type for generalized Lie algebroids. In particular, we obtain a new point
of view over the exterior differential calculus for Lie algebroids.
Inspired by the general framework of Yang-Mills theory, presented synthetically in
the following diagram:
(E, 〈, 〉E)
pi

(TM, [, ]TM ,
τM

(IdTM , IdM ), g)
M
IdM
//M
where:
1. (E, pi,M) is a vector bundle,
2. 〈, 〉E is an inner product for the module of sections Γ (E, pi,M) ,
3. ((IdTM , IdM ) , [, ]TM ) is the usual Lie algebroid structure for the tangent vector
bundle (TM, τM ,M) and
4. g ∈ Γ ((T ∗M, τ∗M ,M)⊗ (T
∗M, τ∗M ,M)) such that (M,g) is a Riemannian mani-
fold,
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we build the Lie algebroid generalized tangent bundle in Subsection 3.3.
Using this in Subsection 3.4, we introduce and develop a (linear) connections theory
for fiber bundles, in general, and for vector bundles, in particular.
We can define the covariant derivatives with respect to sections of the generalized
Lie algebroid (
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In particular, if we use the generalized Lie algebroid structure(
[, ]TM,IdM , (IdTM , IdM )
)
for the tangent bundle (TM, τM ,M) in our theory, then the linear connections obtained
are similar with the classical linear connections for the vector bundle (E, pi,M), but not
classical linear connections.
It is known that in Yang-Mills theory the set
Cov0(E,pi,M)
of covariant derivatives for the vector bundle (E, pi,M) such that
X (〈u, v〉E) = 〈DX (u) , v〉E + 〈u,DX (v)〉E ,
for any X ∈ X (M) and u, v ∈ Γ (E, pi,M) , is very important, because the Yang-Mills
theory is a variational theory which use (cf. [6]) the Yang-Mills functional
Cov0(E,pi,M)
YM
−−→ R
DX 7−→
1
2
∫
M
∥∥RDX∥∥2 vg
where RDX is the curvature.
Using the linear connections theory, we succeed to extend at maximum the set
Cov0(E,pi,M) of Yang-Mills theory, because using all generalized Lie algebroid structures
for the tangent bundle (TM, τM ,M), we obtain all possible linear connections for the
vector bundle (E, pi,M).
We emphasize the importance and the utility of linear connections theory for vector
bundles in Chapter IV of our paper, where we present many applications. In particular,
we obtain similar results to the classical results, but which are not classical results
though.
After that we study the geometry of total space of the Lie algebroid generalized
tangent bundle for a vector bundle in Section 5 of our paper, where we emphasize the
importance and the utility of connections theory presented in Subsection 3.4.
The geometry of Lagrange spaces, introduced and studied in [24] and [35], was ex-
tensively examined in the last two decades by geometers and physicists from Romania,
Japan, Hungary, Canada, Germany, Italy, Russia and USA. Many international con-
ferences devoted to debate this subject, proceedings and monographs where published
[3], [4], [41], [42]. A large area of applicability of this geometry is suggested by the
connections to Biology, Mechanics and Physics and also by its general setting as a
generalization of Finsler and Riemann geometries.
As the (generalized) Lagrange space has been certified as an excellent model for some
important problems in Relativity, Gauge Theory and Electromagnetism, in Subsections
5
5.8 and 5.9 we continue and we present a geometric description of metrizability for the
total space of the Lie algebroid generalized tangent bundle for a vector bundle. We
extend the notions of generalized Lagrange space, Lagrange space and Finsler space
and we define the Einstein equations in this general framework.
Subsection 5.11 is devoted to introduce and study of a new class of mechanical
systems called by us mechanical (ρ, η)-systems, generalized Lagrange mechanical (ρ, η)-
systems, Lagrange mechanical (ρ, η)-systems and Finsler mechanical (ρ, η)-systems.
For these mechanical systems we develop a theory of semisprays and sprays. We
develop a Lagrangian formalism for Lagrange mechanical systems.
We determine and we study the (ρ, η)-semispray associated to a regular Lagrangian L
and external force Fe which are applied on the total space of a generalized Lie algebroid
and we derive the equations of Euler-Lagrange type.
In particular, using the Lie algebroid generalized tangent bundle of a Lie algebroid,
we obtain a new solution for the Weinstein’s Problem different by the Martinez’s solu-
tion [53].
Moreover, if the Lie algebroid used is
((TM, τM ,M) , [, ]TM , (IdTM , IdM )) ,
then we obtain similar results to those presented by I. Bucataru and R. Miron in [7].
It is known that in 1918, immediately after the birth of general relativity, Weyl
proposed the first unified theory of gravitation and electromagnetism, by generalizing
the Riemannian space.
We are interested in finding the answer to the following question:
• Could we to extend the study of the Riemannian geometry from the usual Lie
algebroid
((TM, τM ,M) , [, ]TM , (IdTM , IdM )) ,
to an arbitrary (generalized) Lie algebroid and can we obtain a general framework
necessary to unify the theory of gravitation with the theory of electromagnetism?
The future will show how far our theory can be used in this direction.
Our researches continue in Section 6, where we study the geometry of total space
of the Lie algebroid generalized tangent bundle of a dual vector bundle and so, we
emphasize the importance and the utility of the generalized connections theory presented
in paragraph 3.4.1.
We present the adapted (ρ, η)-basis and adapted dual (ρ, η)-basis and remarkable
endomorphisms of (Γ((ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E),+, ·) module (projectors, almost product
structure, almost tangent structure, almost complex structure, (ρ, η)-tension endomor-
phism) and we present the (ρ, η)-torsion and the (ρ, η)-curvature of a (ρ, η)-connection
(ρ, η) Γ. We introduce and studied distinguished linear (ρ, η)-connections and we build
the (g, h)-lift of accelerations for a differentiable curve. Using the distinguished li-
near (ρ, η)-connections theory, we introduced and study the (ρ, η)-torsion, the (ρ, η)-
curvature and we present the formulas of Ricci type and the identities of Cartan and
Bianchi type.
The concept of Hamilton space, introduced in [36], [40], was intensively studied in
[19], [20], [21], and it has been successful, as a geometric theory of the Hamiltonian func-
tion. The modern formulation of the geometry of Cartan spaces was given by R. Miron
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([36], [38]) although some results where obtained by E´. Cartan [9] and A. Kawaguchi
[23] . Since the fundamental entity in Mechanics and Physics is the (generalized) Hamil-
ton space, in Subsections 4.8 and 4.9 we continue to present a geometric description of
metrizability for the total space of the Lie algebroid generalized tangent bundle of dual
vector bundle. We extend the notions of generalized Hamilton space, Hamilton space
and Cartan space and we define the Einstein equations in this general framework.
Subsection 4.11 is devoted to the introduction and the study of a new class of
mechanical systems, called by us dual mechanical (ρ, η)-systems, generalized Hamilton
mechanical (ρ, η)-systems, Hamilton mechanical (ρ, η)-systems and Cartan mechanical
(ρ, η)-systems. For dual mechanical systems we develop a theory of semisprays and
sprays. For Hamilton mechanical systems we develop a Hamiltonian formalism. We
determine and study the (ρ, η)-semispray associated to a regular Hamiltonian H and
external force
∗
F e, which are applied on the total space of the dual of a generalized
Lie algebroid and we derive the equations of Hamilton-Jacobi type. One remarks that,
if the morphisms used are identities, then similar results can be obtained by classical
results, but not classical ones.
The classical Legendre’s duality makes possible a natural connection between La-
grange and Hamilton spaces. It reveals new concepts and geometrical objects of Hamil-
ton spaces that are dual to those which are similar in Lagrange spaces. The geometrical
theory of Hamilton (Cartan) spaces was investigated from the Legendre duality point
of view in the papers [36], [38], [20], [21].
In our paper, we propose a new point of view over the Legendre duality. We intro-
duce and develop the notion of (horizontal) Legendre (ρ, η, h)-equivalence between an
arbitrary vector bundle and its dual. For this new theory it was necessary to build the
(ρ, η)-tangent application of the Legendre bundle morphism associated to a Lagrangian
or a Hamiltonian.
We consider that this new theory can be used in the develop of the Poisson Geometry
and Symplectic Geometry.
2 Preliminaries
In general, if C is a category, then we denoted by |C| the class of objects and we denoted
by
−→
C the class of arrows (morphisms). For any A,B∈ |C|, we denote by C (A,B) the
morphisms set of A source and B target.
Let Vect, Liealg, Mod,Man, B and Bv be the category of real vector spaces, Lie
algebras, modules, manifolds, fiber bundles and vector bundles respectively.
2.1 The category of Lie algebroids
Let N ∈ |Man| and [, ]TN be the usual Lie bracket such that
(Γ (TN, τN , N) ,+, ·, [, ]TN ) ∈ |LieAlg| .
Definition 2.1.1 If (F, ν,N) ∈ |Bv| such that there exists
(ρ, IdN ) ∈ Bv ((F, ν,N) , (TN, τN , N))
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and an operation
Γ (F, ν,N)× Γ (F, ν,N)
[,]F
−−→ Γ (F, ν,N)
(u, v) 7−→ [u, v]F
with the following properties:
LA1. the equality holds good
[u, f · v]F = f [u, v]F + Γ (ρ, IdN ) (u) f · v,
for all u, v ∈ Γ (F, ν,N) and f ∈ F (N) ,
LA2. the 4-tuple
(Γ (F, ν,N) ,+, ·, [, ]F )
is a Lie F (N)-algebra,
LA3. the Mod-morphism Γ (ρ, IdN ) is a LieAlg-morphism of
(Γ (F, ν,N) ,+, ·, [, ]F )
source and
(Γ (TN, τN , N) ,+, ·, [, ]TN )
target,
then we will say that the triple
(2.1.1) ((F, ν,N) , [, ]F , (ρ, IdN ))
is a Lie algebroid.
The couple
([, ]F , (ρ, IdN ))
is called Lie algebroid structure.
Definition 2.1.2 We define the morphisms set of
((F, ν,N) , [, ]F , (ρ, IdN ))
source and ((
F ′, ν ′, N ′
)
, [, ]F ′ ,
(
ρ′, IdN ′
))
target as being the set
{(ϕ,ϕ0) ∈ B
v ((F, ν,N) , (F ′, ν ′, N ′))}
such that the Mod-morphism Γ (ϕ,ϕ0) is a LieAlg-morphism of
(Γ (F, ν,N) ,+, ·, [, ]F )
source and (
Γ
(
F ′, ν ′, N ′
)
,+, ·, [, ]F ′
)
8
target.
Remark 2.1.1 Note that we can discuss about the category of Lie algebroids. This
category is denoted by LA.
If
((F, ν,N) , [, ]F , (ρ, IdN ))
is a Lie algebroid, then we assume that (F, ν,N) is a vector bundle with type fibre the
real vector space (Rp,+, ·) and structure group a Lie subgroup of (GL (p,R) , ·) .
We take (κ ı˜, zα) as canonical local coordinates on (F, ν,N), where ı˜∈1, n, α ∈ 1, p.
Consider (
κ ı˜, zα
)
−→
(
κ ı˜´, zα´
)
a change of coordinates on (F, ν,N). Then the coordinates zα change to zα´ by the rule:
(2.1.2) zα´ = Λα´αz
α.
The coefficients ρı˜α change to ρ
ı˜´
α´ by the rule:
(2.1.3) ρı˜´α´ = Λ
α
α´ρ
ı˜
α
∂κ ı˜´
∂κı˜
,
where
‖Λαα´‖ =
∥∥∥Λα´α∥∥∥−1 .
Locally, we obtain
(2.1.4) [tα, tβ]F
put
= Lγαβtγ .
The real local functions
L
γ
αβ , α, β, γ ∈ 1, p
will be called structure functions of the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN )) .
It is easy to prove that
L
γ
αβ = −L
γ
βα, ∀α, β, γ ∈ 1, p.
2.2 The pull-back Lie algebroid of a Lie algebroid
We consider the following diagram:
(2.2.1)
(F, [, ]F , (ρ, IdN ))
↓ ν
E
pi
−−−−−−−−−−−→ N
where (E, pi,M) is a fiber bundle and ((F, ν,N) , [, ]F , (ρ, IdN )) is a Lie algebroid.
We assume that (E, pi,M) has the type fibre a manifold of dimension r and structure
group a Lie group (G, ·) .
Proposition 2.2.1 Using the tangent Bv-morphism (Tpi, pi) of (TE, τE, E) source and
(TN, τN , N) target, we obtain that
(2.2.2)
∂f ◦ pi
∂xı˜
=
∂f
∂xı˜
◦ pi, ∀f ∈ F (N)
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and
(2.2.3)
∂f ◦ pi
∂ya
= 0, ∀f ∈ F (N) .
Let AFF be a representative of vector fibred (n+ p)-structure for the vector bundle
(F, ν,N) and let AFE be a representative of fibred (n+ r)-structure for the fiber bundle
(E, pi,N). Let (pi∗F, pi∗ν,E) be the pull-back vector bundle through pi.
If (U, ξU ) ∈ AFE and (V, sV ) ∈ AFF such that U ∩ V 6= φ, then we define the
application
pi∗ν−1(pi−1 (U∩V ))
s˜pi−1(U∩V )
−−−−−−−→ pi−1 (U∩V )×Rp(
u, Z˜ (u)
)
7−→
(
κ, t−1
V,pi(u)Z˜ (u)
)
.
Proposition 2.2.2 The set
A˜Fpi∗F
put
=
⋃
(U,ξU )∈AFE , (V,sV )∈AFF
U∩V 6=φ
{(
pi−1 (U∩V ) , s˜pi−1(U∩V )
)}
is a vector fibred (m+ r) + p-atlas for the vector bundle (pi∗F, pi∗ν,E) .
If
z = zαtα ∈ Γ (F, ν,N) ,
then, using the vector fibred (m+ r) + p-structure
[
A˜Fpi∗F
]
, we obtain the section
Z˜ = (zα ◦ h) T˜α ∈ Γ (pi
∗F, pi∗ν,E)
such that
Z˜ (ux) = z (x) ,
for any ux ∈ pi−1 (U∩V ) .
The set
{
T˜α, α ∈ 1, p
}
is a base for the module of sections
(Γ (pi∗F, pi∗ν,E) ,+, ·) .
Let
(
pi∗F
ρ , IdE
)
be the Bv-morphism of
(pi∗F, pi∗ν,E)
source and
(TE, τE , E)
target, where
(2.2.4)
pi∗F
pi∗F
ρ
−−→ TE
Z˜αT˜α (ux) 7−→
(
Z˜α · ρı˜α ◦ pi
∂
∂xı˜
)
(ux)
We consider the operation
Γ (pi∗F, pi∗ν,E)× Γ (pi∗F, pi∗ν,E)
[,]pi∗F
−−−−−−−−→ Γ (pi∗F, pi∗ν,E)
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defined by
(2.2.5)
[
T˜α, T˜β
]
pi∗F
=
(
L
γ
αβ ◦ pi
)
T˜γ ,[
T˜α, f T˜β
]
pi∗F
= f
(
L
γ
αβ ◦ pi
)
T˜γ +
(
ρı˜α ◦ pi
) ∂f
∂xı˜
T˜β,[
fT˜α, T˜β
]
pi∗F
= −
[
T˜β, f T˜α
]
pi∗F
,
for any f ∈ F (E) .
Lemma 2.2.1 The following equality holds good[
U˜ , f V˜
]
pi∗F
= f
[
U˜ , V˜
]
pi∗F
+ Γ
(
pi∗F
ρ , IdE
)(
U˜
)
f · V˜ ,
for any U˜ , V˜ ∈ Γ (pi∗F, pi∗ν,E) and for any f ∈ F (E) .
Proof. We observe that for any α, β ∈ 1, p, we obtain[
T˜α, f T˜β
]
pi∗F
= f
[
T˜α, T˜β
]
pi∗F
+ Γ
(
h∗F
ρ , IdE
)
T˜α (f) , ∀f ∈ F (E) .
Using this equality and the definition of the operation [, ]pi∗F it results the conclusion
of the lemma. q.e.d.
Lemma 2.2.2 The F (E)-algebra
(Γ (pi∗F, pi∗ν,E) ,+, ·, [, ]pi∗F )
is a Lie F (E)-algebra.
Proof. Using the definition of the operation [, ]pi∗F it results that[
U˜ , V˜
]
pi∗F
= −
[
V˜ , U˜
]
pi∗F
,
for any U˜ , V˜ ∈ Γ (pi∗F, pi∗ν,E) . Therefore, we obtain
(1)
[
U˜ , U˜
]
pi∗F
= 0, ∀U˜ ∈ Γ (pi∗F, pi∗ν,E) .
Since
(Γ (F, ν,N) ,+, ·, [, ]F )
is a Lie F (N)-algebra, we obtain the equality:
∑
cyclic(α,β,γ)
(
LεβγL
δ
αε + ρ
ı˜
α
∂Lδβγ
∂κı˜
)
= 0.
Using (2.2.2), we obtain the equality:
∑
cyclic(α,β,γ)
((
Lεβγ ◦ pi
) (
Lδαε ◦ pi
)
+ ρı˜α ◦ pi
∂(Lδβγ◦pi)
∂κı˜
)
= 0.
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and multiplying with T˜δ, we obtain∑
cyclic(α,β,γ)
((
Lεβγ ◦ pi
) (
Lδαε ◦ pi
)
T˜δ + ρ
ı˜
α ◦ pi
∂(Lδβγ◦pi)
∂κı˜
T˜δ
)
= 0.
which is equivalent with
∑
cyclic(α,β,γ)
((
Lεβγ ◦ pi
) [
T˜α, T˜ε
]
pi∗F
+ ρı˜α ◦ pi
∂Lδβγ◦pi
∂κı˜
T˜δ
)
= 0.
Since this equality implies ∑
cyclic(α,β,γ)
[
T˜α,
(
Lεβγ◦pi
)
T˜ε
]
pi∗F
= 0,
it results that the following Jacobi identity is satisfied∑
cyclic(α,β,γ)
[
T˜α,
[
T˜β, T˜γ
]
pi∗F
]
pi∗F
= 0.
In general, for any U˜ , V˜ , Z˜ ∈ Γ (pi∗F, pi∗ν,E), we obtain the Jacobi identity:
(2)
[
U˜ ,
[
V˜ , Z˜
]
pi∗F
]
pi∗F
+
[
Z˜,
[
U˜ , V˜
]
pi∗F
]
pi∗F
+
[
V˜ ,
[
Z˜, U˜
]
pi∗F
]
pi∗F
= 0.
Using the affirmations (1) and (2) it results the conclusion of the lemma. q.e.d.
Lemma 2.2.3 The Mod-morphism
Γ
(
pi∗F
ρ , IdE
)
is a Liealg-morphism of
(Γ (pi∗F, pi∗ν,E) ,+, ·, [, ]pi∗F )
source and
(Γ(TE, τE ,E),+, ·, [, ]TE)
target.
Proof. As the Mod-morphism Γ(ρ, IdN) is a Liealg-morphism of
(Γ (F, ν,N) ,+, ·, [, ]F )
source and
(Γ(TN, τN ,N),+, ·, [, ]TN )
target, then we obtain
L
γ
αβρ
k˜
γ = ρ
ı˜
α
∂
(
ρk˜β
)
∂κı˜
− ρj˜β
∂
(
ρk˜α
)
∂κj˜
Using relations (2.2.2), we obtain:(
L
γ
αβ ◦ pi
)(
ρk˜γ ◦ pi
)
= ρı˜α ◦ pi
∂
(
ρk˜β◦pi
)
∂κı˜
− ρj˜β ◦ pi
∂
(
ρk˜α◦pi
)
∂κj˜
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Multiplying with ∂
∂κk˜
, we obtain the equality
(
L
γ
αβ ◦ pi
)(
ρk˜γ ◦ pi
)
∂
∂κk˜
= ρı˜α ◦ pi
∂
(
ρk˜β◦pi
)
∂κı˜
∂
∂κk˜
− ρj˜β ◦ pi
∂
(
ρk˜α◦pi
)
∂κj˜
∂
∂κk˜
which is equivalent with the equality
Γ
(
pi∗F
ρ , IdE
) [
T˜α, T˜β
]
pi∗F
=
[
Γ
(
pi∗F
ρ , IdE
)
T˜α,Γ
(
pi∗F
ρ , IdE
)
T˜β
]
TN
for any base sections T˜α, T˜β .
In general, we obtain the equality
Γ
(
pi∗F
ρ , IdE
) [
U˜ , V˜
]
pi∗F
=
[
Γ
(
pi∗F
ρ , IdE
)
U˜ ,Γ
(
pi∗F
ρ , IdE
)
V˜
]
TN
,
for any U˜ , V˜ ∈ Γ (h∗F, h∗ν,M) . q.e.d.
Using Lemmas 2.2.1, 2.2.2 and 2.2.3, we obtain the following
Theorem 2.2.1 The couple (
[, ]pi∗F ,
(
pi∗F
ρ , IdE
))
is a Lie algebroid structure for the vector bundle (pi∗F, pi∗ν,E) .
This Lie algebroid will be called the pull-back Lie algebroid of the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN )) .
3 Generalized Lie algebroids, exterior differential calculus
and (linear) connections
3.1 The category of generalized Lie algebroids
We assume that N ∈ |Man| and let [, ]TN be the usual Lie bracket such that
(Γ (TN, τN , N) ,+, ·, [, ]TN ) ∈ |LieAlg| .
Let h ∈Man (M,N) be a surjective application.
Definition 3.1.1 If (F, ν,N) ∈ |Bv| such that there exists
(ρ, η) ∈ Bv ((F, ν,N) , (TM, τM ,M))
and an operation
Γ (F, ν,N)× Γ (F, ν,N)
[,]F,h
−−−→ Γ (F, ν,N)
(u, v) 7−→ [u, v]F,h
with the following properties:
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GLA1. the equality holds good
[u, f · v]F,h = f [u, v]F,h + Γ (Th ◦ ρ, h ◦ η) (u) f · v,
for all u, v ∈ Γ (F, ν,N) and f ∈ F (N) .
GLA2. the 4-tuple (
Γ (F, ν,N) ,+, ·, [, ]F,h
)
is a Lie F (N)-algebra,
GLA3. the Mod-morphism Γ (Th ◦ ρ, h ◦ η) is a LieAlg-morphism of(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and
(Γ (TN, τN , N) ,+, ·, [, ]TN )
target,
then we will say that the triple
(3.1.1)
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
The couple (
[, ]F,h , (ρ, η)
)
will be called generalized Lie algebroid structure.
Definition 3.1.2 We define the morphisms set of(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and ((
F ′, ν ′, N ′
)
, [, ]F ′,h′ ,
(
ρ′, η′
))
target as being the set
{(ϕ,ϕ0) ∈ B
v ((F, ν,N) , (F ′, ν ′, N ′))}
such that the Mod-morphism Γ (ϕ,ϕ0) is a LieAlg-morphism of(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and (
Γ
(
F ′, ν ′, N ′
)
,+, ·, [, ]F ′,h′
)
target.
Remark 3.1.1 Note that we discuss about the category of generalized Lie algebroids.
This category will be denoted by GLA.
In the following we will build some examples of generalized Lie algebroids.
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We assume that ((F, ν,N) , [, ]F , (ρ, IdN )) is a Lie algebroid and let h ∈Man (N,N)
be a surjective application.
Let AFF be a representative of vector fibred (n+ p)-structure for the vector bundle
(F, ν,N) and let AFTN be a representative of vector fibred (n+ n)-structure for the
vector bundle (TN, τN , N).
If (U, ξU ) ∈ AFTN and (V, sV ) ∈ AFF such that U ∩ h
−1 (V ) 6= φ, then we define
the application
τ−1N (U∩h
−1(V )))
ξ¯U∩h−1(V )
−−−−−−−→
(
U∩h−1(V )
)
×Rn
(κ, u (κ)) 7−→
(
κ, ξ−1U,κu (κ)
)
.
Proposition 3.1.1 The set
AFTN
put
=
⋃
(U,ξU )∈AFTN , (V,sV )∈AFF
U∩h−1(V )6=φ
{(
U ∩ h−1 (V ) , ξ¯U∩h−1(V )
)}
is a vector fibred n+ n-atlas for the vector bundle (TN, τN , N) .
If
X = X ı˜ ∂
∂κı˜
∈ Γ (TN, τN , N)
then, using the vector fibred n+ n-structure
[
AFTN
]
, we obtain the section
X¯ = X¯ ı˜ ◦ h ∂
∂κ¯ı˜
∈ Γ (TN, τN , N) ,
such that
X¯ (κ¯) = X (h (κ¯)) ,
for any κ¯ ∈ U ∩ h−1 (V ) .
The set
{
∂
∂κ¯ı˜
, ı˜ ∈ 1, n
}
is a base for the F (N)-module (Γ (TN, τN , N) ,+, ·) .
We consider the operation
Γ (F, ν,N)× Γ (F, ν,N)
[,]F,h
−−−−−−−→ Γ (F, ν,N)
defined by
[tα, tβ ]F,h =
(
L
γ
αβ ◦ h
)
tγ ,
[tα, f tβ]F,h = f
(
L
γ
αβ ◦ h
)
tγ + ρ
ı˜
α ◦ h
∂f
∂κ¯ ı˜
tβ,
[ftα, tβ ]F,h = − [tβ, f tα]F,h ,
for any f ∈ F (N) .
Lemma 3.1.1 The following equality holds good
[z, fv]F,h = f [z, v]F,h + Γ (Th ◦ ρ, h) (z) f · v,
for any z, v ∈ Γ (F, ν,N) and for any f ∈ F (N) .
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Proof. We obtain easily that
[tα, f tβ]F,h = [tα, tβ]F,h + Γ (Th ◦ ρ, h) (tα) f · tβ
for any ∀f ∈ F (N) .
Using this equality and the definition of the operation [, ]F,h it results the conclusion
of the lemma. q.e.d.
Lemma 3.1.2 The F (N)-algebra(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
is a Lie F (N)-algebra.
Proof. Using the definition of the operation [, ]F,h it results that
[u, v]F,h = − [v, u]F,h ,
for any u, v ∈ Γ (F, ν,N) . Therefore, we obtain
(1) [u, u]F,h = 0, ∀u ∈ Γ (F, ν,N) .
Since (Γ (F, ν,N) ,+, ·, [, ]F ) is a Lie F (N)-algebra, it results that∑
cyclic(α,β,γ)
(
LεβγL
δ
αε + ρ
ı˜
α
∂Lδβγ
∂κı˜
)
= 0.
Therefore,
∑
cyclic(α,β,γ)
((
Lεβγ ◦ h
) (
Lδαε ◦ h
)
+ ρı˜α ◦ h
∂(Lδβγ◦h)
∂κ¯ı˜
)
= 0.
Multiplying with tδ, we obtain the equality∑
cyclic(α,β,γ)
((
Lεβγ ◦ h
) (
Lδαε ◦ h
)
tδ + ρ
ı˜
α ◦ h
∂(Lδβγ◦h)
∂κ¯ı˜
tδ
)
= 0
which is equivalent with the following equality:
∑
cyclic(α,β,γ)
((
Lεβγ ◦ h
)
[tα, tε]F,h + ρ
ı˜
α ◦ h
∂(Lδβγ◦h)
∂κ¯ı˜
tδ
)
= 0.
Therefore, we obtain the Jacobi identity∑
cyclic(α,β,γ)
[
tα, [tβ, tγ ]F,h
]
F,h
= 0.
For any u, v, w ∈ Γ (F, ν,N), we obtain the Jacobi identity
(2)
[
u, [v,w]F,h
]
F,h
+
[
v, [w, u]F,h
]
F,h
+
[
w, [u, v]F,h
]
F,h
= 0,
Using (1) and (2) it results the conclusion of lemma. q.e.d.
16
Lemma 3.1.3 The Mod-morphism Γ (Th ◦ ρ, h) is a Liealg-morphism of(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and
(Γ(TN, τN ,N),+, ·, [, ]TN )
target.
Proof. As the Mod-morphism Γ (ρ, IdN ) is a LieAlg-morphisms of
(Γ (F, ν,N) ,+, ·, [, ]F )
source and
(Γ (TN, τN , N) ,+, ·, [, ]TN )
target, then we obtain
L
γ
αβρ
k˜
γ = ρ
ı˜
α
∂ρk˜β
∂κı˜
− ρj˜β
∂ρk˜α
∂κj˜
.
Therefore, we obtain(
L
γ
αβ ◦ h
)(
ρk˜γ ◦ h
)
= ρı˜α ◦ h
∂ρk˜β◦h
∂κ¯ı˜
− ρj˜β ◦ h
∂ρk˜α◦h
∂κ¯j˜
.
Moreover, we obtain(
L
γ
αβ ◦ h
)(
ρk˜γ ◦ h
)
∂
∂κ¯k˜
= ρı˜α ◦ h
∂ρk˜β◦h
∂κ¯ı˜
∂
∂κ¯k˜
− ρj˜β ◦ h
∂ρk˜α◦h
∂κ¯j˜
∂
∂κ¯k˜
.
After some calculations, we obtain that
Γ (Th ◦ ρ, h) [tα, tβ]F,h = [Γ (Th ◦ ρ, h) tα,Γ (Th ◦ ρ, h) tβ]TN .
We obtain easily that
Γ (Th ◦ ρ, h) [u, v]F,h = [Γ (Th ◦ ρ, h) u,Γ (Th ◦ ρ, h) v]TN ,
for any u, v ∈ Γ (F, ν,N) . q.e.d.
Using Lemmas 3.1.1, 3.1.2 and 3.1.3 we obtain the following
Theorem 3.1.1 (example of generalized Lie algebroid) The couple(
[, ]F,h , (ρ, IdN )
)
is a generalized Lie algebroid structure for the vector bundle (F, ν,N) .
Definition 3.1.3 The generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, IdN )
)
given by the previous theorem, will be called the generalized Lie algebroid associated to
the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN ))
17
and to the surjective application
h ∈Man (N,N) .
In particular, if h = IdN , then the generalized Lie algebroid(
(F, ν,N) , [, ]F,IdN , (ρ, IdN )
)
will be called the generalized Lie algebroid associated to the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN )) .
Note that any Lie algebroid can be regarded as a generalized Lie algebroid.
Theorem 3.1.2 (example of generalized Lie algebroid) Let M ∈ |Manm| and g, h ∈
IsoMan (M) .
Let [, ]TM be the usual Lie bracket such that
(Γ (TM, τM ,M) ,+, ·, [, ]TM ) ∈ |LieAlg| .
Using the tangent Bv-morphism (Tg, g) and the operation
Γ (TM, τM ,M) × Γ (TM, τM ,M)
[,]TM,h
−−−−−−−−−→ Γ (TM, τM ,M)
(u, v) 7−→ [u, v]TM,h
where
[u, v]TM,h = Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
([Γ (T (h ◦ g) , h ◦ g) u,Γ (T (h ◦ g) , h ◦ g) v]TM ) ,
for any u, v ∈ Γ (TM, τM ,M), then we obtain that(
(TM, τM ,M) , [u, v]TM,h , (Tg, g)
)
is a generalized Lie algebroid.
Proof: As the operation [, ]TM,h is biadditive, then we obtain that(
Γ (TM, τM ,M) ,+, ·, [, ]TM,h
)
∈ |Alg| .
Using the definition of the operation [, ]TM,h we obtain that
Γ (T (h ◦ g) , h ◦ g)
(
[u, v]TM,h
)
= [Γ (T (h ◦ g) , h ◦ g) u,Γ (T (h ◦ g) , h ◦ g) v]TM
for any u, v ∈ Γ (TM, τM ,M) .
1) Therefore, Γ (T (h ◦ g) , h ◦ g) is a Alg-morphism of(
Γ (TM, τM ,M) ,+, ·, [, ]TM,h
)
source and
(Γ (TM, τM ,M) ,+, ·, [, ]TM )
target.
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For any u, v ∈ Γ (TM, τM ,M) and f ∈ F (M) we obtain that
[u, fv]TM,h = Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
([Γ (T (h ◦ g) , h ◦ g) u,Γ (T (h ◦ g) , h ◦ g) fv]TM )
= Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
(f · [Γ (T (h ◦ g) , h ◦ g) u,Γ (T (h ◦ g) , h ◦ g) v]TM )
+Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
(Γ (T (h ◦ g) , h ◦ g) u) (f) · Γ (T (h ◦ g) , h ◦ g) v
= f · Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
[Γ (T (h ◦ g) , h ◦ g) u,Γ (T (h ◦ g) , h ◦ g) v]TM
+(Γ (T (h ◦ g) , h ◦ g) u) (f) · v
2) Therefore, we obtain that
[u, fv]TM,h = f · [u, v]TM,h + (Γ (T (h ◦ g) , h ◦ g) u) (f) · v
for any u, v ∈ Γ (TM, τM ,M) and f ∈ F (M) .
We remark that
Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
(0) = 0.
As
(Γ (TM, τM ,M) ,+, ·, [, ]TM ) ∈ |LieAlg|
and
[u,[v,z]TM,h]TM,h =Γ(T (h◦g)
−1,(h◦g)−1)[Γ(T (h◦g),h◦g)u,Γ(T (h◦g),h◦g)[v,z]TM,h]TM
=Γ(T (h◦g)−1,(h◦g)−1)[Γ(T (h◦g),h◦g)u,[Γ(T (h◦g),h◦g)v,Γ(T (h◦g),h◦g)z]TM ]TM
for any u, v, z ∈ Γ (TM, τM ,M) , it results that
[u, u]TM,h = 0
for any u ∈ Γ (TM, τM ,M) and[
u, [v, z]TM,h
]
TM,h
+
[
z, [u, v]TM,h
]
TM,h
+
[
v, [z, u]TM,h
]
TM,h
= 0,
for any u, v, z ∈ Γ (TM, τM ,M) .
3) Therefore, we have that(
Γ (TM, τM ,M) ,+, ·, [, ]TM,h
)
∈ |LieAlg| .
Using the affirmations 1), 2) and 3) it results the conclusion of the theorem.
Remark 3.1.2 For any Man-isomorphisms g and h we obtain new and interesting
generalized Lie algebroid structures for the tangent vector bundle (TM, τM ,M) .
For any base
{
tα, α ∈ 1,m
}
of the module of sections (Γ (TM, τM ,M) ,+, ·) we
obtain the structure functions
L
γ
αβ =
(
θiα
∂θ
j
β
∂xi
− θiβ
∂θjα
∂xi
)
θ˜
γ
j , α, β, γ ∈ 1,m
where
θiα, i, α ∈ 1,m
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are real local functions such that
Γ (T (h ◦ g) , h ◦ g) (tα) = θ
i
α
∂
∂xi
and
θ˜
γ
j , i, γ ∈ 1,m
are real local functions such that
Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)( ∂
∂xj
)
= θ˜
γ
j tγ .
In particular, using arbitrary basis for the module of sections and arbitrary isometries
(symmetries, translations, rotations,...) we obtain a lot of generalized Lie algebroid
structures for the tangent vector bundle (TΣ, τΣ,Σ) and we can study its geometry
using our theory which is develop in the next.
3.1.1 Structure functions for generalized Lie algebroids
Let (
(F, ν,N) , [, ]F,h , (ρ, η)
)
be a generalized Lie algebroid given by the diagram:
(3.1.1.1)
(
F, [, ]F,h , (ρ, η)
)
↓ ν
M
h
−−−−−−−−−−−→ N
We assume that (F, ν,N) is a vector bundle with type fibre the real vector space
(Rp,+, ·) and structure group a Lie subgroup of (GL (p,R) , ·) .
We take
(
xi, yi
)
as canonical local coordinates on (TM, τM ,M) , where i ∈ 1,m.
Consider (
xi, yi
)
−→
(
xi´
(
xi
)
, yi´
(
xi, yi
))
a change of coordinates on (TM, τM ,M). Then the coordinates y
i change to yi´ by the
rule:
(3.1.1.2) yi´ = ∂x
i´
∂xi
yi.
We take (κ ı˜, zα) as canonical local coordinates on (F, ν,N), where ı˜∈1, n, α ∈ 1, p.
Consider (
κ ı˜, zα
)
−→
(
κ ı˜´, zα´
)
a change of coordinates on (F, ν,N). Then the coordinates zα change to zα´ by the rule:
(3.1.3) zα´ = Λα´αz
α.
We assume that (θ, µ)
put
= (Th ◦ ρ, h ◦ η).
If zαtα ∈ Γ (F, ν,N) is arbitrary, then
(3.1.1.4)
Γ (Th ◦ ρ, h ◦ η) (zαtα) f (h ◦ η (κ)) =
=
(
θı˜αz
α ∂f
∂κ ı˜
)
(h ◦ η (κ)) =
((
ρiα ◦ h
)
(zα ◦ h)
∂f ◦ h
∂xi
)
(η (κ)) ,
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for any f ∈ F (N) and κ ∈ N.
The coefficients ρiα respectively θ
ı˜
α change to ρ
i´
α´ respectively θ
ı˜´
α´ by the rule:
(3.1.1.5) ρi´α´ = Λ
α
α´ρ
i
α
∂xi´
∂xi
,
respectively
(3.1.1.6) θ ı˜´α´ = Λ
α
α´θ
ı˜
α
∂κ ı˜´
∂κ ı˜
,
where
‖Λαα´‖ =
∥∥∥Λα´α∥∥∥−1 .
Locally, we set
(3.1.1.7) [tα, tβ]F
put
= Lγαβtγ .
We easily obtain that
L
γ
αβ = −L
γ
βα, ∀α, β, γ ∈ 1, p.
The real local functions {
L
γ
αβ , α, β, γ ∈ 1, p
}
will be called the structure functions of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Theorem 3.1.1.1 The following equalities hold good:
(3.1.1.8) ρiα ◦ h
∂f ◦ h
∂xi
=
(
θı˜α
∂f
∂κ ı˜
)
◦ h,∀f ∈ F (N) .
and
(3.1.1.9)
(
L
γ
αβ ◦ h
)(
ρkγ ◦ h
)
=
(
ρiα ◦ h
) ∂ (ρkβ ◦ h)
∂xi
−
(
ρ
j
β ◦ h
) ∂ (ρkα ◦ h)
∂xj
.
Proof. Using the relation (3.1.1.4), we obtain the equality (3.1.1.8) . Since
Γ (Th ◦ ρ, h ◦ η) [tα, tβ ]F (f)
= [Γ ((Th, h) ◦ (ρ, η)) tα,Γ ((Th, h) ◦ (ρ, η)) tβ]F (f)
= Γ (Th, h)
(
[Γ (ρ, η) tα,Γ (ρ, η) tβ]TM
)
(f) , ∀f ∈ F (N) ,
it results that(
L
γ
αβ ◦ h
) (
ρkγ ◦ h
)
∂f◦h
∂xk
=
((
ρiα ◦ h
) ∂(ρkβ◦h)
∂xi
−
(
ρ
j
β ◦ h
)
∂(ρkα◦h)
∂xj
)
∂f◦h
∂xk
,
for any f ∈ F (N) . q.e.d.
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3.1.2 The pull-back Lie algebroid of a generalized Lie algebroid
Let (
(F, ν,N) , [, ]F,h , (ρ, η)
)
be a generalized Lie algebroid given by the diagram (3.1.1.1).
Let AFF be a representative of vector fibred (n+ p)-structure for the vector bundle
(F, ν,N) and let AFTM be a representative of vector fibred (m+m)-structure for the
vector bundle (TM, τM ,M).
Let (h∗F, h∗ν,M) be the pull-back vector bundle through h.
If (U, ξU ) ∈ AFTM and (V, sV ) ∈ AFF such that U ∩ h
−1 (V ) 6= φ, then we define
the application
h∗ν−1(U∩h−1(V )))
s¯U∩h−1(V )
−−−−−−−→
(
U∩h−1(V )
)
×Rp
(κ, z (h (κ))) 7−→
(
κ, t−1
V,h(κ)z (h (κ))
)
.
Proposition 3.1.2.1 The set
AFF
put
=
⋃
(U,ξU )∈AFTM , (V,sV )∈AFF
U∩h−1(V ) 6=φ
{(
U ∩ h−1 (V ) , s¯U∩h−1(V )
)}
is a vector fibred m+ p-atlas for the vector bundle (h∗F, h∗ν,M) .
If
z = zαtα ∈ Γ (F, ν,N) ,
then, using the vector fibred m+ p-structure
[
AFF
]
, we obtain the section
Z = (zα ◦ h)Tα ∈ Γ (h
∗F, h∗ν,M)
such that
Z (x) = z (h (x)) ,
for any x ∈ U ∩ h−1 (V ) .
The set
{
Tα, α ∈ 1, p
}
is a base for the module of sections
(Γ (h∗F, h∗ν,M) ,+, ·) .
Let
(
h∗F
ρ , IdM
)
be the Bv-morphism of
(h∗F, h∗ν,M)
source and
(TM, τM ,M)
target, where
(3.1.2.1)
h∗F
h∗F
ρ
−−→ TM
ZαTα (x) 7−→
(
Zα · ρiα ◦ h
) ∂
∂xi
(x)
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We consider the operation
Γ (h∗F, h∗ν,M)× Γ (h∗F, h∗ν,M)
[,]h∗F
−−−−−−−−→ Γ (h∗F, h∗ν,M)
defined by
(3.1.2.2)
[Tα, Tβ ]h∗F =
(
L
γ
αβ ◦ h
)
Tγ ,
[Tα, fTβ]h∗F = f
(
L
γ
αβ ◦ h
)
Tγ +
(
ρiα ◦ h
) ∂f
∂xi
Tβ,
[fTα, Tβ]h∗F = − [Tβ, fTα]h∗F ,
for any f ∈ F (M) .
Lemma 3.1.2.1 The following equality holds good
[U, fV ]h∗F = f [U, V ]h∗F + Γ
(
h∗F
ρ , IdM
)
(U) f · V,
for any U, V ∈ Γ (h∗F, h∗ν,M) and for any f ∈ F (M) .
Proof. We observe that for any α, β ∈ 1, p, we obtain
[Tα, fTβ]h∗F = f [Tα, Tβ ]h∗F + Γ
(
h∗F
ρ , IdM
)
(Tα) f · Tβ , ∀f ∈ F (N) .
Using this equality and the definition of the operation [, ]h∗F it results the conclusion
of the lemma. q.e.d.
Lemma 3.1.2.1 The F (M)-algebra
(Γ (h∗F, h∗ν,M) ,+, ·, [, ]h∗F )
is a Lie F (M)-algebra.
Proof. Using the definition of the operation [, ]h∗F it results that
[U, V ]h∗F = − [V,U ]h∗F ,
for any U, V ∈ Γ (h∗F, h∗ν,M) . Therefore, we obtain
(1) [U,U ]h∗F = 0, ∀U ∈ Γ (h
∗F, h∗ν,M) .
Since (Γ (F, ν,M) ,+, ·, [, ]F ) is a Lie F (M)-algebra, we obtain the equality:
∑
cyclic(α,β,γ)
(
LεβγL
δ
αε + θ
ı˜
α
∂Lδβγ
∂κ ı˜
)
= 0.
Using (3.1.1.9), we obtain the equality:
∑
cyclic(α,β,γ)
(Lεβγ ◦ h) (Lδαε ◦ h)+ ρiα ◦ h∂
(
Lδβγ ◦ h
)
∂xi
 = 0.
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and multiplying with Tδ, we obtain
∑
cyclic(α,β,γ)
(Lεβγ ◦ h) (Lδαε ◦ h)Tδ + ρiα ◦ h∂
(
Lδβγ ◦ h
)
∂xi
Tδ
 = 0.
which is equivalent with
(2)
∑
cyclic(α,β,γ)
((
Lεβγ ◦ h
)
[Tα, Tε]h∗F + ρ
i
α ◦ h
∂Lδβγ ◦ h
∂xi
Tδ
)
= 0.
Since this equality implies ∑
cyclic(α,β,γ)
[
Tα,
(
Lεβγ◦h
)
Tε
]
h∗F
= 0,
it results that it is satisfied the Jacobi identity∑
cyclic(α,β,γ)
[
Tα, [Tβ , Tγ ]h∗F
]
h∗F
= 0.
In general, for any U, V, Z ∈ Γ (h∗F, h∗ν,M), we obtain the Jacobi identity:
(2) [U, [V,Z]h∗F ]h∗F + [Z, [U, V ]h∗F ]h∗F + [V, [Z,U ]h∗F ]h∗F = 0.
Using affirmations (1) and (2), we get the conclusion of the lemma. q.e.d.
Lemma 3.1.2.3 The Mod-morphism
Γ
(
h∗F
ρ , IdM
)
is a Liealg-morphism of
(Γ (h∗F, h∗ν,M) ,+, ·, [, ]h∗F )
source and
(Γ(TM, τM ,M),+, ·, [, ]TM )
target.
Proof. Using relations (3.1.1.9), we obtain:
(
L
γ
αβ ◦ h
)(
ρkγ ◦ h
) ∂
∂xk
=
(
ρiα ◦ h
) ∂ (ρkβ ◦ h)
∂xi
∂
∂xk
−
(
ρ
j
β ◦ h
) ∂ (ρkα ◦ h)
∂xj
∂
∂xk
,
Therefore,
Γ
(
h∗F
ρ , IdM
)
[Tα, Tβ]
h∗F
=
[
Γ
(
h∗F
ρ , IdM
)
Tα,Γ
(
h∗F
ρ , IdM
)
Tβ
]
TM
,
for any base sections Tα, Tβ .
In general, we obtain the equality
Γ
(
h∗F
ρ , IdM
)
[U, V ]
h∗F
=
[
Γ
(
h∗F
ρ , IdM
)
U,Γ
(
h∗F
ρ , IdM
)
U
]
TM
,
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for any U, V ∈ Γ (h∗F, h∗ν,M) . q.e.d.
Using Lemmas 3.1.2.1, 3.1.2.2 and 3.1.2.3, we obtain the following
Theorem 3.1.2.1 The couple (
[, ]h∗F ,
(
h∗F
ρ , IdM
))
is a Lie algebroid structure for the vector bundle (h∗F, h∗ν,M) .
This Lie algebroid will be called the pull-back Lie algebroid of the generalized Lie
algebroid (
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
3.1.3 Interior Differential Systems
We consider a generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
given by the dia-
grams:
F
ρ
−−−→ TM
Th
−−−−→ TN
↓ ν ↓ τM ↓ τN
M
h
−−−→ N
η
−−−→ M
h
−−−→ N
Let
(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
be the pull-back Lie algebroid.
Definition 3.1.3.1 Any vector subbundle (E, pi,M) of the vector bundle (h∗F, h∗ν,M)
will be called interior differential system (IDS) of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In particular, if h = IdN = η, then any vector subbundle (E, pi,N) of the vec-
tor bundle (F, ν,N) will be called interior differential system of the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN )) .
Remark 3.1.3.1 If (E, pi,M) is an IDS of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
,
then (Γ (E, pi,M) ,+, ·) is aF (M)-submodule of the F (M)-module (Γ (h∗F, h∗ν,M) ,+, ·) .
In addition, if
Γ
(
E⊥, pi⊥,M
)
put
=
{
Ω ∈ Γ
(
∗
h∗F,
∗
h∗ν,M
)
: Ω (S) = 0, ∀S ∈ Γ (E, pi,M)
}
,
then
(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
is F (M)-submodule of the F (M)-module
(
Γ
(
∗
h∗F,
∗
h∗ν,M
)
,+, ·
)
.
We obtain a vector subbundle
(
E⊥, pi⊥,M
)
of the vector bundle
(
∗
h∗F,
∗
h∗ν,M
)
which will be called the annihilator vector subbundle for the IDS (E, pi,M) .
Proposition 3.1.3.1 Let (E, pi,M) be an IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
If dimF(M)Γ (E, pi,M) = r ≤ p = dimF(M)Γ (h
∗F, h∗ν,M), then dimF(M)Γ
(
E⊥, pi⊥,M
)
=
p− r.
Therefore, if Γ (E, pi,M) = 〈S1, ..., Sr〉, then it exists Θr+1, ...,Θp ∈ Γ
(
∗
h∗F,
∗
h∗ν,M
)
linearly independent such that Γ
(
E⊥, pi⊥,M
)
=
〈
Θr+1, ...,Θp
〉
.
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Conversely, if Γ
(
E⊥, pi⊥,M
)
=
〈
Θr+1, ...,Θp
〉
, then it exists S1, ..., Sr ∈ Γ (E, pi,M)
linearly independent such that Γ (E, pi,M) = 〈S1, ..., Sr〉 .
Definition 3.1.3.2 The IDS (E, pi,M) of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
will be called involutive if
[S, T ]h∗F ∈ Γ (E, pi,M) , ∀S, T ∈ Γ (E, pi,M) .
Proposition 3.1.3.2 Let (E, pi,M) be an IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
If {S1, ..., Sr} is a base for the F (M)-submodule (Γ (E, pi,M) ,+, ·) then (E, pi,M)
is involutive if and only if
[Sa, Sb]h∗F ∈ Γ (E, pi,M) , ∀a, b ∈ 1, r.
3.2 Exterior differential calculus for generalized Lie algebroids
We propose an exterior differential calculus in the general framework of generalized Lie
algebroids. As any Lie algebroid can be regarded as a generalized Lie algebroid, in
particular, we obtain a new point of view over the exterior differential calculus for Lie
algebroids.
Let (
(F, ν,N) , [, ]F,h , (ρ, η)
)
be a generalized Lie algebroid given by the diagram (3.1.1.1) .
Definition 3.2.1 For any q ∈ N we denote by (Σq, ◦) the permutations group of the
set {1, 2, ..., q} .
Definition 3.2.2 We denoted by Λq (F, ν,N) the set of q-linear applications
Γ (F, ν,N)q
ω
−−−→ F (N)
(z1, ..., zq) 7−→ ω (z1, ..., zq)
such that
ω
(
zσ(1), ..., zσ(q)
)
= sgn (σ) · ω (z1, ..., zq)
for any z1, ..., zq ∈ Γ (F, ν,N) and for any σ ∈ Σq.
The elements of Λq (F, ν,N) will be called differential forms of degree q or differential
q-forms.
Remark 3.2.1 If ω ∈ Λq (F, ν,N), then ω (z1, ..., z, ..., z, ...zq ) = 0. Therefore, if ω ∈
Λq (F, ν,N), then
ω (z1, ..., zi, ..., zj , ...zq) = −ω (z1, ..., zj , ..., zi, ...zq) .
Theorem 3.2.1 If q ∈ N , then (Λq (F, ν,N) ,+, ·) is a F (N)-module.
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Definition 3.2.3 If ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N), then the (q + r)-form ω ∧ θ
defined by
ω ∧ θ (z1, ..., zq+r) =
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)ω
(
zσ(1), ..., zσ(q)
)
θ
(
zσ(q+1), ..., zσ(q+r)
)
=
1
q!r!
∑
σ∈Σq+r
sgn (σ)ω
(
zσ(1), ..., zσ(q)
)
θ
(
zσ(q+1), ..., zσ(q+r)
)
,
for any z1, ..., zq+r ∈ Γ (F, ν,N) , will be called the exterior product of the forms ω and θ.
Using the previous definition, we obtain
Theorem 3.2.2 The following affirmations hold good:
1. If ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N), then
(3.2.1) ω ∧ θ = (−1)q·r θ ∧ ω.
2. For any ω ∈ Λq (F, ν,N), θ ∈ Λr (F, ν,N) and η ∈ Λs (F, ν,N) we obtain
(3.2.2) (ω ∧ θ) ∧ η = ω ∧ (θ ∧ η) .
3. For any ω, θ ∈ Λq (F, ν,N) and η ∈ Λs (F, ν,N) we obtain
(3.2.3) (ω + θ) ∧ η = ω ∧ η + θ ∧ η.
4. For any ω ∈ Λq (F, ν,N) and θ, η ∈ Λs (F, ν,N) we obtain
(3.2.4) ω ∧ (θ + η) = ω ∧ θ + ω ∧ η.
5. For any f ∈ F (N), ω ∈ Λq (F, ν,N) and θ ∈ Λs (F, ν,N) we obtain
(3.2.5) (f · ω) ∧ θ = f · (ω ∧ θ) = ω ∧ (f · θ) .
Theorem 3.2.3 If
Λ (F, ν,N) = ⊕
q≥0
Λq (F, ν,N) ,
then
(Λ (F, ν,N) ,+, ·,∧)
is a F (N)-algebra. This algebra will be called the exterior differential algebra of the
vector bundle (F, ν,N) .
Remark 3.2.2 If
{
tα, α ∈ 1, p
}
is the coframe associated to the frame
{
tα, α ∈ 1, p
}
of the vector bundle (F, ν,N) in the vector local (n+ p)-chart U , then
tα1 ∧ ... ∧ tαq
(
zα1 tα, ..., z
α
q tα
)
= 1
q! det
∥∥∥∥∥∥
zα11 ... z
αq
1
... ... ...
zα1q ... z
αq
q
∥∥∥∥∥∥ ,
for any q ∈ 1, p.
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Remark 3.2.3 If
{
tα, α ∈ 1, p
}
is the coframe associated to the frame
{
tα, α ∈ 1, p
}
of the vector bundle (F, ν,N) in the vector local (n+ p)-chart U , then, for any q ∈ 1, p
we define Cqp exterior differential forms of the type
tα1 ∧ ... ∧ tαq
such that 1 ≤ α1 < ... < αq ≤ p.
The set
{tα1 ∧ ... ∧ tαq , 1 ≤ α1 < ... < αq ≤ p}
is a base for the F (N)-module
(Λq (F, ν,N) ,+, ·) .
Therefore, if ω ∈ Λq (F, ν,N), then
ω = ωα1...αqt
α1 ∧ ... ∧ tαq .
In particular, if ω is an exterior differential p-form ω, then we can written
ω = a · t1 ∧ ... ∧ tp,
where a ∈ F (N) .
Definition 3.2.4 If
ω = ωα1...αqt
α1 ∧ ... ∧ tαq ∈ Λq (F, ν,N)
such that
ωα1...αq ∈ C
r (N) ,
for any 1 ≤ α1 < ... < αq ≤ p, then we will say that the q-form ω is differentiable of
Cr-class.
Definition 3.2.5 For any z ∈ Γ (F, ν,N), the F (N)-multilinear application
Λ (F, ν,N)
Lz
−−−−−→ Λ (F, ν,N) ,
defined by
Lz (f) = Γ (Th ◦ ρ, h ◦ η) z (f) , ∀f ∈ F (N)
and
Lzω (z1, ..., zq) = Γ (Th ◦ ρ, h ◦ η) z (ω ((z1, ..., zq)))
−
q∑
i=1
ω
((
z1, ..., [z, zi]F,h , ..., zq
))
,
for any ω ∈ Λq (F, ν,N) and z1, ..., zq ∈ Γ (F, ν,N) , will be called the covariant Lie
derivative with respect to the section z.
Theorem 3.2.4 If z ∈ Γ (F, ν,N) , ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N), then
(3.2.6) Lz (ω ∧ θ) = Lzω ∧ θ + ω ∧ Lzθ.
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Proof. Let z1, ..., zq+r ∈ Γ (F, ν,N) be arbitrary. Since
Lz (ω ∧ θ) (z1, ..., zq+r) = Γ (Th ◦ ρ, h ◦ η) z ((ω ∧ θ) (z1, ..., zq+r))
−
q+r∑
i=1
(ω ∧ θ)
((
z1, ..., [z, zi]F,h , ..., zq+r
))
= Γ (Th ◦ ρ, h ◦ η) z
 ∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
·θ
(
zσ(q+1), ..., zσ(q+r)
))
−
q+r∑
i=1
(ω ∧ θ)
((
z1, ..., [z, zi]F,h , ..., zq+r
))
=
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · Γ (Th ◦ ρ, h ◦ η) z
(
ω
(
zσ(1), ..., zσ(q)
))
·θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
·Γ (Th ◦ ρ, h ◦ η) z
(
θ
(
zσ(q+1), ..., zσ(q+r)
))
−
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)
·
q∑
i=1
ω
(
zσ(1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q+r)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
−
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)
q+r∑
i=q+1
ω
(
zσ(1), ..., zσ(q)
)
·θ
(
zσ(q+1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q+r)
)
=
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)Lzω
(
zσ(1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q+r)
)
·θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)
q+r∑
i=q+1
ω
(
zσ(1), ..., zσ(q)
)
·Lzθ
(
zσ(q+1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q+r)
)
= (Lzω ∧ θ + ω ∧ Lzθ) (z1, ..., zq+r)
it results the conclusion of the theorem. q.e.d.
Definition 3.2.6 For any z ∈ Γ (F, ν,N), the F (N)-multilinear application
Λ (F, ν,N)
iz
−−−→ Λ (F, ν,N)
Λq (F, ν,N) ∋ ω 7−→ izω ∈ Λq−1 (F, ν,N) ,
where
izω (z2, ..., zq) = ω (z, z2, ..., zq) ,
for any z2, ..., zq ∈ Γ (F, ν,N), will be called the interior product associated to the
section z.
For any f ∈ F (N), we define izf = 0.
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Remark 3.2.4 If z ∈ Γ (F, ν,N) , ω ∈ Λp (F, ν,N) and U is an open subset of N such
that z|U = 0 or ω|U = 0, then (izω)|U = 0.
Theorem 3.2.5 If z ∈ Γ (F, ν,N), then for any ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N)
we obtain
(3.2.7) iz (ω ∧ θ) = izω ∧ θ + (−1)
q ω ∧ izθ.
Proof. Let z1, ..., zq+r ∈ Γ (F, ν,N) be arbitrary. We observe that
iz1 (ω ∧ θ) (z2, ..., zq+r) = (ω ∧ θ) (z1, z2, ..., zq+r)
=
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
=
∑
1=σ(1)<σ(2)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
z1, zσ(2), ..., zσ(q)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
1=σ(q+1)<σ(q+2)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
· θ
(
z1, zσ(q+2), ..., zσ(q+r)
)
=
∑
σ(2)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · iz1ω
(
zσ(2), ..., zσ(q)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
σ(q+2)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
· iz1θ
(
zσ(q+2), ..., zσ(q+r)
)
.
In the second sum, we have the permutation
σ =
(
1 ... q q + 1 q + 2 ... q + r
σ (1) ... σ (q) 1 σ (q + 2) ... σ (q + r)
)
.
We observe that σ = τ ◦ τ ′, where
τ =
(
1 2 ... q + 1 q + 2 ... q + r
1 σ (1) ... σ (q) σ (q + 2) ... σ (q + r)
)
and
τ ′ =
(
1 2 ... q q + 1 q + 2 ... q + r
2 3 ... q + 1 1 q + 2 ... q + r
)
.
Since τ (2) < ... < τ (q + 1) and τ ′ has q inversions, it results that
sgn (σ) = (−1)q · sgn (τ) .
Therefore,
iz1 (ω ∧ θ) (z2, ..., zq+r) = (iz1ω ∧ θ) (z2, ..., zq+r)
+ (−1)q
∑
τ(2)<...<τ(q)
τ(q+2)<...<τ(q+r)
sgn (τ) · ω
(
zτ (2), ..., zτ (q)
)
· iz1θ
(
zτ(q+2), ..., zτ (q+r)
)
= (iz1ω ∧ θ) (z2, ..., zq+r) + (−1)
q (ω ∧ iz1θ) (z2, ..., zq+r) .
q.e.d.
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Theorem 3.2.6 For any z, v ∈ Γ (F, ν,N) we obtain
(3.2.8) Lv ◦ iz − iz ◦ Lv = i[z,v]F,h.
Proof. Let ω ∈ Λq (F, ν,N) be arbitrary. Since
iz (Lvω) (z2, ...zq) = Lvω (z, z2, ...zq)
= Γ (Th ◦ ρ, h ◦ η) v (ω (z, z2, ..., zq))− ω
(
[v, z]F,h , z2, ..., zq
)
−
q∑
i=2
ω
((
z, z2, ..., [v, zi]F,h , ..., zq
))
= Γ (Th ◦ ρ, h ◦ η) v (izω (z2, ..., zq))−
q∑
i=2
izω
(
z2, ..., [v, zi]F,h , ..., zq
)
−i[v,z]F (z2, ..., zq) =
(
Lv (izω)− i[v,z]F,h
)
(z2, ..., zq) ,
for any z2, ..., zq ∈ Γ (F, ν,N) it result the conclusion of the theorem. q.e.d.
Definition 3.2.7 If f ∈ F (N) and z ∈ Γ (F, ν,N) , then we define
dF f (z) = Γ (Th ◦ ρ, h ◦ η) (z) f.
Theorem 3.2.7 The F (N)-multilinear application
Λq (F, ν,N)
dF
−−−→ Λq+1 (F, ν,N)
ω 7−→ dω
defined by
dFω (z0, z1, ..., zq) =
q∑
i=0
(−1)i Γ (Th ◦ ρ, h ◦ η) zi (ω ((z0, z1, ..., zˆi, ..., zq)))
+
∑
i<j
(−1)i+j ω
((
[zi, zj ]F,h , z0, z1, ..., zˆi, ..., zˆj , ..., zq
))
,
for any z0, z1, ..., zq ∈ Γ (F, ν,N) , is unique with the following property:
(3.2.9) Lz = d
F ◦ iz + iz ◦ dF , ∀z ∈ Γ (F, ν,N) .
This F (N)-multilinear application dF will be called the exterior differentiation operator
for the exterior differential algebra of the generalized Lie algebroid ((F, ν,N), [, ]F,h, (ρ, η)).
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Proof. We verify the property (3.2.9) Since(
iz0 ◦ d
F
)
ω (z1, ..., zq) = dω (z0, z1, ..., zq)
=
q∑
i=0
(−1)i Γ (Th ◦ ρ, h ◦ η) zi (ω (z0, z1, ..., zˆi, ..., zq))
+
∑
0≤i<j
(−1)i+j ω
(
[zi, zj ]F,h , z0, z1, ..., zˆi, ..., zˆj , ..., zq
)
= Γ (Th ◦ ρ, h ◦ η) z0 (ω (z1, ..., zq))
+
q∑
i=1
(−1)i Γ (Th ◦ ρ, h ◦ η) zi (ω (z0, z1, ..., zˆi, ..., zq))
+
q∑
i=1
(−1)i ω
(
[z0, zi]F,h , z1, ..., zˆi, ..., zq
)
+
∑
1≤i<j
(−1)i+j ω
(
[zi, zj ]F,h , z0, z1, ..., zˆi, ..., zˆj , ..., zq
)
= Γ (Th ◦ ρ, h ◦ η) z0 (ω (z1, ..., zq))
−
q∑
i=1
ω
(
z1, ..., [z0, zi]F,h , ..., zq
)
−
q∑
i=1
(−1)i−1 Γ (Th ◦ ρ, h ◦ η) zi (iz0ω ((z1, ..., zˆi, ..., zq)))
−
∑
1≤i<j
(−1)i+j−2 iz0ω
((
[zi, zj ]F,h , z1, ..., zˆi, ..., zˆj , ..., zq
))
=
(
Lz0 − d
F ◦ iz0
)
ω (z1, ..., zq) ,
for any z0, z1, ..., zq ∈ Γ (F, ν,N) it results that the property (3.2.9) is satisfied.
In the following, we verify the uniqueness of the operator dF .
Let d′F be an another exterior differentiation operator satisfying the property (3.2.9) .
Let S =
{
q ∈ N : dFω = d′Fω, ∀ω ∈ Λq (F, ν,N)
}
be.
Let z ∈ Γ (F, ν,N) be arbitrary.
We observe that (3.2.9) is equivalent with
(1) iz ◦
(
dF − d′F
)
+
(
dF − d′F
)
◦ iz = 0.
Since izf = 0, for any f ∈ F (N) , it results that((
dF − d′F
)
f
)
(z) = 0, ∀f ∈ F (N) .
Therefore, we obtain that
(2) 0 ∈ S.
In the following, we prove that
(3) q ∈ S =⇒ q + 1 ∈ S
Let ω ∈ Λp+1 (F, ν,N) be arbitrary. Since izω ∈ Λq (F, ν,N), using the equality (1),
it results that
iz ◦
(
dF − d′F
)
ω = 0.
We obtain that,
((
dF − d′F
)
ω
)
(z0, z1, ..., zq) = 0, for any z1, ..., zq ∈ Γ (F, ν,N) . There-
fore dFω = d′Fω, namely q + 1 ∈ S.
Using the Peano’s Axiom and the affirmations (2) and (3) it results that S = N.
Therefore, the uniqueness is verified. q.e.d.
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Note that if ω = ωα1...αqt
α1 ∧ ... ∧ tαq ∈ Λq (F, ν,N), then
dFω
(
tα0 , tα1 , ..., tαq
)
=
q∑
i=0
(−1)i θk˜αi
∂ωα0,...,α̂i...αq
∂κk˜
+
∑
i<j
(−1)i+j Lααiαj · ωα,α0,...,α̂i,...,α̂j ,...,αq .
Therefore, we obtain
(3.2.10)
dFω =
(
q∑
i=0
(−1)i θk˜αi
∂ωα0,...,α̂i...αq
∂κk˜
+
∑
i<j
(−1)i+j Lααiαj · ωα,α0,...,α̂i,...,α̂j ,...,αq
)
tα0 ∧ tα1 ∧ ... ∧ tαq .
Remark 3.2.4 If dF is the exterior differentiation operator for the generalized Lie
algebroid (
(F, ν,N) , [, ]F,h , (ρ, η)
)
,
ω ∈ Λq (F, ν,N) and U is an open subset of N such that ω|U = 0, then
(
dFω
)
|U
= 0.
Theorem 3.2.8 The exterior differentiation operator dF given by the previous theorem
has the following properties:
1. For any ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N) we obtain
(3.2.11) dF (ω ∧ θ) = dFω ∧ θ + (−1)q ω ∧ dF θ.
2. For any z ∈ Γ (F, ν,N) we obtain
(3.2.12) Lz ◦ dF = dF ◦ Lz.
3. dF ◦ dF = 0.
Proof.
1. Let S =
{
q ∈ N : dF (ω ∧ θ) = dFω ∧ θ + (−1)q ω ∧ dF θ, ∀ω ∈ Λq (F, ν,N)
}
be. Since
dF (f ∧ θ) (z, v) = dF (f · θ) (z, v)
= Γ (Th ◦ ρ, h ◦ η) z (fω (v))− Γ (Th ◦ ρ, h ◦ η) v (fω (z))− fω
(
[z, v]F,h
)
= Γ (Th ◦ ρ, h ◦ η) z (f) · ω (v) + f · Γ (Th ◦ ρ, h ◦ η) z (ω (v))
−Γ (Th ◦ ρ, h ◦ η) v (f) · ω (z)− f · Γ (Th ◦ ρ, h ◦ η) v (ω (z))− fω
(
[z, v]F,h
)
= dF f (z) · ω (v)− dF f (v) · ω (z) + f · dFω (z, v)
=
(
dF f ∧ ω
)
(z, v) + (−1)0 f · dFω (z, v)
=
(
dF f ∧ ω
)
(z, v) + (−1)0
(
f ∧ dFω
)
(z, v) , ∀z, v ∈ Γ (F, ν,N) ,
it results that
(1.1) 0 ∈ S.
In the following we prove that
(1.2) q ∈ S =⇒ q + 1 ∈ S.
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Without restricting the generality, we consider that θ ∈ Λr (F, ν,N) . Since
dF (ω ∧ θ) (z0, z1, ..., zq+r) = iz0 ◦ d
F (ω ∧ θ) (z1, ..., zq+r)
= Lz0 (ω ∧ θ) (z1, ..., zq+r)− d
F ◦ iz0 (ω ∧ θ) (z1, ..., zq+r)
= (Lz0ω ∧ θ + ω ∧ Lz0θ) (z1, ..., zq+r)
−
[
dF ◦ (iz0ω ∧ θ + (−1)
q ω ∧ iz0θ)
]
(z1, ..., zq+r)
=
(
Lz0ω ∧ θ + ω ∧ Lz0θ −
(
dF ◦ iz0ω
)
∧ θ
)
(z1, ..., zq+r)
−
(
(−1)q−1 iz0ω ∧ d
F θ + (−1)q dFω ∧ iz0θ
)
(z1, ..., zq+r)
− (−1)2q ω ∧ dF ◦ iz0θ (z1, ..., zq+r)
=
((
Lz0ω − d
F ◦ iz0ω
)
∧ θ
)
(z1, ..., zq+r)
+ω ∧
(
Lz0θ − d
F ◦ iz0θ
)
(z1, ..., zq+r)
+
(
(−1)q iz0ω ∧ d
F θ − (−1)q dFω ∧ iz0θ
)
(z1, ..., zq+r)
=
[((
iz0 ◦ d
F
)
ω
)
∧ θ + (−1)q+1 dFω ∧ iz0θ
]
(z1, ..., zq+r)
+
[
ω ∧
((
iz0 ◦ d
F
)
θ
)
+ (−1)q iz0ω ∧ d
F θ
]
(z1, ..., zq+r)
=
[
iz0
(
dFω ∧ θ
)
+ (−1)q iz0
(
ω ∧ dF θ
)]
(z1, ..., zq+r)
=
[
dFω ∧ θ + (−1)q ω ∧ dF θ
]
(z1, ..., zq+r) ,
for any z0, z1, ..., zq+r ∈ Γ (F, ν,N), it results (1.2) .
Using the Peano’s Axiom and the affirmations (1.1) and (1.2) it results that S = N.
Therefore, it results the conclusion of affirmation 1.
2. Let z ∈ Γ (F, ν,N) be arbitrary.
Let S =
{
q ∈ N :
(
Lz ◦ dF
)
ω =
(
dF ◦ Lz
)
ω, ∀ω ∈ Λq (F, ν,N)
}
be.
Let f ∈ F (N) be arbitrary. Since(
dF ◦ Lz
)
f (v) = iv ◦
(
dF ◦ Lz
)
f =
(
iv ◦ dF
)
◦ Lzf
= (Lv ◦ Lz) f −
((
dF ◦ iv
)
◦ Lz
)
f
= (Lv ◦ Lz) f − L[z,v]F,hf + d
F ◦ i[z,v]F,hf − d
F ◦ Lz (ivf)
= (Lv ◦ Lz) f − L[z,v]F,hf + d
F ◦ i[z,v]F,hf − 0
= (Lv ◦ Lz) f − L[z,v]F,hf + d
F ◦ i[z,v]F,hf − Lz ◦ d
F (ivf)
= (Lz ◦ iv)
(
dF f
)
− L[z,v]F,hf + d
F ◦ i[z,v]F,hf
= (iv ◦ Lz)
(
dF f
)
+ L[z,v]F,hf − L[z,v]F,hf
= iv ◦
(
Lz ◦ dF
)
f =
(
Lz ◦ dF
)
f (v) , ∀v ∈ Γ (F, ν,N) ,
it results that
(2.1) 0 ∈ S.
In the following we prove that
(2.2) q ∈ S =⇒ q + 1 ∈ S.
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Let ω ∈ Λq (F, ν,N) be arbitrary. Since(
dF ◦ Lz
)
ω (z0, z1, ..., zq) = iz0 ◦
(
dF ◦ Lz
)
ω (z1, ..., zq)
=
(
iz0 ◦ d
F
)
◦ Lzω (z1, ..., zq)
=
[
(Lz0 ◦ Lz)ω −
((
dF ◦ iz0
)
◦ Lz
)
ω
]
(z1, ..., zq)
=
[
(Lz0 ◦ Lz)ω − L[z,z0]F,hω
]
(z1, ..., zq)
+
[
dF ◦ i[z,z0]F,hω − d
F ◦ Lz (iz0ω)
]
(z1, ..., zq)
ip.
=
[
(Lz0 ◦ Lz)ω − L[z,z0]F,hω
]
(z1, ..., zq)
+
[
dF ◦ i[z,z0]F,hω − Lz ◦ d
F (iz0ω)
]
(z1, ..., zq)
=
[
(Lz ◦ iz0)
(
dFω
)
− L[z,z0]F,hω + d
F ◦ i[z,z0]F,hω
]
(z1, ..., zq)
=
[
(iz0 ◦ Lz)
(
dFω
)
+ L[z,z0]F,hω − L[z,z0]F,hω
]
(z1, ..., zq)
= iz0 ◦
(
Lz ◦ dF
)
ω (z1, ..., zq)
=
(
Lz ◦ dF
)
ω (z0, z1, ..., zq) , ∀z0, z1, ..., zq ∈ Γ (F, ν,N) ,
it results (2.2) .
Using the Peano’s Axiom and the affirmations (2.1) and (2.2) it results that S = N.
Therefore, it results the conclusion of affirmation 2.
3. It is remarked that
iz ◦
(
dF ◦ dF
)
=
(
iz ◦ dF
)
◦ dF = Lz ◦ dF −
(
dF ◦ iz
)
◦ dF
= Lz ◦ dF − dF ◦ Lz + dF ◦
(
dF ◦ iz
)
=
(
dF ◦ dF
)
◦ iz,
for any z ∈ Γ (F, ν,N) .
Let ω ∈ Λq (F, ν,N) be arbitrary. Since(
dF ◦ dF
)
ω (z1, ..., zq+2) = izq+2 ◦ ... ◦ iz1 ◦
(
dF ◦ dF
)
ω = ...
= izq+2 ◦
(
dF ◦ dF
)
◦ izq+1 (ω (z1, ..., zq))
= izq+2 ◦
(
dF ◦ dF
)
(0) = 0, ∀z1, ..., zq+2 ∈ Γ (F, ν,N) ,
it results the conclusion of affirmation 3. q.e.d.
Theorem 3.2.9 If ((F, ν,N), [, ]F,h, (ρ, η)) is a generalized Lie algebroid and d
F
is the exterior differentiation operator for the exterior differential F(N)-algebra
(Λ(F, ν,N),+, ·,∧), then we obtain the structure equations of Maurer-Cartan type
(C1) dF tα = −
1
2
Lαβγt
β ∧ tγ , α ∈ 1, p
and
(C2) dFκ ı˜ = θ
ı˜
αt
α, ı˜ ∈ 1, n,
where
{
tα, α ∈ 1, p
}
is the coframe of the vector bundle (F, ν,N) .
This equations will be called the structure equations of Maurer-Cartan type associated
to the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
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Proof. Let α ∈ 1, p be arbitrary. Since
dF tα (tβ, tγ) = −L
α
βγ , ∀β, γ ∈ 1, p
it results that
(1) d
F tα = −
∑
β<γ
Lαβγt
β ∧ tγ .
Since Lαβγ = −L
α
γβ and t
β ∧ tγ = −tγ ∧ tβ, for nay β, γ ∈ 1, p, it results that
(2)
∑
β<γ
Lαβγt
β ∧ tγ =
1
2
Lαβγt
β ∧ tγ
Using the equalities (1) and (2) it results the structure equation (C1).
Let ı˜ ∈ 1, n be arbitrarily. Since
dFκ ı˜ (tα) = θ
ı˜
α, ∀α ∈ 1, p
it results the structure equation (C2). q.e.d.
Corollary 3.2.1 If
(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
is the pull-back Lie algebroid
associated to the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
and dh
∗F is the ex-
terior differentiation operator for the exterior differential F (M)-algebra
(Λ (h∗F, h∗ν,M) ,+, ·,∧), then we obtain the following structure equations of Maurer-
Cartan type
(C′1) d
h∗FTα = −
1
2
(
Lαβγ ◦ h
)
T β ∧ T γ , α ∈ 1, p
and
(C′2) d
h∗Fxi =
(
ρiα ◦ h
)
Tα, i ∈ 1,m.
This equations will be called the structure equations of Maurer-Cartan type associated
to the pull-back Lie algebroid(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
.
Theorem 3.2.10 (of Cartan type) Let (E, pi,M) be an IDS of the generalized Lie
algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
. If
{
Θr+1, ...,Θp
}
is a base for the F (M)-submodule(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
, then the IDS (E, pi,M) is involutive if and only if it exists
Ωαβ ∈ Λ
1 (h∗F, h∗ν,M) , α, β ∈ r + 1, p
such that
dh
∗FΘα = Σβ∈r+1,pΩ
α
β ∧Θ
β ∈ I
(
Γ
(
E⊥, pi⊥,M
))
.
Proof: Let {S1, ..., Sr} be a base for the F (M)-submodule (Γ (E, pi,M) ,+, ·)
Let {Sr+1, ..., Sp} ∈ Γ (h∗F, h∗ν,M) such that
{S1, ..., Sr, Sr+1, ..., Sp}
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is a base for the F (M)-module
(Γ (h∗F, h∗ν,M) ,+, ·) .
Let Θ1, ...,Θr ∈ Γ
(
∗
h∗F,
∗
h∗ν,M
)
such that
{
Θ1, ...,Θr,Θr+1, ...,Θp
}
is a base for the F (M)-module(
Γ
(
∗
h∗F,
∗
h∗ν,M
)
,+, ·
)
.
For any a, b ∈ 1, r and α, β ∈ r + 1, p, we have the equalities:
Θa (Sb) = δ
a
b
Θa (Sβ) = 0
Θα (Sb) = 0
Θα (Sβ) = δ
α
β
We remark that the set of the 2-forms{
Θa ∧Θb,Θa ∧Θβ,Θα ∧Θβ, a, b ∈ 1, r ∧ α, β ∈ r + 1, p
}
is a base for the F (M)-module(
Λ2 (h∗F, h∗ν,M) ,+, ·
)
.
Therefore, we have
(1) dh
∗FΘα = Σb<cA
α
bcΘ
b ∧Θc +Σb,γB
α
bγΘ
b ∧Θγ +Σβ<γC
α
βγΘ
β ∧Θγ ,
where, Aαbc, B
α
bγ and C
α
βγ , a, b, c ∈ 1, r ∧ α, β, γ ∈ r + 1, p are real local functions such
that Aαbc = −A
α
cb and C
α
βγ = −C
α
γβ.
Using the formula
(2)
dh
∗FΘα (Sb, Sc) = Γ
(
h∗F
ρ , IdM
)
Sb (Θ
α (Sc))−Γ
(
h∗F
ρ , IdM
)
Sc (Θ
α (Sb))−Θ
α ([Sb, Sc]h∗F ) ,
we obtain that
(3) Aαbc = −Θ
α ([Sb, Sc]h∗F ) , ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
We admit that (E, pi,M) is an involutive IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
As
[Sb, Sc]h∗F ∈ Γ (E, pi,M) , ∀b, c ∈ 1, r
it results that
Θα ([Sb, Sc]h∗F ) = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
Therefore,
Aαbc = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
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and we obtain
dh
∗FΘα = Σb,γB
α
bγΘ
b ∧Θγ + 12C
α
βγΘ
β ∧Θγ
=
(
BαbγΘ
b + 12C
α
βγΘ
β
)
∧Θγ .
As
Ωαγ
put
= BαbγΘ
b +
1
2
CαβγΘ
β ∈ Λ1 (h∗F, h∗ν,M) , ∀α, β ∈ r + 1, p
it results the first implication.
Conversely, we admit that it exists
Ωαβ ∈ Λ
1 (h∗F, h∗ν,M) , α, β ∈ r + 1, p
such that
(4) dh
∗FΘα = Σβ∈r+1,pΩ
α
β ∧Θ
β, ∀α ∈ r + 1, p.
Using the affirmations (1) , (2) and (4) we obtain that
Aαbc = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
Using the affirmation (3), we obtain
Θα ([Sb, Sc]h∗F ) = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
Therefore,
[Sb, Sc]h∗F ∈ Γ (E, pi,M) , ∀b, c ∈ 1, r.
Using the Proposition 3.1.3.2, we obtain the second implication. q.e.d.
Let
(
(F ′, ν ′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
be an another generalized Lie algebroid.
Definition 3.2.8 For any morphism (ϕ,ϕ0) of
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and(
(F ′, ν ′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
target we define the application
Λq (F ′, ν ′, N ′)
(ϕ,ϕ0)
∗
−−−−−−→ Λq (F, ν,N)
ω′ 7−→ (ϕ,ϕ0)
∗ ω′
,
where
((ϕ,ϕ0)
∗ ω′) (z1, ..., zq) = ω
′ (Γ (ϕ,ϕ0) (z1) , ...,Γ (ϕ,ϕ0) (zq)) ,
for any z1, ..., zq ∈ Γ (F, ν,N) .
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Remark 3.2.5 It is remarked that theBv-morphism (Th ◦ ρ, h ◦ η) is aGLA-morphism of(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and (
(TN, τN , N) , [, ]TN,IdN , (IdTN , IdN )
)
target.
Moreover, for any ı˜ ∈ 1, n, we obtain
(Th ◦ ρ, h ◦ η)∗
(
dκ ı˜
)
= dFκ ı˜,
where d is the exterior differentiation operator associated to the exterior differential Lie
F (N)-algebra
(Λ (TN, τN , N) ,+, ·,∧) .
Theorem 3.2.11 If (ϕ,ϕ0) is a morphism of(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and ((
F ′, ν ′, N ′
)
, [, ]F ′,h′ ,
(
ρ′, η′
))
target, then the following affirmations are satisfied:
1. For any ω′ ∈ Λq (F ′, ν ′, N ′) and θ′ ∈ Λr (F ′, ν ′, N ′) we obtain
(3.2.13) (ϕ,ϕ0)
∗ (ω′ ∧ θ′) = (ϕ,ϕ0)∗ ω′ ∧ (ϕ,ϕ0)∗ θ′.
2. For any z ∈ Γ (F, ν,N) and ω′ ∈ Λq (F ′, ν ′, N ′) we obtain
(3.2.14) iz ((ϕ,ϕ0)
∗ ω′) = (ϕ,ϕ0)
∗ (iϕ(z)ω′) .
3. If N = N ′ and
(Th ◦ ρ, h ◦ η) =
(
Th′ ◦ ρ′, h′ ◦ η′
)
◦ (ϕ,ϕ0) ,
then we obtain
(3.2.15) (ϕ,ϕ0)
∗ ◦ dF
′
= dF ◦ (ϕ,ϕ0)
∗ .
Proof.
1. Let ω′ ∈ Λq (F ′, ν ′, N ′) and θ′ ∈ Λr (F ′, ν ′, N ′) be arbitrary. Since
(ϕ,ϕ0)
∗ (ω′ ∧ θ′) (z1, ..., zq+r) = (ω′ ∧ θ′) (Γ (ϕ,ϕ0) z1, ...,Γ (ϕ,ϕ0) zq+r)
=
1
(q + r)!
∑
σ∈Σq+r
sgn (σ) · ω′ (Γ (ϕ,ϕ0) z1, ...,Γ (ϕ,ϕ0) zq)
·θ′ (Γ (ϕ,ϕ0) zq+1, ...,Γ (ϕ,ϕ0) zq+r)
=
1
(q + r)!
∑
σ∈Σq+r
sgn (σ) · (ϕ,ϕ0)
∗ ω′ (z1, ..., zq) (ϕ,ϕ0)
∗ θ′ (zq+1, ..., zq+r)
=
(
(ϕ,ϕ0)
∗ ω′ ∧ (ϕ,ϕ0)
∗ θ′
)
(z1, ..., zq+r) ,
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for any z1, ..., zq+r ∈ Γ (F, ν,N), it results the conclusion of affirmation 1.
2. Let z ∈ Γ (F, ν,N) and ω′ ∈ Λq (F ′, ν ′, N ′) be arbitrary. Since
iz ((ϕ,ϕ0)
∗ ω′) (z2, ..., zq) = ω
′ (Γ (ϕ,ϕ0) z,Γ (ϕ,ϕ0) z2, ...,Γ (ϕ,ϕ0) zq)
= iΓ(ϕ,ϕ0)zω
′ (Γ (ϕ,ϕ0) z2, ...,Γ (ϕ,ϕ0) zq)
= (ϕ,ϕ0)
∗ (iΓ(ϕ,ϕ0)zω′) (z2, ..., zq) ,
for any z2, ..., zq ∈ Γ (F, ν,N), it results the conclusion of affirmation 2.
3. Let ω′ ∈ Λq (F ′, ν ′, N ′) and z0, ..., zq ∈ Γ (F, ν,N) be arbitrary. Since(
(ϕ,ϕ0)
∗ dF
′
ω′
)
(z0, ..., zq) =
(
dF
′
ω′
)
(Γ (ϕ,ϕ0) z0, ...,Γ (ϕ,ϕ0) zq)
=
q∑
i=0
(−1)i Γ (Th′ ◦ ρ′, h′ ◦ η′) (Γ (ϕ,ϕ0) zi)
·ω′
((
Γ (ϕ,ϕ0) z0,Γ (ϕ,ϕ0) z1, ...,
̂Γ (ϕ,ϕ0) zi, ...,Γ (ϕ,ϕ0) zq
))
+
∑
0≤i<j
(−1)i+j · ω′
(
Γ (ϕ,ϕ0) [zi, zj ]F ,Γ (ϕ,ϕ0) z0,Γ (ϕ,ϕ0) z1, ...,
· ̂Γ (ϕ,ϕ0) zi, ...,
̂Γ (ϕ,ϕ0) zj , ...,Γ (ϕ,ϕ0) zq
)
and
dF ((ϕ,ϕ0)
∗ ω′) (z0, ..., zq)
=
q∑
i=0
(−1)i Γ (Th ◦ ρ, h ◦ η) (zi) · ((ϕ,ϕ0)
∗ ω′) (z0, ..., ẑi, ..., zq)
+
∑
0≤i<j
(−1)i+j · ((ϕ,ϕ0)
∗ ω′)
(
[zi, zj ]F,h , z0, ..., ẑi, ..., ẑj , ..., zq
)
=
q∑
i=0
(−1)i Γ (Th ◦ ρ, h ◦ η) (zi) · ω′
(
Γ (ϕ,ϕ0) z0, ...,
̂Γ (ϕ,ϕ0) zi, ...,Γ (ϕ,ϕ0) zq
)
+
∑
0≤i<j
(−1)i+j · ω′
(
Γ (ϕ,ϕ0) [zi, zj ]F,h ,Γ (ϕ,ϕ0) z0,Γ (ϕ,ϕ0) z1, ...,
̂Γ (ϕ,ϕ0) zi, ...,
̂Γ (ϕ,ϕ0) zj , ...,Γ (ϕ,ϕ0) zq
)
it results the conclusion of affirmation 3. q.e.d.
Definition 3.2.9 For any q ∈ 1, n we define
Zq (F, ν,N) = {ω ∈ Λq (F, ν,N) : dω = 0} ,
the set of closed differential exterior q-forms and
Bq (F, ν,N) =
{
ω ∈ Λq (F, ν,N) : ∃η ∈ Λq−1 (F, ν,N) | dη = ω
}
,
the set of exact differential exterior q-forms.
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3.2.1 Exterior Differential Systems
We consider a generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
given by the dia-
grams:
F
ρ
−−−→ TM
Th
−−−−→ TN
↓ ν ↓ τM ↓ τN
M
h
−−−→ N
η
−−−→ M
h
−−−→ N
Let
(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
be the pull-back Lie algebroid.
Definition 3.2.1.1 Any ideal (I,+, ·) of the exterior differential algebra of the
pull-back Lie algebroid
(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
closed under differentiation
operator dh
∗F , namely dh
∗FI ⊆ I, will be called exterior differential system (EDS) of
the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In particular, if h = IdN = η, then any ideal (I,+, ·) of the exterior differential
algebra of the Lie algebroid ((F, ν,N) , [, ]F , (ρ, IdM )) closed under differentiation oper-
ator dF , namely dFI ⊆ I, will be called exterior differential system (EDS) of the Lie
algebroid ((F, ν,N) , [, ]F , (ρ, IdM )) .
Theorem 3.2.1.1 The IDS (E, pi,M) of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is involutive, if and only if the ideal generated by the F (M)-submodule
(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
is an EDS of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Proof: Let (E, pi,M) be an involutive IDS of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Let
{
Θr+1, ...,Θp
}
be a base for the F (M)-submodule
(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
.
We know that
I
(
Γ
(
E⊥, pi⊥,M
))
= ∪q∈N {Ωα ∧Θ
α, {Ωr+1, ...,Ωp} ⊂ Λ
q (h∗F, h∗ν,M)} .
Let
S =
{
q ∈ N : dh
∗F (Ωα ∧Θ
α) ∈ I
(
Γ
(
E⊥, pi⊥,M
))
, ∀ {Ωr+1, ...,Ωp} ⊂ Λ
q (h∗F, h∗ν,M)
}
.
Let {Ωr+1, ...,Ωp} ⊂ Λ0 (h∗F, h∗ν,M) be arbitrary.
Using the Theorem 3.2.10, we obtain
dh
∗F (Ωα ∧Θα) = dh
∗FΩα ∧Θα + (−1)
0 Ωα ∧ dh
∗FΘα
=
(
dh
∗FΩα +Ωβ · Ω
β
α
)
∧Θα.
As
dh
∗FΩβ +Ωα · Ω
α
β ∈ Λ
1 (h∗F, h∗ν,M)
it results that
dh
∗F
(
Ωβ ∧Θ
β
)
∈ I
(
Γ
(
E⊥, pi⊥,M
))
Therefore,
(1) 0 ∈ S.
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In the following, we prove that
(2) q ∈ S =⇒ q + 1 ∈ S.
Let {Ωr+1, ...,Ωp} ⊂ Λq+1 (h∗F, h∗ν,M) be arbitrary.
Using the Theorem 3.2.10, we obtain
dh
∗F (Ωα ∧Θα) = dh
∗FΩα ∧Θα + (−1)
q+1 Ωβ ∧ d
h∗FΘβ
=
(
dh
∗FΩα + (−1)
q+1 Ωβ ∧ Ω
β
α
)
∧Θα.
As
dh
∗FΩα + (−1)
q+1 Ωβ ∧Ω
β
α ∈ Λ
q+2 (h∗F, h∗ν,M)
it results that
dh
∗F
(
Ωβ ∧Θ
β
)
∈ I
(
Γ
(
E⊥, pi⊥,M
))
Therefore,
q + 1 ∈ S.
Using the Peano’s Axiom and the affirmations (1) and (2) , it results that S = N.
Therefore,
dh
∗FI
(
Γ
(
E⊥, pi⊥,M
))
⊆ I
(
Γ
(
E⊥, pi⊥,M
))
.
Conversely, let (E, pi,M) be an IDS of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
such that the F (M)-submodule
(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
is an EDS of the generalized Lie
algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
, namely
(3) dh
∗FI
(
Γ
(
E⊥, pi⊥,M
))
⊆ I
(
Γ
(
E⊥, pi⊥,M
))
.
Let
{
Θr+1, ...,Θp
}
be a base for the F (M)-submodule
(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
.
Using the affirmation (3), it results that it exists
Ωαβ ∈ Λ
1 (h∗F, h∗ν,M) , α, β ∈ r + 1, p
such that
dh
∗FΘα = Σβ∈r+1,pΩ
α
β ∧Θ
β ∈ I
(
Γ
(
E⊥, pi⊥,M
))
.
Using the Theorem 3.2.10, it results that (E, pi,M) is an involutive IDS of the
generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
. q.e.d.
3.3 The generalized tangent bundle
We consider the following diagram:
(3.3.1)
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
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where (E, pi,M) is a fiber bundle and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie
algebroid.
We assume that the r-dimensional manifold V is the type fibre and the Lie group
(G, ·) is the structure group for the fiber bundle (E, pi,M) .
We take
(
xi, ya
)
as canonical local coordinates on (E, pi,M) , where i ∈ 1,m and
a ∈ 1, r.
Let (
xi, ya
)
−→
(
xi´
(
xi
)
, ya´
(
xi, ya
))
be a change of coordinates on (E, pi,M). Then the coordinates ya change to ya´ by the
rule:
(3.3.2) ya´ =
∂ya´
∂ya
ya.
In particular, if (E, pi,M) is vector bundle, then the coordinates ya change to ya´ by the
rule:
(3.3.2′) ya´ =M a´a y
a.
Let
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
)
be the pull-back Lie algebroid of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Let
(pi∗ (h∗F ) , pi∗ (h∗ν) , E) , [, ]pi∗(h∗F ) ,
(
pi∗(h∗F )
ρ , IdE
)
be the pull-back Lie algebroid of the Lie algebroid
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
)
.
If
z = zαtα ∈ Γ (F, ν,N) ,
then, using the vector fibred (m+ r) + p-structure
[
A˜Fpi∗(h∗F )
]
, we obtain the section
Z˜ = (zα ◦ h ◦ pi) T˜α ∈ Γ (pi
∗ (h∗F ) , pi∗ (h∗ν) , E)
such that
Z˜ (ux) = z (h (x)) ,
for any ux ∈ pi−1
(
U∩h−1V
)
.
The set
{
T˜α, α ∈ 1, p
}
is a base for the module of sections
(Γ (pi∗ (h∗F ) , pi∗ (h∗ν) , E) ,+, ·) .
Since tα´ = Λ
α
α´tα, it results that
(3.3.3) T˜α´ = Λ
α
α´ ◦ (h ◦ pi) T˜α.
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Therefore,
(3.3.4)
∥∥Λα´α ◦ (h ◦ pi)∥∥
is the matrix of coordinate transformation on (pi∗ (h∗F ) , pi∗ (h∗ν) , E) .
Let
(
pi∗(h∗F )
ρ , IdE
)
be theBv-morphism of (pi∗ (h∗F ) , pi∗ (h∗ν) , E) source and (TE, τE , E)
target, where
(3.3.5)
pi∗ (h∗F )
pi∗(h∗F )
ρ
−−−−−→ TE
Z˜αT˜α (ux) 7−→ Z˜α ·
(
ρiα ◦ h ◦ pi
)
·
∂
∂xi
(ux) .
Using the operation
Γ (pi∗ (h∗F ) , pi∗ (h∗ν) , E)2
[,]pi∗(h∗F )
−−−−−−−−−−−→ Γ (pi∗ (h∗F ) , pi∗ (h∗ν) , E)
defined by
(3.3.6)
[
T˜α, T˜β
]
pi∗(h∗F )
=
(
L
γ
αβ ◦ h ◦ pi
)
T˜γ ,[
T˜α, f T˜β
]
pi∗(h∗F )
= f
(
L
γ
αβ ◦ h ◦ pi
)
T˜γ +
(
ρiα ◦ h ◦ pi
) ∂f
∂xi
T˜β,[
fT˜α, T˜β
]
pi∗(h∗F )
= −
[
T˜β, f T˜α
]
pi∗(h∗F )
,
for any f ∈ F (E) , we obtain the following
Theorem 3.3.1 The couple (
[, ]pi∗(h∗F ) ,
(
pi∗(h∗F )
ρ , IdE
))
is a Lie algebroid structure for the vector bundle (pi∗ (h∗F ) , pi∗ (h∗ν) , E) .
It is known that the tangent bundle (TE, τE , E) is a vector bundle with type fibre
the real space (Rm+r,+, ·) and structure group the Lie group GL (m+ r,R) .
Theorem 3.3.2 The set
(3.3.7) pi
∗ (h∗F )⊕ TE =
⋃
u∈E
pi∗ (h∗F )u ⊕ (TE)u
is the total space of a vector bundle with the base E, canonical projection denoted
⊕
pi, type fibre the real space
(
Rp+(m+r),+, ·
)
and structure group, a Lie subgroup of
(GL (p+ (m+ r) ,R) , ·) .
Let (
∂
∂xi
,
∂
∂ya
)
be the natural base for the sections Lie algebra (Γ (TE, τE , E) ,+, ·, [, ]TE) .
44
Remark 3.3.1 The sections
(3.3.8)
(
T˜α,
(
∂
∂xi
,
∂
∂ya
))
determined the bases for the module Γ
(
pi∗ (h∗F )⊕ TE,
⊕
pi,E
)
.
The matrix of coordinate transformation on(
pi∗ (h∗F )⊕ TE,
⊕
pi,E
)
at a change of fibred charts is
(3.3.9)
∥∥∥∥∥∥∥∥∥∥∥∥
Λα´α ◦ h ◦ pi 0 0
0
∂xi´
∂xi
◦ pi 0
0
∂ya´
∂xi
∂ya´
∂ya
∥∥∥∥∥∥∥∥∥∥∥∥
.
In particular, if (E, pi,M) is a vector bundle, then we consider that the local coordinates
on (E, pi,M) is changed by:(
xi, ya
)
−→
(
xi´
(
xi
)
, ya´ =M a´a
(
xi
)
ya
)
.
Then the matrix of coordinate transformation on(
pi∗ (h∗F )∗ F ⊕ TE,
⊕
pi,E
)
at a change of fibred charts is
(3.3.10)
∥∥∥∥∥∥∥∥∥∥∥
Λα´α ◦ h ◦ pi 0 0
0
∂xi´
∂xi
◦ pi 0
0
∂M a´a ◦ pi
∂xi
ya M a´a ◦ pi
∥∥∥∥∥∥∥∥∥∥∥
.
For any sections
Z˜αT˜α ∈ Γ (pi∗ (h∗F ) , pi∗ (h∗F ) , E)
and
Y a
∂
∂ya
∈ Γ (V TE, τE, E)
we construct the section
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
=: Z˜α
(
T˜α ⊕
(
ρiα ◦ h ◦ pi
) ∂
∂xi
)
+ Y a
(
0pi∗(h∗F ) ⊕
∂
∂ya
)
= Z˜αT˜α ⊕
(
Z˜α
(
ρiα ◦ h ◦ pi
) ∂
∂xi
+ Y a
∂
∂ya
)
∈ Γ
(
pi∗ (h∗F )⊕ TE,
⊕
pi,E
)
.
Since we have
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
= 0
m
Z˜αT˜α = 0 ∧ Z˜α
(
ρiα ◦ h ◦ pi
) ∂
∂xi
+ Y a
∂
∂ya
= 0,
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it implies Z˜α = 0, α ∈ 1, p and Y a = 0, a ∈ 1, r.
Therefore the sections
∂
∂z˜1
, ...,
∂
∂z˜p
,
∂
∂y˜1
, ...,
∂
∂y˜r
are linearly independent.
We consider the vector subbundle ((ρ, η)TE, (ρ, η) τE, E) of the vector bundle(
pi∗ (h∗F )⊕ TE,
⊕
pi,E
)
, for which the F (E)-module of sections is the F (E)-submodule
of
(
Γ
(
pi∗ (h∗F )⊕ TE,
⊕
pi,E
)
,+, ·
)
, generated by the family of sections
(
∂
∂z˜α
,
∂
∂y˜a
)
.
The base sections
(3.3.11)
(
∂
∂z˜α
,
∂
∂y˜a
)
put
=
(
∂˜α,
·
∂˜a
)
will be called the natural (ρ, η)-base.
The matrix of coordinate transformation on ((ρ, η)TE, (ρ, η) τE, E) at a change of
fibred charts is
(3.3.12)
∥∥∥∥∥∥
Λα´α ◦ h ◦ pi 0(
ρiα ◦ h ◦ pi
) ∂ya´
∂xi
∂ya´
∂ya
∥∥∥∥∥∥ .
In particular, if (E, pi,M) is a vector bundle, then the matrix of coordinate transforma-
tion on ((ρ, η)TE, (ρ, η) τE, E) at a change of fibred charts is
(3.3.13)
∥∥∥∥∥∥
Λα´α ◦ h ◦ pi 0(
ρia ◦ h ◦ pi
) ∂M a´b ◦ pi
∂xi
yb M a´a ◦ pi
∥∥∥∥∥∥ .
Next, we consider the operation
Γ ((ρ, η)TE, (ρ, η) τE, E)
2
[,](ρ,η)TE
−−−−−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
defined by
(3.3.14)
[(
Z˜α1
∂
∂z˜α
+ Y a1
∂
∂y˜a
)
,
(
Z˜
β
2
∂
∂z˜β
+ Y b2
∂
∂y˜b
)]
(ρ,η)TE
=
[
Z˜α1 T˜a, Z˜
β
2 T˜β
]
pi∗(h∗F )
⊕
[(
ρiα ◦ h ◦ pi
)
Z˜α1
∂
∂xi
+ Y a1
∂
∂ya
,(
ρiβ ◦ h ◦ pi
)
Z˜
β
2
∂
∂xi
+ Y b2
∂
∂yb
]
TE
,
for any
(
Z˜α1
∂
∂z˜α
+ Y a1
∂
∂y˜a
)
and
(
Z˜
β
2
∂
∂z˜β
+ Y b2
∂
∂y˜b
)
.
Let (ρ˜, IdE) be the B
v-morphism of ((ρ, η)TE, (ρ, η) τE, E) source and (TE, τE, E)
target, where
(3.3.15)
(ρ, η)TE
ρ˜
−−−→TE(
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
)
(ux)7−→
(
Z˜α
(
ρiα◦h◦pi
) ∂
∂xi
+Y a
∂
∂ya
)
(ux).
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Lemma 3.3.1 The operation [, ](ρ,η)TE is a Lie bracket, namely it satisfies
(3.3.16)
[
U˜ , f Z˜
]
(ρ,η)TE
= f
[
U˜ , Z˜
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
U˜
)
(f) Z˜
for any U˜ , Z˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) and f ∈ F (E).
Proof. For any f ∈ F (E), we obtain:
(1)
[
∂
∂z˜α
, f
∂
∂z˜β
]
(ρ,η)TE
= [Tα, fTβ]pi∗(h∗F ) ⊕
[
ρiα ◦ h ◦ pi
∂
∂xi
, f ·
(
ρ
j
β ◦ h ◦ pi
) ∂
∂xj
]
TE
=
(
f
[
T˜α, T˜β
]
pi∗(h∗F )
+ Γ
(
pi∗(h∗F )
ρ , IdE
)(
T˜α
)
f · T˜β
)
⊕
(
f
[
ρiα ◦ h ◦ pi
∂
∂xi
, ρ
j
β ◦ h ◦ pi
∂
∂xj
]
TE
+ Γ (IdTE , IdE)
(
ρiα ◦ h ◦ pi
∂
∂xi
)
f · ρjβ ◦ h ◦ pi
∂
∂xj
)
= f
([
T˜α, T˜β
]
pi∗(h∗F )
⊕
[
ρiα ◦ h ◦ pi
∂
∂xi
, ρ
j
β ◦ h ◦ pi
∂
∂xj
]
TE
)
+ρiα ◦ h ◦ pi
∂f
∂xi
(
T˜β ⊕ ρ
j
β ◦ h ◦ pi
∂
∂xj
)
= f
[
∂
∂z˜α
,
∂
∂z˜β
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
∂
∂z˜α
)
f ·
∂
∂z˜β
;
(2)
[
∂
∂z˜α
, f
∂
∂y˜b
]
(ρ,η)TE
=
[
T˜α, 0
]
pi∗(h∗F )
⊕
[
ρiα ◦ h ◦ pi
∂
∂xi
, f
∂
∂yb
]
TE
= 0pi∗(h∗F ) ⊕
(
f
[
ρiα ◦ h ◦ pi
∂
∂xi
,
∂
∂yb
]
TE
+ ρiα ◦ h ◦ pi
∂f
∂xi
∂
∂yb
)
= 0pi∗(h∗F ) ⊕
(
−f
∂
(
ρiα ◦ h ◦ pi
)
∂yb
∂
∂xi
+ ρiα ◦ h ◦ pi
∂f
∂xi
∂
∂yb
)
(2.2.3)
= 0pi∗(h∗F ) ⊕
(
0TE + ρ
i
α ◦ h ◦ pi
∂f
∂xi
∂
∂yb
)
= 0pi∗(h∗F ) ⊕
(
ρiα ◦ h ◦ pi
) ∂f
∂xi
∂
∂yb
=
(
ρiα ◦ h ◦ pi
) ∂f
∂xi
(
0pi∗(h∗F ) ⊕
∂
∂yb
)
= f
[
∂
∂z˜α
,
∂
∂y˜b
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
∂
∂z˜α
)
f
∂
∂y˜b
;
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(3)
[
∂
∂y˜a
, f
∂
∂z˜β
]
(ρ,η)TE
=
[
0, T˜β
]
pi∗(h∗F )
⊕
[
∂
∂ya
, f
(
ρ
j
β ◦ h ◦ pi
)
∂
∂xj
]
TE
= 0pi∗(h∗F )⊕
(
f
[
∂
∂ya
,
(
ρ
j
β◦h◦pi
) ∂
∂xj
]
TE
+
∂f
∂ya
(
ρ
j
β◦h◦pi
) ∂
∂xj
)
= 0pi∗(h∗F ) ⊕
(
f
(
ρ
j
β ◦ h ◦ pi
) [ ∂
∂ya
,
∂
∂xj
]
TE
+f
∂
(
ρ
j
β ◦ h ◦ pi
)
∂ya
∂
∂xj
+
∂f
∂ya
(
ρ
j
β ◦ h ◦ pi
) ∂
∂xj

(2.2.3)
= 0pi∗(h∗F ) ⊕
(
0TE + 0TE +
∂f
∂ya
(
ρ
j
β ◦ h ◦ pi
) ∂
∂xj
)
= f
[
∂
∂y˜a
,
∂
∂z˜β
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
∂
∂y˜a
)
f
∂
∂z˜β
;
(4)
[
∂
∂y˜a
, f
∂
∂y˜b
]
(ρ,η)TE
= [0, 0]pi∗(h∗F ) ⊕
[
∂
∂ya
, f ∂
∂yb
]
TE
= 0pi∗(h∗F ) ⊕
(
f
[
∂
∂ya
,
∂
∂yb
]
TE
+
∂f
∂ya
∂
∂yb
)
= 0pi∗(h∗F ) ⊕
(
0TE +
∂f
∂ya
∂
∂yb
)
=
(
0pi∗(h∗F ) ⊕
∂f
∂ya
∂
∂yb
)
=
∂f
∂ya
∂
∂y˜b
= f
[
∂
∂y˜a
,
∂
∂y˜b
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
∂
∂y˜a
)
f ·
∂
∂y˜b
.
In general, after some calculations, we obtain
(5)
[
U˜ , f Z˜
]
(ρ,η)TE
= f
[
U˜ , Z˜
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
U˜
)
(f) Z˜
for any U˜ , Z˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) and f ∈ F (E) . q.e.d.
Lemma 3.3.2 For any U˜ , V˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) , we have:
(3.3.17)
[
U˜ , V˜
]
(ρ,η)TE
= −
[
V˜ , U˜
]
(ρ,η)TE
.
In particular, we obtain:
(3.3.18)
[
U˜ , U˜
]
(ρ,η)TE
= 0(ρ,η)TE , ∀U˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Proof. Using relations (3.1.1.9) and (3.1.2.2), we obtain
(1)
(
L
γ
αβ ◦ h ◦ pi
) (
ρkγ ◦ h ◦ pi
)
=
(
ρiα ◦ h ◦ pi
) ∂ (ρkβ ◦ h ◦ pi)
∂xi
−
(
ρ
j
β ◦ h ◦ pi
) ∂ (ρkα ◦ h ◦ pi)
∂xj
.
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Using relation (1), we obtain
(2)
[
∂
∂z˜α
,
∂
∂z˜β
]
(ρ,η)TE
=
=
([
T˜α, T˜β
]
pi∗(h∗F )
⊕
[
ρiα ◦ h ◦ pi
∂
∂xi
, ρ
j
β ◦ h ◦ pi
∂
∂xj
]
TE
)
= Lγαβ◦ (h◦pi) T˜γ⊕
ρiα◦h◦pi∂
(
ρkβ◦h◦pi
)
∂xi
− ρjβ◦h◦pi
∂
(
ρkα◦h◦pi
)
∂xj
 ∂
∂xk
= Lγαβ ◦ (h ◦ pi)
(
T˜γ ⊕ ρ
k
γ ◦ h ◦ pi
∂
∂xk
)
= Lγαβ ◦ (h ◦ pi)
∂
∂z˜γ
.
Moreover, we obtain
(3)
[
∂
∂z˜α
,
∂
∂y˜b
]
(ρ,η)TE
=
[
T˜α, 0
]
pi∗(h∗F )
⊕
[
ρiα ◦ h ◦ pi
∂
∂xi
, ∂
∂yb
]
TE
= 0pi∗(h∗F ) ⊕
−∂
(
ρiα ◦ h ◦ pi
)
∂yb
∂
∂xi
= 0pi∗(h∗F ) ⊕ 0TE ;
(4)
[
∂
∂y˜a
,
∂
∂z˜β
]
(ρ,η)TE
=
[
0, T˜β
]
pi∗(h∗F )
⊕
[
∂
∂ya
, ρ
j
β ◦ h ◦ pi
∂
∂xj
]
TE
= 0pi∗(h∗F ) ⊕
∂
(
ρ
j
β ◦ h ◦ pi
)
∂ya
∂
∂xj
= 0pi∗(h∗F ) ⊕ 0TE ;
(5)
[
∂
∂y˜a
,
∂
∂y˜b
]
(ρ,η)TE
= [0, 0]pi∗(h∗F )⊕
[
∂
∂ya
,
∂
∂yb
]
TE
=0pi∗(h∗F )⊕0TE .
Using relations (2) , (3) , (4) and (5), we obtain:
(6)
[
∂
∂z˜α
,
∂
∂z˜β
]
(ρ,η)TE
= −
[
∂
∂z˜β
,
∂
∂z˜α
]
(ρ,η)TE
,[
∂
∂z˜α
,
∂
∂y˜b
]
(ρ,η)TE
= −
[
∂
∂y˜b
,
∂
∂z˜α
]
(ρ,η)TE
,[
∂
∂y˜a
,
∂
∂z˜β
]
(ρ,η)TE
= −
[
∂
∂z˜β
,
∂
∂y˜a
]
(ρ,η)TE
,[
∂
∂y˜a
,
∂
∂y˜b
]
(ρ,η)TE
= −
[
∂
∂y˜b
,
∂
∂y˜a
]
(ρ,η)TE
.
In general, for any U˜ , V˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) , we have:
(7)
[
U˜ , V˜
]
(ρ,η)TE
= −
[
V˜ , U˜
]
(ρ,η)TE
.
Since equality (7) implies
2
[
U˜ , U˜
]
(ρ,η)TE
= 0(ρ,η)TE , ∀U˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) ,
we obtain: [
U˜ , U˜
]
(ρ,η)TE
= 0(ρ,η)TE, ∀U˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
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q.e.d.
Lemma 3.3.3 We have the Jacobi identity:
(3.3.19)
[
U˜ ,
[
V˜ , Z˜
]
(ρ,η)TE
]
(ρ,η)TE
+
[
Z˜,
[
U˜ , V˜
]
(ρ,η)TE
]
(ρ,η)TE
+
[
V˜ ,
[
Z˜, U˜
]
(ρ,η)TE
]
(ρ,η)TE
= 0(ρ,η)TE.
for any U˜ , V˜ , Z˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) .
Proof. After some calculations, using the sections of natural (ρ, η)-base, we obtain the
following Jacobi identities:
(1)
[
∂
∂z˜α
,
[
∂
∂z˜β
,
∂
∂z˜γ
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂z˜β
,
[
∂
∂z˜γ
,
∂
∂z˜α
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂z˜γ
,
[
∂
∂z˜α
,
∂
∂z˜β
]
(ρ,η)TE
]
(ρ,η)TE
= 0(ρ,η)TE,
(2)
[
∂
∂y˜a
,
[
∂
∂y˜b
,
∂
∂z˜γ
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂y˜b
,
[
∂
∂z˜γ
,
∂
∂y˜a
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂z˜γ
,
[
∂
∂y˜a
,
∂
∂y˜b
]
(ρ,η)TE
]
(ρ,η)TE
= 0(ρ,η)TE ,
(3)
[
∂
∂y˜a
,
[
∂
∂y˜b
,
∂
∂y˜c
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂y˜b
,
[
∂
∂y˜c
,
∂
∂y˜a
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂y˜c
,
[
∂
∂y˜a
,
∂
∂y˜b
]
(ρ,η)TE
]
(ρ,η)TE
= 0(ρ,η)TE .
After some calculations, we obtain the Jacobi identity[
U˜ ,
[
V˜ , Z˜
]
(ρ,η)TE
]
(ρ,η)TE
+
[
Z˜,
[
U˜ , V˜
]
(ρ,η)TE
]
(ρ,η)TE
+
[
V˜ ,
[
Z˜, U˜
]
(ρ,η)TE
]
(ρ,η)TE
= 0(ρ,η)TE,
for any U˜ , V˜ , Z˜ ∈ Γ (((ρ, η)TE, (ρ, η) τE, E)) q.e.d.
Lemma 3.3.4 The Mod-morphism
Γ (ρ˜, IdE)
is a Liealg-morphism of(
Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·, [, ](ρ,η)TE
)
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source and
(Γ (TE, τE , E) ,+, ·, [, ]TE)
target.
Proof. Indeed, we have:
(1)
[
Γ (ρ˜, IdE)
∂
∂z˜α
,Γ (ρ˜, IdE)
∂
∂z˜β
]
TE
=
[(
ρiα ◦ h ◦ pi
)
∂
∂xi
,
(
ρ
j
β ◦ h ◦ pi
)
∂
∂xj
]
TE
=
((
ρiα ◦ h ◦ pi
) ∂(ρkβ◦h◦pi)
∂xi
−
(
ρ
j
β ◦ h ◦ pi
)
∂(ρkα◦h◦pi)
∂xj
)
∂
∂xk
(2.2.2)
=
(3.1.1.9)
(
L
γ
αβ◦h◦pi
) (
ρkγ◦h◦pi
)
∂
∂xk
=
(
L
γ
αβ◦h◦pi
)
Γ (ρ˜, IdE)
∂
∂z˜γ
= Γ (ρ˜, IdE)
[
∂
∂z˜α
, ∂
∂z˜β
]
(ρ,η)TE
,
(2)
[
Γ (ρ˜, IdE)
∂
∂z˜α
,Γ (ρ˜, IdE)
∂
∂y˜b
]
TE
=
[(
ρiα ◦ h ◦ pi
)
∂
∂xi
, ∂
∂yb
]
TE
= −
∂(ρiα◦h◦pi)
∂yb
∂
∂xi
= 0TE = Γ (ρ˜, IdE)
(
0(ρ,η)TE
)
= Γ (ρ˜, IdE)
[
∂
∂z˜α
, ∂
∂y˜b
]
(ρ,η)TE
,
(3)
[
Γ (ρ˜, IdE)
∂
∂y˜a
,Γ (ρ˜, IdE)
∂
∂z˜β
]
TE
=
[
∂
∂ya
,
(
ρ
j
β◦h◦pi
)
∂
∂xj
]
TE
=
∂(ρjβ◦h◦pi)
∂ya
∂
∂xj
= 0TE = Γ (ρ˜, IdE)
(
0(ρ,η)TE
)
= Γ (ρ˜, IdE)
[
∂
∂z˜α
, ∂
∂y˜b
]
(ρ,η)TE
and
(4)
[
Γ (ρ˜, IdE)
∂
∂y˜a
,Γ (ρ˜, IdE)
∂
∂y˜b
]
TE
=
[
∂
∂ya
, ∂
∂yb
]
TE
= 0TE = Γ (ρ˜, IdE)
(
0(ρ,η)TE
)
= Γ (ρ˜, IdE)
[
∂
∂y˜a
, ∂
∂y˜b
]
(ρ,η)TE
.
In general, for any U˜ , Z˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) , we obtain:[
Γ (ρ˜, IdE) (U˜ ),Γ (ρ˜, IdE) (Z˜)
]
TE
= Γ (ρ˜, IdE)
([
U˜ , Z˜
]
(ρ,η)TE
)
.
q.e.d.
Using Lemmas 3.3.1, 3.3.2, 3.3.3 and 3.3.4, we obtain the following
Theorem 3.3.4 The couple (
[, ](ρ,η)TE , (ρ˜, IdE)
)
is a Lie algebroid structure for the vector bundle
((ρ, η)TE, (ρ, η) τE , E) .
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Remark 3.3.2 In particular, if h = IdM and [, ]TM is the usual Lie bracket, it results
that the Lie algebroid(
((IdTM , IdM )TE, (IdTM , IdM ) τE , E) , [, ](IdTM ,IdM )TE ,
(
I˜dTM , IdE
))
is isomorphic with the usual Lie algebroid
((TE, τE, E) , [, ]TE , (IdTE , IdE)) .
This is a reason for which the Lie algebroid(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
will be called the Lie algebroid generalized tangent bundle.
The vector bundle ((ρ, η)TE, (ρ, η) τE, E) will be called the generalized tangent bun-
dle.
3.3.1 The generalized tangent bundle of dual vector bundle
Let (E, pi,M) be a vector bundle. We build the generalized tangent bundle of dual
vector bundle
(
∗
E,
∗
pi,M
)
using the diagram:
(3.3.1.1)
∗
E
(
F, [, ]F,h , (ρ, η)
)
∗
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
where
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
We take
(
xi, pa
)
as canonical local coordinates on
(
∗
E,
∗
pi,M
)
, where i ∈ 1,m and
a ∈ 1, r.
Consider (
xi, pa
)
−→
(
xi´
(
xi
)
, pa´
(
xi, pa
))
a change of coordinates on
(
∗
E,
∗
pi,M
)
. Then the coordinates pa change to pa´ by the
rule:
(3.3.1.2) pa´ =M
a
a´ pa.
Let (
∂
∂xi
,
∂
∂pa
)
be the natural base for the sections Lie algebra
(
Γ
(
T
∗
E, τ ∗
E
,
∗
E
)
,+, ·, [, ]
T
∗
E
)
.
The sections
(3.3.1.3)
(
T˜α,
(
∂
∂xi
,
∂
∂pa
))
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determine a base for the module Γ
(
∗
pi
∗
(h∗F )⊕ T
∗
E,
⊕
∗
pi,
∗
E
)
.
The matrix of coordinate transformation on(
∗
pi
∗
(h∗F )⊕ T
∗
E,
⊕
∗
pi,
∗
E
)
at a change of fibred charts is
(3.3.1.4)
∥∥∥∥∥∥∥∥∥∥∥
Λα´α ◦ h ◦
∗
pi 0 0
0
∂xi´
∂xi
◦
∗
pi 0
0
∂Maa´ ◦
∗
pi
∂xi
pa M
a
a´ ◦
∗
pi
∥∥∥∥∥∥∥∥∥∥∥
.
For any sections
Z˜αT˜α ∈ Γ
(
∗
pi
∗
(h∗F ) ,
∗
pi
∗
(h∗ν) ,
∗
E
)
and
Ya
∂
∂pa
∈ Γ
(
V T
∗
E, τ ∗
E
,
∗
E
)
,
we construct the section
Z˜α
∂
∂z˜α
+ Ya
∂
∂p˜a
=: Z˜α
(
Tα ⊕
(
ρiα ◦ h ◦
∗
pi
) ∂
∂xi
)
+ Ya
(
0∗
pi
∗
(h∗F )
⊕
∂
∂pa
)
= Z˜αT˜α ⊕
(
Z˜α
(
ρiα ◦ h ◦
∗
pi
) ∂
∂xi
+ Ya
∂
∂pa
)
∈ Γ
(
∗
pi
∗
(h∗F )⊕ T
∗
E,
⊕
∗
pi,
∗
E
)
.
Since we have
Z˜α
∂
∂z˜α
+ Ya
∂
∂p˜a
= 0∗
pi
∗
(h∗F )⊕T
∗
E
m
Z˜αT˜α = 0∗
pi
∗
(h∗F )
∧ Z˜α
(
ρiα ◦ h ◦
∗
pi
) ∂
∂xi
+ Ya
∂
∂pa
= 0
T
∗
E
,
it implies Z˜α = 0, α ∈ 1, p and Ya = 0, a ∈ 1, r.
Therefore, the sections
∂
∂z˜1
, ...,
∂
∂z˜p
,
∂
∂p˜1
, ...,
∂
∂p˜r
are linearly independent.
We consider the vector subbundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
of vector bundle (
∗
pi
∗
(h∗F )⊕ T
∗
E,
⊕
∗
pi,
∗
E
)
,
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for which the F
(
∗
E
)
-module of sections is the F
(
∗
E
)
-submodule of
(
Γ
(
∗
pi
∗
(h∗F )⊕ T
∗
E,
⊕
∗
pi,
∗
E
)
,+, ·
)
,
generated by the family of sections
(
∂
∂z˜α
,
∂
∂p˜a
)
.
The base sections
(3.3.1.5)
(
∂
∂z˜α
,
∂
∂p˜a
)
put
=
(
∂˜α,
·
∂˜
a
)
will be called the natural (ρ, η)-base.
The matrix of coordinate transformation on
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
at a change of
fibred charts is
(3.3.1.6)
∥∥∥∥∥∥∥
Λα´α ◦ h ◦
∗
pi 0(
ρiα ◦ h ◦
∗
pi
) ∂M ba´ ◦ ∗pi
∂xi
pb M
a
a´ ◦
∗
pi
∥∥∥∥∥∥∥ .
We consider the operation [, ]
(ρ,η)T
∗
E
defined by
(3.3.1.7)
[(
Z˜α1
∂
∂z˜α
+ Y1a
∂
∂p˜a
)
,
(
Z˜
β
2
∂
∂z˜β
+ Y2b
∂
∂p˜b
)]
(ρ,η)TE∗
=
=
[
Z˜α1 Ta, Z˜
β
2 Tβ
]
∗
pi
∗
(h∗F )
⊕
[(
ρiα ◦ h ◦ pi
∗
)
Z˜α1
∂
∂xi
+ Y1a
∂
∂pa
,(
ρiβ ◦ h ◦ pi
∗
)
Z˜
β
2
∂
∂xi
+ Y2b
∂
∂pb
]
T
∗
E
,
for any sections
(
Z˜α1
∂
∂z˜α
+ Y1a
∂
∂p˜a
)
and
(
Z˜
β
2
∂
∂z˜β
+ Y2b
∂
∂p˜b
)
.
Let
(
∗
ρ˜, Id ∗
E
)
be theBv-morphism of
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
source and
(
T
∗
E, τ ∗
E
,
∗
E
)
target, where
(3.3.1.8)
(ρ, η)T
∗
E
ρ˜∗
−−−→T
∗
E(
Z˜α
∂
∂z˜α
+ Ya
∂
∂p˜a
)
(
∗
ux)7−→
(
Z˜α
(
ρiα◦h◦
∗
pi
) ∂
∂xi
+Ya
∂
∂pa
)
(
∗
ux).
The Lie algebroid generalized tangent bundle of the dual vector bundle
(
∗
E,
∗
pi,M
)
will be denoted ((
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, [, ]
(ρ,η)T
∗
E
,
(
∗
ρ˜, Id ∗
E
))
.
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3.4 (Linear) (ρ, η)-connections
The theory of (linear) connections constitutes undoubtedly one of most beautiful and
most important chapter of differential geometry, which has been widely explored in the
literature (see [8, 11, 14, 26, 31, 41, 42, 45, 46, 47, 51, 52, 54, 55]).
In the following, we consider the diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |B| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
be the Lie algebroid generalized tangent bundle of fiber bundle (E, pi,M).
We consider the Bv-morphism
((ρ, η)pi!, IdE)
given by the commutative diagram
(3.4.1)
(ρ, η)TE
(ρ,η)pi!
//
(ρ,η)τE

pi∗ (h∗F )
pr1

E
idE
// E
Using the components, this is defined as:
(3.4.2) (ρ, η)pi!
((
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
)
(ux)
)
=
(
Z˜αT˜α
)
(ux) ,
for any
(
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
)
∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
We define the tangent (ρ, η)-application as being a Bv-morphism
(3.4.3) ((ρ, η)Tpi, h ◦ pi) = (pr2, h ◦ pi) ◦ ((ρ, η) pi!, IdE)
of ((ρ, η)TE, (ρ, η) τE , E) source and (F, ν,N) target.
Definition 3.4.1 The kernel of the tangent (ρ, η)-application
((ρ, η)Tpi, h ◦ pi)
is written as
(V (ρ, η)TE, (ρ, η) τE, E)
and will be called the vertical subbundle.
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The set
{
∂
∂y˜a
, a ∈ 1, r
}
is a base for the F (E)-module
(Γ (V (ρ, η)TE, (ρ, η) τE, E) ,+, ·) .
Proposition 3.4.1 The short sequence of vector bundles
(3.4.4)
0

 i
//

V (ρ, η)TE


 i
// (ρ, η)TE
(ρ,η)pi!
//

pi∗
(
h∗F
)
//

0

E
IdE
// E
IdE
// E
IdE
// E
IdE
// E
is exact.
Definition 3.4.2 A Man-morphism (ρ, η) Γ of (ρ, η)TE source and V (ρ, η)TE target
defined by
(3.4.5) (ρ, η) Γ
(
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
)
(ux) =
(
Y a + (ρ, η) ΓaαZ˜
α
) ∂
∂y˜a
(ux) ,
such that the Bv-morphism ((ρ, η) Γ, IdE) is a split to the left in the previous exact
sequence, will be called (ρ, η)-connection for the fiber bundle (E, pi,M).
The differentiable real local functions (ρ, η) Γaα will be called the components of
(ρ, η)-connection (ρ, η) Γ.
The (ρ, IdM )-connection for the fiber bundle (E, pi,M) will be called ρ-connection
for the fiber bundle (E, pi,M) and will be denoted ρΓ.
The (IdTM , IdM )-connection for the fiber bundle (E, pi,M) will be called connection
for the fiber bundle (E, pi,M) and will be denoted Γ.
Definition 3.4.3 If (ρ, η) Γ is a (ρ, η)-connection for the fiber bundle (E, pi,M), then
the kernel of the Bv-morphism ((ρ, η) Γ, IdE) is written as
(H (ρ, η)TE, (ρ, η) τE, E)
and will be called the horizontal vector subbundle.
Definition 3.4.4 If (E, pi,M) ∈ |B|, then the B-morphism (Π, pi) defined by the com-
mutative diagram
(3.4.6)
V (ρ, η)TE
Π
//
(ρ,η)τE

E
pi

E
pi
//M
such that the components of the image of vector Y a ∂
∂y˜a
(ux) are the real numbers
Y 1 (ux) , ..., Y
r (ux) will be called the canonical projection B-morphism.
Let
{
sa, a ∈ 1, r
}
be the base of module of sections Γ (E, pi,M) .
Example 3.4.1 If (E, pi,M) ∈ |Bv|, then the Bv-morphism (Π, pi) defined by the
commutative diagram (3.4.6), where Π is defined by
(3.4.7) Π
(
Y a
∂
∂y˜a
(ux)
)
= Y a (ux) sa (x) ,
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is canonical projection Bv-morphism.
Theorem 3.4.1 If (ρ, η) Γ is a (ρ, η)-connection for the fiber bundle (E, pi,M) , then
its components satisfy the law of transformation
(3.4.8) (ρ, η) Γa´γ´ =
∂ya´
∂ya
[
ρiγ ◦ (h ◦ pi)
∂ya
∂xi
+ (ρ, η) Γaγ
]
Λγγ´ ◦ (h ◦ pi) .
If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M) , then its components
satisfy the law of transformation
(3.4.8′) (ρ, η) Γa´γ´=M
a´
a ◦pi
[
ρiγ◦ (h◦pi)
∂Mab´ ◦ pi
∂xi
yb´+(ρ, η)Γaγ
]
Λγγ´◦ (h◦pi) .
If ρΓ is a ρ-connection for the vector bundle (E, pi,M) and h = IdM , then relations
(3.4.8′) become
(3.4.8′′) ρΓa´γ´ =M
a´
a ◦ pi
[
ρiγ ◦ pi
∂Mab´ ◦ pi
∂xi
yb´ + ρΓaγ
]
Λγγ´ ◦ pi.
In particular, if (ρ, η) = (IdTM , IdM ), then the relations (3.4.8
′′) become
(3.4.8′′′) Γi´k´ =
∂xi´
∂xi
◦ pi
[
∂
∂xk
(
∂xi
∂xj´
◦ pi
)
yj´ + Γik
]
∂xk
∂xk´
◦ pi.
Proof. Let (Π, pi) be the canonical projection B-morphism.
Obviously, the components of
Π ◦ (ρ, η) Γ
(
Z˜ α´
∂
∂z˜α´
+ Y a´
∂
∂y˜a´
)
(ux)
are the real numbers (
Y a´ + (ρ, η) Γa´γ´Z˜
γ´
)
(ux) .
Since (
Z˜ α´
∂
∂z˜α´
+ Y a´
∂
∂y˜a´
)
(ux) = Z˜
α´Λαα´ ◦ h ◦ pi
∂
∂z˜α
(ux)
+
(
Z˜ α´ρi´α´ ◦ h ◦ pi
∂ya
∂xi´
+
∂ya
∂ya´
Y a´
)
∂
∂y˜a
(ux) ,
it results that the components of
Π ◦ (ρ, η) Γ
(
Z˜ α´
∂
∂z˜α´
+ Y a´
∂
∂y˜a´
)
(ux)
are the real numbers(
Z˜ α´ρi´α´ ◦ h ◦ pi
∂ya
∂xi´
+
∂ya
∂ya´
Y a´ + (ρ, η) ΓaαZ˜
α´Λαα´ ◦ h ◦ pi
)
(ux)
∂ya´
∂ya
,
where ∥∥∥∥∂ya∂ya´
∥∥∥∥ = ∥∥∥∥∂ya´∂ya
∥∥∥∥−1 .
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Therefore, we have:(
Z˜ α´ρi´α´ ◦ h ◦ pi
∂ya
∂xi´
+
∂ya
∂ya´
Y a´ + (ρ, η) ΓaαZ˜
α´Λαα´ ◦ h ◦ pi
)
∂ya´
∂ya
= Y a´ + (ρ, η) Γa´α´Z˜
α´.
After some calculations we obtain:
(ρ, η) Γa´α´ =
∂ya´
∂ya
(
ρiα ◦ (h ◦ pi)
∂ya
∂xi
+ (ρ, η) Γaα
)
Λαα´ ◦ h ◦ pi. q.e.d.
Remark 3.4.1 If we have a set of real local functions (ρ, η) Γaγ which satisfies the
relations of passing (3.4.8) , then we have a (ρ, η)-connection (ρ, η) Γ for the fiber bundle
(E, pi,M) .
Example 3.4.1 If Γ is a classical connection for the vector bundle (E, pi,M) on com-
ponents Γak, then the differentiable real local functions
(ρ, η) Γaγ =
(
ρkγ ◦ h ◦ pi
)
Γak
are the components of a (ρ, η)-connection (ρ, η) Γ for the vector bundle (E, pi,M) which
will be called the (ρ, η)-connection associated to the connection Γ.
Definition 3.4.5 If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M), then
for any
z = zαtα ∈ Γ (F, ν,N)
the application
(3.4.9) Γ (E, pi,M)
(ρ,η)Dv
−−−−−→ Γ (E, pi,M)
u = uasa 7−→ (ρ, η)Dzu
where
(ρ, η)Dzu = z
α ◦ h
(
ρiα ◦ h
∂ua
∂xi
+ (ρ, η) Γaα ◦ u
)
sa
will be called the covariant (ρ, η)-derivative associated to (ρ, η)-connection (ρ, η) Γ with
respect to section z.
If h = IdM and η = IdM , then we obtain the covariant ρ-derivative associated to
ρ-connection ρΓ with respect to section z.
In addition, if ρ = IdTM , then we obtain the covariant derivative associated to
connection Γ with respect to the vector field z.
Remark 3.4.2 If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M), then
the operator
Γ (F, ν,N)× Γ (E, pi,M)
(ρ,η)D
−−−−→ Γ (E, pi,M)
(z, u) 7−→ (ρ, η)Dzu
satisfies the following properties:
(i) (ρ, η)D is R-bilinear;
(ii) (ρ, η)Df1z1+f2z2u = f1 (ρ, η)Dz1u+ f2 (ρ, η)Dz2u;
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(iii) if u ∈ Γ (E, pi,M) is null on a nonempty subset of M, then (ρ, η)Dzu is null on
the same nonempty subset, for any z ∈ Γ (F, ν,N) .
Definition 3.4.6 We will say that the (ρ, η)-connection (ρ, η) Γ is homogeneous or
linear if the local real functions (ρ, η) Γaγ are homogeneous or linear on the fibre of the
fiber bundle (E, pi,M).
Remark 3.4.3 If (ρ, η) Γ is a linear (ρ, η)-connection for the fiber bundle (E, pi,M),
then for each local vector (m+ r)-chart (U, sU) and for each local vector (n+ p)-chart
(V, tV ) such that U ∩h−1 (V ) 6= φ, it exists the differentiable real functions ρΓabγ defined
on U ∩ h−1 (V ) such that
(3.4.10) (ρ, η) Γaγ ◦ u = (ρ, η) Γ
a
bγ · u
b,∀u = ubsb ∈ Γ (E, pi,M) .
The differentiable real local functions (ρ, η) Γabα will be called the Christoffel coeffi-
cients of linear (ρ, η)-connection (ρ, η) Γ.
Theorem 3.4.2 If (ρ, η) Γ is a linear (ρ, η)-connection for the fiber bundle (E, pi,M) ,
then its components satisfy the law of transformation
(3.4.11) (ρ, η)Γa´b´γ´=
∂ya´
∂ya
[
ρkγ◦h
∂
∂xk
(
∂ya
∂yb´
)
+(ρ, η) Γabγ
∂yb
∂yb´
]
Λγγ´◦h.
If (ρ, η) Γ is a linear (ρ, η)-connection for the vector bundle (E, pi,M) , then its
components satisfy the law of transformation
(3.4.11′) (ρ, η)Γa´b´γ´=M
a´
a
[
ρkγ◦h
∂Mab´
∂xk
+(ρ, η)ΓabγM
b
b´
]
Λγγ´◦h.
If ρΓ is a ρ-connection for the vector bundle (E, pi,M) and h = IdM , then the
relations (3.4.11′) become
(3.4.11′′) ρΓa´b´γ´ =M
a´
a
[
ρkγ
∂Mab´
∂xk
+ ρΓabγM
b
b´
]
Λγγ´ .
In particular, if (ρ, η) = (IdTM , IdM ), then the relations (3.4.11
′′) become
(3.4.11′′′) Γi´j´k´ =
∂xi´
∂xi
[
∂
∂xk
(
∂xi
∂xj´
)
+ Γijk
∂xj
∂xj´
]
∂xk
∂xk´
.
Definition 3.4.7 We say that the (linear) (ρ, η)-connection (ρ, η) Γ for the fiber bundle
(E, pi,M) is differentiable of Cr class, if its components are differentiable of Cr class.
Definition 3.4.8 If (ρ, η) Γ is a linear (ρ, η)-connection for the vector bundle (E, pi,M),
then for any
z = zαtα ∈ Γ (F, ν,N)
the application
(3.4.12) Γ (E, pi,M)
(ρ,η)Dz
−−−−−→ Γ (E, pi,M)
u=uasa 7−→ (ρ, η)Dzu
59
defined by
(ρ, η)Dzu=z
α◦h
(
ρiα◦h
∂ua
∂xi
+(ρ, η)Γabα · u
b
)
sa,
will be called the covariant (ρ, η)-derivative associated to linear (ρ, η)-connection (ρ, η) Γ
with respect to section z.
If h = IdM and η = IdM , then we obtain the covariant ρ-derivative associated to
linear ρ-connection ρΓ with respect to section z.
In addition, if ρ = IdTM , then we obtain the covariant derivative associated to linear
connection Γ with respect to the vector field z.
3.4.1 (Linear) (ρ, η)-connections for dual of vector bundles
Let (E, pi,M) be a vector bundle.
We consider the following diagram:
(3.4.1.1)
∗
E
(
F, [, ]F,h , (ρ, η)
)
∗
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
where
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let ((
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, [, ]
(ρ,η)T
∗
E
,
(
∗
ρ˜, Id ∗
E
))
be the Lie algebroid generalized tangent bundle of the vector bundle
(
∗
E,
∗
pi,M
)
.
We consider the Bv-morphism
(
(ρ, η)
∗
pi!, Id ∗
E
)
given by the commutative diagram
(3.4.1.2)
(ρ, η)T
∗
E
(ρ,η)
∗
pi!
//
(ρ,η)τ ∗
E

∗
pi
∗
(h∗F )
pr1

∗
E
id∗
E
// ∗
E
Using the components, this is defined as:
(3.4.1.3) (ρ, η)
∗
pi!
(
Z˜α
∂
∂z˜α
+ Ya
∂
∂p˜a
)(
∗
ux
)
=
(
Z˜αT˜α
)(
∗
ux
)
,
for any Z˜α
∂
∂z˜α
+ Ya
∂
∂p˜a
∈
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
We define the tangent (ρ, η)-application as being a Bv-morphism
(3.4.1.4)
(
(ρ, η)T
∗
pi, h ◦
∗
pi
)
=
(
pr2, h ◦
∗
pi
)
◦
(
(ρ, η)
∗
pi!, Id ∗
E
)
of
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
source and (F, ν,N) target.
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Definition 3.4.1.1 The kernel of the tangent (ρ, η)-application(
(ρ, η)T
∗
pi, h ◦
∗
pi
)
is written as (
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
and will be called the vertical subbundle.
The set
{
∂
∂p˜a
, a ∈ 1, r
}
is a base for the F
(
∗
E
)
-module
(
Γ
(
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
.
Proposition 3.4.1.1 The short sequence of vector bundles
0

 i
//

V (ρ, η)T
∗
E


 i
//
(ρ, η)T
∗
E
(ρ,η)
∗
pi!
//

∗
pi
∗
(h∗F ) //

0

∗
E
Id∗
E
// ∗
E
Id∗
E
// ∗
E
Id∗
E
// ∗
E
Id∗
E
// ∗
E
is exact.
Definition 3.4.1.2 A Man-morphism (ρ, η)
∗
Γ of (ρ, η)T
∗
E source and V (ρ, η)T
∗
E tar-
get defined by
(3.4.1.5) (ρ, η) Γ
(
Z˜α
∂
∂z˜α
+ Yb
∂
∂p˜b
)(
∗
ux
)
=
(
Yb − (ρ, η)
∗
ΓbαZ˜
α
)
∂
∂p˜b
(
∗
ux
)
,
such that the Bv-morphism
(
(ρ, η)
∗
Γ, Id ∗
E
)
is a split to the left in the previous exact
sequence, will be called (ρ, η)-connection for the dual vector bundle
(
∗
E,
∗
pi,M
)
.
The differentiable real local functions (ρ, η)
∗
Γbα will be called the components of
(ρ, η)-connection (ρ, η)
∗
Γ.
The (ρ, IdM )-connection for the dual vector bundle
(
∗
E,
∗
pi,M
)
will be called ρ-
connection for the dual vector bundle
(
∗
E,
∗
pi,M
)
and will be denoted ρ
∗
Γ.
The (IdTM , IdM )-connection for the dual vector bundle
(
∗
E,
∗
pi,M
)
will be called
connection for the dual vector bundle
(
∗
E,
∗
pi,M
)
and will be denoted
∗
Γ.
Let
{
sa, a ∈ 1, r
}
be the dual base of the base
{
sa, a ∈ 1, r
}
.
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The Bv-morphism
(
∗
Π,
∗
pi
)
defined by the commutative diagram
(3.4.1.6)
V (ρ, η)T
∗
E
∗
Π
//
(ρ,η)τ ∗
E

∗
E
∗
pi

∗
E
∗
pi
//M
,
where,
∗
Π is defined by
(3.4.1.7)
∗
Π
(
Ya
∂
∂p˜a
(
∗
ux
))
= Ya
(
∗
ux
)
sa
(
∗
pi
(
∗
ux
))
,
is canonical projection Bv-morphism.
Theorem 3.4.1.1 If (ρ, η)
∗
Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
,
then its components satisfy the law of transformation
(3.4.1.8) (ρ, η)
∗
Γb´γ´ =M
b
b´ ◦
∗
pi
[
−ρiγ ◦ h ◦
∗
pi ·
∂M a´b ◦
∗
pi
∂xi
pa´ + (ρ, η)
∗
Γbγ
]
Λγγ´ ◦
(
h ◦
∗
pi
)
.
In particular, if h = IdM , then the relations (3.4.1.8) become
(3.4.1.8′) (ρ, η)
∗
Γb´γ´ =M
b
b´ ◦
∗
pi
[
−ρiγ ◦
∗
pi ·
∂M a´b ◦
∗
pi
∂xi
pa´ + (ρ, η)
∗
Γbγ
]
Λγγ´ ◦
∗
pi.
In particular, if (ρ, η) = (IdTM , IdM ), then the relations (3.4.1.8
′) become
(3.4.1.8′′)
∗
Γj´k´ =
∂xj
∂xj´
◦
∗
pi
[
−
∂
∂xi
(
∂xi´
∂xj
◦
∗
pi
)
pi´ +
∗
Γjk
]
∂xk
∂xk´
◦
∗
pi.
Proof. Let
(
∗
Π,
∗
pi
)
be the canonical projection B-morphism.
Obviously, the components of
Π∗ ◦ (ρ, η)
∗
Γ
(
Z˜ α´
∂
∂z˜α´
+ Yb´
∂
∂p˜b´
)(
∗
ux
)
are the real numbers (
Yb´ − (ρ, η)
∗
Γb´γ´Z˜
γ´
)(
∗
ux
)
.
Since (
Z˜ α´
∂
∂z˜α´
+ Yb´
∂
∂p˜b´
)(
∗
ux
)
= Z˜ α´Λαα´ ◦ h ◦
∗
pi
∂
∂z˜α
(
∗
ux
)
+
(
Z˜ α´ρi´α´ ◦ h ◦
∗
pi
∂M a´b ◦pi
∂xi´
pa´ +M
b´
bYb´
)
∂
∂p˜b
(
∗
ux
)
,
it results that the components of
Π∗ ◦ (ρ, η)
∗
Γ
(
Z˜ α´
∂
∂z˜α´
+ Yb´
∂
∂p˜b´
)(
∗
ux
)
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are the real numbers(
Z˜ α´ρi´α´ ◦ h ◦
∗
pi
∂M a´b ◦
∗
pi
∂xi´
pa´ +M
b´
b ◦
∗
piYb´ − (ρ, η)
∗
ΓbαZ˜
α´Λαα´ ◦ h ◦
∗
pi
)
M bb´ ◦
∗
pi
(
∗
ux
)
,
where
∥∥M bb´∥∥ = ∥∥M b´b∥∥−1 .
Therefore, we have:(
Z˜ α´ρi´α´ ◦ h ◦
∗
pi
∂M a´b ◦
∗
pi
∂xi´
pa´ +M
b´
b ◦
∗
piYb´ − (ρ, η)
∗
ΓbαZ˜
α´Λαα´ ◦ h ◦
∗
pi
)
M bb´ ◦
∗
pi
= Yb´ − (ρ, η)
∗
Γb´α´Z˜
α´.
After some calculations we obtain:
(ρ, η)
∗
Γb´α´ =M
b
b´ ◦
∗
pi
(
−ρiα ◦ h ◦
∗
pi ·
∂M a´b ◦
∗
pi
∂xi
pa´ + (ρ, η)
∗
Γbα
)
Λαα´ ◦ h ◦
∗
pi. q.e.d.
Remark 3.4.1.1 If we have a set of real local functions (ρ, η)
∗
Γbγ which satisfies the
relations of passing (3.4.1.8) , then we have a (ρ, η)-connection (ρ, η)
∗
Γ for the fiber
bundle
(
∗
E,
∗
pi,M
)
.
Example 3.4.1.1 If
∗
Γ is a classical connection for the vector bundle
(
∗
E,
∗
pi,M
)
on
components
∗
Γbk, then the differentiable real local functions
(ρ, η)
∗
Γbγ =
(
ρkγ ◦ h ◦
∗
pi
) ∗
Γbk
are the components of a (ρ, η)-connection (ρ, η)
∗
Γ for the vector bundle
(
∗
E,
∗
pi,M
)
which
will be called the (ρ, η)-connection associated to the connection
∗
Γ.
Definition 3.4.1.3 If (ρ, η)
∗
Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
,
then for any
z = zαtα ∈ Γ (F, ν,N)
the application
(3.4.1.9)
Γ
(
∗
E,
∗
pi,M
)
(ρ,η)Dz
−−−−−→ Γ
(
∗
E,
∗
pi,M
)
∗
u = uas
a 7−→ (ρ, η)Dz
∗
u
defined by
(ρ, η)Dz
∗
u = zα ◦ h
(
ρiα ◦ h
∂ub
∂xi
− (ρ, η)
∗
Γbα ◦
∗
u
)
sb,
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will be called the covariant (ρ, η)-derivative associated to (ρ, η)-connection (ρ, η)
∗
Γ with
respect to section z.
If h = IdM and η = IdM , then we obtain the covariant ρ-derivative associated to
ρ-connection ρ
∗
Γ with respect to section z.
In addition, if ρ = IdTM , then we obtain the covariant derivative associated to
connection
∗
Γ with respect to the vector field z.
Definition 3.4.1.4 We will say that the (ρ, η)-connection (ρ, η)
∗
Γ is homogeneous or
linear if the local real functions (ρ, η)
∗
Γbγ are homogeneous or linear on the fibre of
vector bundle
(
∗
E,
∗
pi,M
)
respectively.
Remark 3.4.1.2 If (ρ, η)
∗
Γ is a linear (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
,
then for each local vector (m+ r)-chart
(
U,
∗
sU
)
and for each local vector (n+ p)-chart
(V, tV ) such that U ∩ h−1 (V ) 6= φ, there exists the differentiable real functions ρΓabγ
defined on U ∩ h−1 (V ) such that
(3.4.1.10) (ρ, η)
∗
Γbγ ◦
∗
u = (ρ, η) Γabγ · ua,
for any
∗
u = uas
a ∈ Γ
(
∗
E,
∗
pi,M
)
.
The differentiable real local functions (ρ, η) Γabα will be called the Christoffel coeffi-
cients of linear (ρ, η)-connection (ρ, η) Γ.
Theorem 3.4.1.2 If (ρ, η) Γ is a linear (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
,
then its components satisfy the law of transformation
(3.4.1.11) (ρ, η) Γa´b´γ´ =M
b
b´
[
−ρiγ ◦ h
∂M a´b
∂xi
+ (ρ, η) ΓabγM
a´
a
]
Λγγ´ ◦ h.
In particular, if (ρ, η) = (IdTM , IdM ) and h = IdM , then the relations (3.4.1.11)
become
(3.4.1.11′) Γi´j´k´ =
∂xj
∂xj´
[
−
∂
∂xi
(
∂xi´
∂xj
)
+ Γijk
∂xi´
∂xi
]
∂xk
∂xk´
.
Remark 3.4.1.3 Since
∂M a´b
∂xi
M bb´ +
∂M bb´
∂xi
M a´b = 0,
it results that the relations (3.4.11) are equivalent with the relations (3.4.1.11′).
Definition 3.4.1.5 If (ρ, η) Γ is a linear (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
,
then for any
z = zαtα ∈ Γ (F, ν,N)
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the application
(3.4.1.12)
Γ
(
∗
E,
∗
pi,M
)
(ρ,η)Dz
−−−−−→ Γ
(
∗
E,
∗
pi,M
)
∗
u=uas
a 7−→ (ρ, η)Dz
∗
u
defined by
(ρ, η)Dz
∗
u=zα◦h
(
ρiα◦h
∂ub
∂xi
−(ρ, η)Γabα · ua
)
sb
will be called the covariant (ρ, η)-derivative associated to linear (ρ, η)-connection (ρ, η) Γ
with respect to section z.
If h = IdM and η = IdM , then we obtain the covariant ρ-derivative associated to
linear ρ-connection ρΓ with respect to section z.
In addition, if ρ = IdTM , then we obtain the covariant derivative associated to linear
connection Γ with respect to vector field z.
Note. In the next we use the same notation (ρ, η) Γ for the linear (ρ, η)-connection
for the vector bundle (E, pi,M) or for its dual
(
∗
E,
∗
pi,M
)
Remark 3.4.1.4 If (ρ, η) Γ is a linear (ρ, η)-connection for the vector bundle (E, pi,M)
or for the vector bundle
(
∗
E,
∗
pi,M
)
then, the tensor fields algebra
(T (E, pi,M) ,+, ·,⊗)
is endowed with the (ρ, η)-derivative
(3.4.1.13) Γ (F, ν,N)× T (E, pi,M)
(ρ,η)D
−−−−→ T (E, pi,M)
(z, T ) 7−→ (ρ, η)DzT
defined for a tensor field T ∈ T pq (E, pi,M) by the relation:
(3.4.1.14)
(ρ, η)DzT
(
∗
u1, ...,
∗
up, u1, ..., uq
)
= Γ (ρ, η) (z)
(
T
(
∗
u1, ...,
∗
up, u1, ..., uq
))
−T
(
(ρ, η)Dz
∗
u1, ...,
∗
up, u1, ..., uq
)
− ...− T
(
∗
u1, ..., (ρ, η)Dz
∗
up, u1, ..., uq
)
−T
(
∗
u1, ...,
∗
up, (ρ, η)Dzu1, ..., uq
)
− ...− T
(
∗
u1, ...,
∗
up, u1, ..., (ρ, η)Dzuq
)
.
Moreover, it satisfies the condition
(3.4.1.15) (ρ, η)Df1z1+f2z2T = f1 (ρ, η)Dz1T + f2 (ρ, η)Dz2T.
Consequently, if the tensor algebra (T (E, pi,M) ,+, ·,⊗) is endowed with a (ρ, η)-
derivative (3.4.1.13) defined for a tensor field T ∈ T pq (E, pi,M) by (3.4.1.14) which
satisfies the condition (3.4.1.15), then we can endowed (E, pi,M) with a linear (ρ, η)-
connection (ρ, η) Γ such that its components are defined by the equality:
(ρ, η)Dtαsb = (ρ, η) Γ
a
bαsa
or
(ρ, η)Dtαs
a = − (ρ, η) Γabαs
b.
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The (ρ, η)-derivative (3.4.1.13) will be called the covariant (ρ, η)-derivative.
After some calculations, we obtain:
(3.4.1.16)
(ρ, η)Dz
(
T
a1,...,ap
b1,...,bq
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq
)
= zα ◦ h
(
ρiα ◦ h
∂T
a1,...,ap
b1,...,bq
∂xi
+ (ρ, η) Γa1aαT
a,a2...,ap
b1,...,bq
+(ρ, η) Γa2aαT
a1,a...,ap
b1,...,bq
+ ...+ (ρ, η) Γ
ap
aαT
a1,a2...,a
b1,...,bq
− ...
− (ρ, η) Γbb1αT
a1,a2...,ap
b,b2,...,bq
− (ρ, η) Γbb2αT
a1,a2...,ap
b1,b,...,bq
− ...
− (ρ, η) ΓbbqαT
a1,a2...,ap
b1,b2,...,b
)
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq
put
= zα ◦ hT
a1,...,ap
b1,...,bq|α
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq .
If (ρ, η) Γ is the linear (ρ, η)-connection associated to linear connection Γ, namely
(ρ, η) Γabα =
(
ρkα ◦ h
)
Γabk, then
(3.4.1.17) T
a1,...,ap
b1,...,bq|α
=
(
ρkα ◦ h
)
T
a1,...,ap
b1,...,bq|k
.
In particular, if h = IdM , then we obtain the formula:
(3.4.1.18)
(ρ, η)Dz
(
T
a1,...,ap
b1,...,bq
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq
)
= zα
(
ρiα
∂T
a1,...,ap
b1,...,bq
∂xi
+ (ρ, η) Γa1aαT
a,a2...,ap
b1,...,bq
+(ρ, η) Γa2aαT
a1,a...,ap
b1,...,bq
+ ...+ (ρ, η) Γ
ap
aαT
a1,a2...,a
b1,...,bq
− ...
− (ρ, η) Γbb1αT
a1,a2...,ap
b,b2,...,bq
− (ρ, η) Γbb2αT
a1,a2...,ap
b1,b,...,bq
− ...
− (ρ, η) ΓbbqαT
a1,a2...,ap
b1,b2,...,b
)
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq
put
= zαT
a1,...,ap
b1,...,bq|α
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq .
4 The geometry of base of the Lie algebroid generalized
tangent bundle for a vector bundle
In this section, we present new applications of generalized Lie algebroids in the study
of the geometry of vector bundles using the theory of generalized linear connections.
4.1 Torsion and curvature. Formulas of Ricci type
We apply the theory for the diagram:
(4.1.1)
E
pi

(
F, [, ]F,h , (ρ, IdM )
)
ν

M
h
//M
,
where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, IdM )
)
∈ |GLA| .
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Let ρΓ be a linear ρ-connection for the vector bundle (E, pi,M) by components ρΓabα.
Using the components of the linear ρ-connection ρΓ, then we obtain a linear ρ-
connection ρΓ˙ for the vector bundle (E, pi,M) given by the diagram:
(4.1.2)
E
(
h∗F, [, ]h∗F ,
(
h∗F
ρ , IdM
))
pi ↓ ↓ h∗ν
M
IdM
−−−−−−−−→ M
.
If (E, pi,M) = (F, ν,N) , then, using the components of the linear ρ-connection ρΓ,
we can consider a linear ρ-connection ρΓ¨ for the vector bundle (h∗E, h∗pi,M) given by
the diagram:
(4.1.3)
h∗E
(
h∗E, [, ]h∗E ,
(
h∗E
ρ , IdM
))
h∗pi ↓ ↓ h∗pi
M
IdM
−−−−−−−−→ M
,
In the following, we will use the exterior differentiation operators d, dE and dh
∗E res-
pectively for the exterior differential F (M)-algebras (Λ (TM, τM ,M) ,+, ·,∧),
(Λ (E, pi,M) ,+, ·,∧) and ((h∗E, h∗pi,M) ,+, ·,∧) respectively.
Definition 4.1.1 If (E, pi,M) = (F, ν,N), then the application
(4.1.4) Γ (h
∗E, h∗pi,M)2
(ρ,h)T
−−−−−→ Γ (h∗E, h∗pi,M)
(U, V ) −→ ρT (U, V )
defined by:
(4.1.5) (ρ, h)T (U, V ) = ρD¨UV − ρD¨V U − [U, V ]h∗E ,
for any U, V ∈ Γ (h∗E, h∗pi,M) , will be called (ρ, h)-torsion associated to linear ρ-
connection ρΓ.
Remark 4.1.1 In particular, if h = IdM , then we obtain the application
(4.1.4′) Γ (E, pi,M)
2 ρT−−→ Γ (E, pi,M)
(u, v) −→ ρT (u, v)
defined by:
(4.1.5′) ρT (u, v) = ρDuv − ρDvu− [u, v]E ,
for any u, v ∈ Γ (E, pi,M) , which will be called ρ-torsion associated to linear ρ-connection
ρΓ.
Moreover, if ρ = IdTM , then we obtain the torsion T associated to linear connec-
tion Γ.
Proposition 4.1.1 The (ρ, h)-torsion (ρ, h)T associated to linear ρ-connection ρΓ is
R-bilinear and antisymmetric.
If
(ρ, h)T (Sa, Sb)
put
= (ρ, h)TcabSc
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then
(4.1.6) (ρ, h)Tcab = ρΓ
c
ab − ρΓ
c
ba − L
c
ab ◦ h.
In particular, if h = IdM and ρT (sa, sb)
put
= ρTcabsc, then
(4.1.6′) ρTcab = ρΓ
c
ab − ρΓ
c
ba − L
c
ab.
Moreover, if ρ = IdTM , then the equality (4.1.6
′) becomes:
(4.1.6′′) Tijk = Γ
i
jk − Γ
i
kj.
Definition 4.1.2 The application
(4.1.7) (Γ (h
∗F, h∗ν,M)2×Γ(E, pi,M)
(ρ,h)R
−−−−−→ Γ(E, pi,M)
((Z, V ), u) −→ ρR(Z, V )u
defined by
(4.1.8) (ρ, h)R (Z, V ) u = ρD˙Z
(
ρD˙V u
)
− ρD˙V
(
ρD˙Zu
)
− ρD˙[Z,V ]h∗F u,
for any Z, V ∈ Γ (h∗F, h∗ν,M) , u ∈ Γ (E, pi,M) , will be called (ρ, h)-curvature associ-
ated to linear ρ-connection ρΓ.
Remark 4.1.1 In particular, if h = IdM , then we obtain the application
(4.1.7′) Γ (F, ν,M)
2×Γ(E, pi,M)
ρR
−−→ Γ(E, pi,M)
((z, v), u) −→ ρR(z, v)u
defined by
(4.1.8′) ρR (z, v) u = ρDz (ρDvu)− ρDv (ρDzu)− ρD[z,v]F u,
for any z, v ∈ Γ (F, ν,M) , u ∈ Γ (E, pi,M) , which will be called ρ-curvature associated
to linear ρ-connection ρΓ.
Moreover, if ρ = IdTM , then we obtain the curvature R associated to linear connec-
tion Γ.
Proposition 4.1.2 The (ρ, h)-curvature (ρ, h)R associated to linear ρ-connection ρΓ,
is R-linear in each argument and antisymmetric in the first two arguments.
If
(ρ, h)R (Tβ , Tα) sb
put
= (ρ, h)Rab αβsa,
then
(4.1.9) (ρ, h)Rab αβ = ρ
j
β ◦h
∂ρΓabα
∂xj
+ρΓaeβρΓ
e
bα−ρ
i
α ◦h
∂ρΓabβ
∂xi
−ρΓaeαρΓ
e
bβ+ρΓ
a
bγL
γ
αβ ◦h.
In particular, if h = IdM and ρR (tβ, tα) sb
put
= ρRab αβsa, then
(4.1.9′) ρRab αβ = ρ
j
β
∂ρΓabα
∂xj
+ ρΓaeβρΓ
e
bα − ρ
i
α
∂ρΓabβ
∂xi
− ρΓaeαρΓ
e
bβ + ρΓ
a
bγL
γ
αβ.
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Moreover, if ρ = IdTM , then equality (4.1.9
′) becomes:
(4.1.9′′) Rab hk =
∂Γabh
∂xk
+ ΓaekΓ
e
bh −
∂Γabk
∂xh
− ΓaehΓ
e
bk.
Theorem 4.1.1 For any uasa ∈ Γ (E, pi,M) we shall use the notation
(4.1.10) ua|αβ = ρ
j
β ◦ h
∂
∂xj
(
ua1|α
)
+ ρΓa1bβu
b
|α,
and we verify the formulas:
(4.1.11) ua1|αβ − u
a1
|βα = u
a (ρ, h)Ra1a αβ − u
a1
|γL
γ
αβ ◦ h.
After some calculations, we obtain
(4.1.12) (ρ, h)Ra1a αβ = ua
(
ua1|αβ − u
a1
|βα + u
a1
|γL
γ
αβ ◦ h
)
,
where uas
a ∈ Γ
(
∗
E,
∗
pi,M
)
such that uau
b = δba.
In particular, if h = IdM , then the relations (4.1.12) become
(4.1.12′) ρRa1a αβ = ua
(
ua1|αβ − u
a1
|βα + u
a1
|γL
γ
αβ
)
.
Moreover, if ρ = idTM , then the relations (4.1.12
′) become
(4.1.12′′) Ra1a ij = ua
(
ua1
|ij
− ua1
|ji
)
.
Proof. Since
ua1|αβ = ρ
j
β ◦ h
(
∂
∂xj
(
ρiα ◦ h
∂ua1
∂xi
+ ρΓa1aαu
a
))
+ ρΓa1bβ
(
ρiα ◦ h
∂ub
∂xi
+ ρΓbaαu
a
)
= ρjβ ◦ h
∂ρiα ◦ h
∂xj
∂ua1
∂xi
+ ρjβ ◦ hρ
i
α ◦ h
∂
∂xj
(
∂ua1
∂xi
)
+ ρjβ ◦ h
∂ρΓa1aα
∂xj
ua + ρjβ ◦ hρΓ
a1
aα
∂ua
∂xj
+ ρiα ◦ hρΓ
a1
bβ
∂ub
∂xi
+ ρΓa1bβρΓ
b
aαu
a
and
ua1|βα = ρ
i
α ◦ h
(
∂
∂xi
(
ρ
j
β ◦ h
∂ua1
∂xj
+ ρΓa1aβu
a
))
+ ρΓa1bα
(
ρ
j
β ◦ h
∂ub
∂xj
+ ρΓbaβu
a
)
= ρiα ◦ h
∂ρ
j
β ◦ h
∂xi
∂ua1
∂xj
+ ρjβ ◦ hρ
i
α ◦ h
∂
∂xi
(
∂ua1
∂xj
)
+ ρiα ◦ h
∂ρΓa1aβ
∂xi
ua + ρiα ◦ hρΓ
a1
aβ
∂ua
∂xi
+ ρjβ ◦ hρΓ
a1
bα
∂ub
∂xj
+ ρΓa1bαρΓ
b
aβu
a,
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it results that
ua1|αβ − u
a1
|βα = ρ
j
β ◦ h
∂ρiα ◦ h
∂xj
∂ua1
∂xi
− ρiα ◦ h
∂ρ
j
β ◦ h
∂xi
∂ua1
∂xj
+
(
ρ
j
β ◦ hρ
i
α ◦ h
∂2ua1
∂xi∂xj
− ρjβ ◦ hρ
i
α ◦ h
∂2ua1
∂xj∂xi
)
+
(
ρ
j
β ◦ h
∂ρΓa1aα
∂xj
ua − ρiα ◦ h
∂ρΓa1aβ
∂xi
ua
)
+
(
ρ
j
β ◦ hρΓ
a1
aα
∂ua
∂xj
− ρjβ ◦ hρΓ
a1
bα
∂ub
∂xj
)
+
(
ρiα ◦ hρΓ
a1
bβ
∂ub
∂xi
− ρiα ◦ hρΓ
a1
aβ
∂ua
∂xi
)
+ ρΓa1bβρΓ
b
aαu
a − ρΓa1bαρΓ
b
aβu
a.
After some calculations, we obtain:
ua1|αβ − u
a1
|βα = L
γ
βα ◦ hρ
k
γ ◦ h
∂ua1
∂xk
+
(
ρ
j
β ◦ h
∂ρΓa1aα
∂xj
ua − ρiα ◦ h
∂ρΓa1aβ
∂xi
ua
)
+ ρΓa1bβρΓ
b
aαu
a − ρΓa1bαρΓ
b
aβu
a.
Since
ua (ρ, h)Ra1a αβ = u
a
(
ρ
j
β ◦ h
∂ρΓa1aα
∂xj
+ ρΓa1eβρΓ
e
aα − ρ
i
α ◦ h
∂ρΓa1aβ
∂xi
−ρΓa1eαρΓ
e
aβ − ρΓ
a1
aγL
γ
βα ◦ h
)
.
and
ua1|γL
γ
αβ ◦ h =
(
ρkγ ◦ h
∂ua1
∂xk
+ ρΓa1aγu
a
)
L
γ
αβ ◦ h
it results that
ua (ρ, h)Ra1a αβ − u
a1
|γL
γ
αβ ◦ h = −L
γ
αβ ◦ hρ
k
γ ◦ h
∂ua1
∂xk
+
(
ρ
j
β ◦ h
∂ρΓa1aα
∂xj
ua − ρiα ◦ h
∂ρΓa1aβ
∂xi
ua
)
+ ρΓa1bβρΓ
b
aαu
a − ρΓa1bαρΓ
b
aβu
a.
q.e.d.
Lemma 4.1.1 If (E, pi,M) = (F, ν,N), then, for any
uasa ∈ Γ (E, pi,M) ,
we have that ua|c, a, c ∈ 1, n are the components of a tensor field of (1, 1) type.
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Proof. Let U and U ′ be two vector local (m+ n)-charts such that U ∩ U ′ 6= φ.
Since ua
′
(x) =Ma
′
a (x)u
a (x) , for any x ∈ U ∩ U ′, it results that
ρk
′
c′ ◦ h (x)
∂ua
′
(x)
∂xk
′ = ρ
k′
c′ ◦ h (x)
∂
∂xk
′
(
Ma
′
a (x)
)
ua (x) +Ma
′
a (x) ρ
k′
c′ ◦h (x)
∂ua (x)
∂xk
′ . (1)
Since , for any x ∈ U ∩ U ′, we have
ρΓa
′
b′c′(x) =M
a′
a (x)
(
ρkc ◦ h(x)
∂
∂xk
(Mab′(x)) + ρΓ
a
bc(x)M
b
b′(x)
)
M cc′(x), (2)
and
0 =
∂
∂xk
′
(
Ma
′
a (x)M
a
b′ (x)
)
=
∂
∂xk
′
(
Ma
′
a (x)
)
Mab′ (x) +M
a′
a (x)
∂
∂xk
′ (M
a
b′ (x)) (3)
it results that
ρΓa
′
b′c′ (x) u
b′ (x) = −ρk
′
c′ ◦ h (x)
∂
∂xk
′
(
Ma
′
a (x)
)
ua (x)
+Ma
′
a (x) ρΓ
a
bc (x)u
b (x)M cc′ (x) .
(4)
Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d.
Theorem 4.1.2 If (E, pi,M) = (F, ν,N), then, for any
uasa ∈ Γ (E, pi,M) ,
we shall use the notation
(4.1.13) u
a1
|a|b = u
a1
|ab − ρΓ
d
abu
a1
|d
and we verify the formulas of Ricci type
(4.1.14) u
a1
|a|b − u
a1
|b|a + (ρ, h)T
d
abu
a1
|d = u
d (ρ, h)Ra1d ab − u
a1
|cL
c
ab ◦ h
In particular, if h = IdM , then the relations (4.1.14) become
(4.1.14′) u
a1
|a|b − u
a1
|b|a + ρT
d
abu
a1
|d = u
dρRa1d ab − u
a1
|cL
c
ab
Moreover, if ρ = idTM , then the relations (4.1.14
′) become
(4.1.14′′) u
i1
|i|j − u
i1
|i|j + T
k
iju
i1
|k = u
kRi1k ij
Theorem 4.1.3 For any uas
a ∈ Γ
(
∗
E,
∗
pi,M
)
we shall use the notation
(4.1.15) ub1|αβ = ρ
j
β ◦ h
∂
∂xj
(
ub1|α
)
− ρΓbb1βub|α
and we verify the formulas:
(4.1.16) ub1|αβ − ub1|βα = −ub (ρ, h)R
b
b1 αβ
− ub1|γL
γ
αβ ◦ h
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After some calculations, we obtain
(4.1.17) (ρ, h)Rbb1 αβ = u
b
(
−ub1|αβ + ub1|βα − ub1|γL
γ
αβ ◦ h
)
,
where uasa ∈ Γ (E, pi,M) such that uaub = δ
b
a.
In particular, if h = IdM , then the relations (4.1.17) become
(4.1.17′) ρRbb1 αβ = u
b
(
−ub1|αβ + ub1|βα − ub1|γL
γ
αβ
)
.
Moreover, if ρ = idTM then the relations (4.1.17
′) become
(4.1.17′′) Rbb1 ij = u
b
(
−ub1|ij + ub1|ji
)
.
Proof. Since
ub1|αβ = ρ
j
β ◦ h
(
∂
∂xj
(
ρiα ◦ h
∂ub1
∂xi
− ρΓbb1αub
))
− ρΓbb1β
(
ρiα ◦ h
∂ub
∂xi
− ρΓabαua
)
= ρjβ ◦ h
∂ρiα ◦ h
∂xj
∂ub1
∂xi
+ ρjβ ◦ hρ
i
α ◦ h
∂
∂xj
(
∂ub1
∂xi
)
− ρjβ ◦ h
∂ρΓbb1α
∂xj
ub − ρ
j
β ◦ hρΓ
b
b1α
∂ub
∂xj
− ρiα ◦ hρΓ
b
b1β
∂ub
∂xi
+ ρΓbb1βρΓ
a
bαua
and
ub1|βα = ρ
i
α ◦ h
(
∂
∂xi
(
ρ
j
β ◦ h
∂ub1
∂xj
− ρΓbb1βub
))
− ρΓbb1α
(
ρ
j
β ◦ h
∂ub
∂xj
− ρΓabβua
)
= ρiα ◦ h
∂ρ
j
β ◦ h
∂xi
∂ub1
∂xi
+ ρjβ ◦ hρ
i
α ◦ h
∂
∂xi
(
∂ub1
∂xj
)
− ρiα ◦ h
∂ρΓbb1β
∂xi
ub − ρ
i
α ◦ hρΓ
b
b1β
∂ub
∂xi
− ρjβ ◦ hρΓ
b
b1α
∂ub
∂xi
+ ρΓbb1αρΓ
a
bβua
it results that
ub1|αβ − ub1|βα = ρ
j
β ◦ h
∂ρiα ◦ h
∂xj
∂ub1
∂xi
− ρiα ◦ h
∂ρ
j
β ◦ h
∂xi
∂ub1
∂xj
+ ρjβ ◦ hρ
i
α ◦ h
∂
∂xj
(
∂ub1
∂xi
)
− ρjβ ◦ hρ
i
α ◦ h
∂
∂xi
(
∂ub1
∂xj
)
+ ρiα ◦ h
∂ρΓbb1β
∂xi
ub − ρ
j
β ◦ h
∂ρΓbb1α
∂xj
ub
+ ρjβ ◦ hρΓ
b
b1α
∂ub
∂xj
− ρjβ ◦ hρΓ
b
b1α
∂ub
∂xj
+ ρiα ◦ hρΓ
b
b1α
∂ub
∂xi
− ρiα ◦ hρΓ
b
b1α
∂ub
∂xi
+ ρΓbb1βρΓ
a
bαua − ρΓ
b
b1α
ρΓabβua.
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After some calculations, we obtain:
ub1|αβ − ub1|βα = L
γ
βα ◦ hρ
k
γ ◦ h
∂ub1
∂xk
+
(
ρiα ◦ h
∂ρΓbb1β
∂xi
ub − ρ
j
β ◦ h
∂ρΓbb1α
∂xj
ub
)
+ρΓbb1βρΓ
a
bαua − ρΓ
b
b1α
ρΓabβua.
Since
ub (ρ, h)R
b
b1αβ
= ub
(
ρ
j
β ◦ h
∂ρΓbb1α
∂xj
+ ρΓbeβρΓ
e
b1α
− ρiα ◦ h
∂ρΓbb1β
∂xi
−ρΓbeαρΓ
e
b1β
− ρΓbb1γL
γ
βα ◦ h
)
and
ub1|γL
γ
αβ ◦ h =
(
ρkγ ◦ h
∂ub1
∂xk
− ρΓbb1γub
)
L
γ
αβ ◦ h
it results that
−ub (ρ, h)R
b
b1,αβ
− ub1|γL
γ
αβ ◦ h = −L
γ
αβ ◦ hρ
k
γ ◦ h
∂ub1
∂xk
+
(
ρiα ◦ h
∂ρΓbb1β
∂xi
ub − ρ
j
β ◦ h
∂ρΓbb1α
∂xj
ub
)
+ ρΓbb1βρΓ
a
bαua − ρΓ
b
b1α
ρΓabβua.
q.e.d.
Lemma 4.1.2 If (E, pi,M) = (F, ν,N), then, for any
ubs
b ∈ Γ
(
∗
E,
∗
pi,M
)
,
we have that ub |c, b, c ∈ 1, n are the components of a tensor field of (0, 2) type.
Proof. Let U and U ′ be two vector local (m+ n)-charts such that U ∩ U ′ 6= φ.
Since ub′ (x) =M
b
b′ (x) ub (x) , for any x ∈ U ∩ U
′, it results that
(1)
ρk
′
c′ ◦ h (x)
∂ub′ (x)
∂xk
′ = ρ
k′
c′ ◦ h (x)
∂
∂xk
′
(
M bb′ (x)
)
ub (x)
+M bb′ (x) ρ
k′
c′ ◦ h (x)
∂ub (x)
∂xk
′ .
Since, for any x ∈ U ∩ U ′, we have
(2)
ρΓa
′
b′c′ (x) =M
a′
a (x)
(
ρkc ◦ h (x)
∂
∂xk
(Mab′ (x))
+ρΓabc (x)M
b
b′ (x)
)
M cc′ (x) ,
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and
(3)
0 =
∂
∂xk
′
(
Ma
′
a (x)M
a
b′ (x)
)
=
∂
∂xk
′
(
Ma
′
a (x)
)
Mab′ (x) +M
a′
a (x)
∂
∂xk
′ (M
a
b′ (x))
it results that
(4)
ρΓa
′
b′c′ (x) ua′ (x) = −ρ
k′
c′ ◦ h (x)
∂
∂xk
′
(
M bb′ (x)
)
ub (x)
+M bb′ (x) ρΓ
a
bc (x) ua (x)M
c
c′ (x) .
Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d.
Theorem 4.1.4 If (E, pi,M) = (F, ν,N), then, for any
ubs
b ∈ Γ
(
∗
E,
∗
pi,M
)
,
we shall use the notation
(4.1.18) ub1 |a|b = ub1 |ab − ρΓ
d
abub1 |d
and we verify the formulas of Ricci type
(4.1.19) ub1 |a|b − ub1 |b|a + (ρ, h)T
d
abub1 |d = −ud (ρ, h)R
d
b1 ab
− ub1 |dL
d
ab ◦ h
In particular, if h = IdM , then the relations (4.1.19) become
(4.1.19′) ub1 |a|b − ub1 |b|a + ρT
d
abub1 |d = −udρR
d
b1 ab
− ub1 |dL
d
ab.
Moreover, if ρ = idTM then the relations (4.1.19
′) become
(4.1.19′′) uj1 |i|j − uj1 |j|i + T
h
ijuj1 |h = uhR
h
j1 ij
.
Theorem 4.1.5 For any tensor field
T
a1,...,ap
b1,...,bq
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq ,
we verify the equality:
(4.1.20)
T
a1,...,ap
b1,...,bq|αβ
− T
a1,...,ap
b1,...,bq|βα
= T
aa2,...,ap
b1,...,bq
(ρ, h)Ra1a αβ + ...
+T
a1,...,ap−1a
b1,...,bq
(ρ, h)R
ap
a αβ − T
a1,...,ap
b,b2,...,bq
(ρ, h)Rbb1 αβ − ...
−T
a1,...,ap
b1,...,bq−1b
(ρ, h)Rbbq αβ − T
a1,...,ap
b1,...,bq|γ
L
γ
αβ ◦ h.
In particular, if h = IdM , then the relations (4.1.20) become
(4.1.20′)
T
a1,...,ap
b1,...,bq|αβ
− T
a1,...,ap
b1,...,bq|βα
= T
aa2,...,ap
b1,...,bq
ρRa1a αβ + ...
+T
a1,...,ap−1a
b1,...,bq
ρR
ap
a αβ − T
a1,...,ap
b,b2,...,bq
ρRbb1 αβ − ...
−T
a1,...,ap
b1,...,bq−1b
ρRbbq αβ − T
a1,...,ap
b1,...,bq|γ
L
γ
αβ .
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Theorem 4.1.6 If (E, pi,M) = (F, ν,N), then we obtain the following formulas of
Ricci type:
(4.1.21)
T
a1,...,ap
b1,...,bq |b|c
− T
a1,...,ap
b1,...,bq|c|b
+ (ρ, h)TdbcT
a1,...,ap
b1,...,bq|d
= T
aa2,...,ap
b1,...,bq
(ρ, h)Ra1a bc + ...+ T
a1,...,ap−1a
b1,...,bq
(ρ, h)R
ap
a bc
−T
a1,...,ap
b,b2,...,bq
(ρ, h)Rbb1 bc − ...− T
a1,...,ap
b1,...,bq−1b
(ρ, h)Rbbq bc − T
a1,...,ap
b1,...,bq|d
Ldbc ◦ h.
In particular, if h = IdM , then the relations (4.1.21) become
(4.1.21′)
T
a1,...,ap
b1,...,bq |b|c
− T
a1,...,ap
b1,...,bq|c|b
+ ρTdbcT
a1,...,ap
b1,...,bq|d
= T
aa2,...,ap
b1,...,bq
ρRa1a bc + ...+ T
a1,...,ap−1a
b1,...,bq
ρR
ap
a bc
−T
a1,...,ap
b,b2,...,bq
ρRbb1 bc − ...− T
a1,...,ap
b1,...,bq−1b
ρRbbq bc − T
a1,...,ap
b1,...,bq|d
Ldbc.
We observe that if the structure functions of generalized Lie algebroid(
(F, ν,M) , [, ]F,h , (ρ, IdM )
)
,
the (ρ, h)-torsion associated to linear ρ-connection ρΓ and the (ρ, h)-curvature associa-
ted to linear ρ-connection ρΓ are null, then we have the equality:
(4.1.22) T
a1,...,ap
b1,...,bq|b|c
= T
a1,...,ap
b1,...,bq|c|b
,
which generalizes the Schwartz equality.
4.2 Torsion and curvature forms. Identities of Cartan and Bianchi
type
We apply the theory of the generalized linear connections for the diagram:
(4.2.1)
E
pi

(
F, [, ]F,h , (ρ, IdM )
)
ν

M
h
//M
where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, IdM )
)
∈ |GLA| .
Let ρΓ be a linear ρ-connection for the vector bundle (E, pi,M) .
Definition 4.2.1 For each a, b ∈ 1, n, we obtain the scalar 1-forms
(4.2.2) Ωab = ρΓ
a
bαT
α
and
(4.2.2′) ωab = ρΓ
a
bαt
α
which will be called the form of linear ρ-connection ρΓ˙ and ρΓ respectively .
Definition 4.2.2 If (E, pi,M) = (F, ν,M), then the vector valued 2-form
(4.2.3) (ρ, h)T = ((ρ, h)TcabSc)S
a ∧ Sb
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will be called the vector valued form of (ρ, h)-torsion (ρ, h)T.
In particular, if h = IdM , then the vector valued 2-form
(4.2.3′) ρT = (ρTcabsc) s
a ∧ sb
will be called the vector form of ρ-torsion ρT.
Moreover, if ρ = IdTM , then the vector valued form (4.2.3
′) becomes:
(4.2.3′′) T =
(
Tijk
∂
∂xi
)
dxj ∧ dxk.
Definition 4.2.3 For each c ∈ 1, n we obtain the scalar 2-form of (ρ, h)-torsion (ρ, h)T
(4.2.4) (ρ, h)Tc = (ρ, h)TcabS
a ∧ Sb.
In particular, if h = IdM , then, for each c ∈ 1, n, we obtain the scalar 2-form of
ρ-torsion ρT
(4.2.4′) ρTc = ρTcabs
a ∧ sb.
Moreover, if ρ = IdTM , then the scalar 2-form (4.2.4
′) becomes:
(4.2.4′′) Ti = Tijkdx
j ∧ dxk.
Definition 4.2.3 The vector mixed form
(4.2.5) (ρ, h)R =
((
(ρ, h)Rab αβsa
)
Tα ∧ T β
)
sb
will be called the vector valued form of (ρ, h)-curvature (ρ, h)R.
In particular, if h = IdM , then the vector mixed form
(4.2.5′) ρR =
((
ρRab αβsa
)
tα ∧ tβ
)
sb
will be called the vector valued form of ρ-curvature ρR.
Moreover, if ρ = IdTM , then the vector form (4.2.5
′) becomes:
(4.2.5′′) R =
(
(Rab hksa) dx
h ∧ dxk
)
sb.
Definition 4.2.4 For each a, b ∈ 1, n we obtain the scalar 2-form of (ρ, h)-curvature
(ρ, h)R
(4.2.6) (ρ, h)Rab = (ρ, h)R
a
b αβT
α ∧ T β.
In particular, if h = IdM , then, for each a, b ∈ 1, n, we obtain the scalar 2-form of
ρ-curvature ρR
(4.2.6′) ρRab = ρR
a
b αβt
α ∧ tβ.
Moreover, if ρ = IdTM , then the scalar form (4.2.6
′) becomes:
(4.2.6′′) Rab = R
a
b hkdx
h ∧ dxk.
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Theorem 4.2.1 The identities
(C1) (ρ, h)T
a = dh
∗FSa +Ωab ∧ S
b,
and
(C2) (ρ, h)R
a
b = d
h∗FΩab +Ω
a
c ∧Ω
c
b
hold good. These will be called the first respectively the second identity of Cartan type.
Proof. To prove the first identity we consider that (E, pi,M) = (F, ν,M) . Therefore,
Ωab = ρΓ
a
bcS
c. Since
dh
∗FSa(U, V )Sa = ((Γ(
h∗F
ρ , IdM )U)S
a(V )
−(Γ(
h∗F
ρ , IdM )V )(S
a(U))− Sa([U, V ]h∗F ))Sa
= (Γ(
h∗F
ρ , IdM )U)(V
a)− (Γ(
h∗F
ρ , IdM )V )(U
a)− Sa([U, V ]h∗F )Sa
= ρD¨UV − V bρD¨USb − ρD¨V U − U
bρD¨V Sb − [U, V ]h∗F
= (ρ, h)T(U, V )− (ρΓabcV
bU c − ρΓabcU
bV c)Sa
= ((ρ, h)Ta(U, V )− Ωab ∧ S
b(U, V ))Sa,
it results the first identity.
To prove the second identity, we consider that (E, pi,M) 6= (F, ν,M) . Since
(ρ, h)Rab (Z,W ) sa = (ρ, h)R ((W,Z) , sb)
= ρD˙Z
(
ρD˙W sb
)
− ρD˙W
(
ρD˙Zsb
)
− ρD˙[Z,W ]h∗F sb
= ρD˙Z (Ω
a
b (W ) sa)− ρD˙W (Ω
a
b (Z) sa)− Ω
a
b ([Z,W ]h∗F ) sa
+(Ωac (Z)Ω
c
b (W )−Ω
a
c (W )Ω
c
b (Z)) sa
=
(
dh
∗FΩab (Z,W ) + Ω
a
c ∧ Ω
c
b (Z,W )
)
sa
it results the second identity.
Corollary 4.2.1 In particular, if h = IdM , then the identities (C1) and (C2) become
(C ′1) ρT
a = dF sa + ωab ∧ s
b,
and
(C ′2) ρR
a
b = d
Fωab + ω
a
c ∧ ω
c
b
respectively.
Moreover, if ρ = IdTM , then the identities (C
′
1) and (C
′
2) become:
(C ′′1 ) T
i = ddxi + ωij ∧ dx
j = ωij ∧ dx
j
and
(C ′′2 ) R
i
j = dω
i
j + ω
i
h ∧ ω
h
j ,
respectively. q.e.d.
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Theorem 4.2.2 The identities
(B1) d
h∗F (ρ, h)Ta = (ρ, h)Rab ∧ S
b − Ωac ∧ (ρ, h)T
c
and
(B2) d
h∗F (ρ, h)Rab = (ρ, h)R
a
c ∧ Ω
c
b − Ω
a
c ∧ (ρ, h)R
c
b,
hold good. We will called these the first respectively the second identity of Bianchi type.
If the (ρ, h)-torsion is null, then the first identity of Bianchi type becomes:
(B˜1) (ρ, h)R
a
b ∧ s
b = 0.
Proof. We consider (E, pi,M) = (F, ν,M) . Using the first identity of Cartan type and
the equality dh
∗F ◦ dh
∗F = 0, we obtain:
dh
∗F (ρ, h)Ta = dh
∗FΩab ∧ S
b − Ωac ∧ d
h∗FSc.
Using the second identity of Cartan type and the previous identity, we obtain:
dh
∗F (ρ, h)Ta = ((ρ, h)Rab − Ω
a
c ∧ Ω
c
b) ∧ S
b − Ωac ∧
(
(ρ, h)Tc − Ωcb ∧ S
b
)
.
After some calculations, we obtain the first identity of Bianchi type.
Using the second identity of Cartan type and the equality dh
∗F ◦dh
∗F = 0, we obtain:
dh
∗FΩac ∧Ω
c
b − Ω
a
c ∧ d
h∗FΩcb = d
h∗F (ρ, h)Rab .
Using the second of Cartan type and the previous identity, we obtain:
dh
∗F (ρ, h)Rab = ((ρ, h)R
a
c − Ω
a
e ∧ Ω
e
c) ∧ Ω
c
b − Ω
a
c ∧ ((ρ, h)R
c
b − Ω
c
e ∧Ω
e
b) .
After some calculations, we obtain the second identity of Bianchi type. q.e.d.
Corollary 4.2.2 In particular, if h = IdM , then the identities (B1) and (B2) become
(B′1) d
F ρTa = ρRab ∧ s
b − ωac ∧ ρT
c
and
(B′2) d
F ρRab = ρR
a
c ∧ ω
c
b − ω
a
c ∧ ρR
c
b,
respectively.
Moreover, if ρ = IdTM , then the identities (B
′
1) and (B
′
2) become:
(B′′1 ) dT
i = Rij ∧ dx
j − ωik ∧ T
k
and
(B′′2 ) dR
i
j = R
i
h ∧ ω
h
j − ω
i
h ∧ R
h
j ,
respectively.
78
Theorem 4.2.3 If (E, pi,M)=(F, ν,M), then the following relations hold good
(B˜1)
∑
cyclic(u1,u2,u3)
{
ρD¨U1 ((ρ, h)T (U2, U3))− (ρ, h)R (U1, U2)U3
+(ρ, h)T ((ρ, h) T (U1, U2) , U3)} = 0,
and
(B˜2)
∑
cyclic(u1,u2,u3,u)
{
ρD¨U1 ((ρ, h)R (U2, U3)U)− (ρ, h)R ((ρ, h)T (U1, U2) , U3)U
}
=0.
respectively. This identities will be called the first respectively the second identity of
Bianchi type.
In particular, if h = IdM , then the identities (B˜1) and (B˜2) become
(B˜′1)
∑
cyclic(u1,u2,u3)
{ρDu1 (ρT (u2, u3))− ρR (u1, u2) u3 + ρT (ρ T (u1, u2) , u3)} = 0,
(B˜′2)
∑
cyclic(u1,u2,u3,u)
{ρDu1 (ρR (u2, u3)u)− ρR (ρT (u1, u2) , u3)u} = 0.
which will be called the first respectively the second identity of Bianchi type.
Remark 4.2.1 On components, the identities of Bianchi type (B˜1) and (B˜2) become:
(B˜′′1 )
∑
cyclic(a1,a2,a3)
{
(ρ, h)Ta
a2a3|a1
+ (ρ, h)Taga3 · (ρ, h)T
g
a1a2
}
=
∑
cyclic(a1,a2,a3)
(ρ, h)Raa3 a1a2
and
(B˜′′2 )
∑
cyclic(a1,a2,a3)
{
(ρ, h)Rab a2a3|a1 + (ρ, h)R
a
b ga3
· (ρ, h)Tga1a2
}
= 0.
If the (ρ, h)-torsion is null, then the identities of Bianchi type become:
(B˜′′′1 )
∑
cyclic(a1 a2,a3)
(ρ, h)Raa3,a1a2 = 0
and
(B˜′′′2 )
∑
cyclic(a1,a2,a3)
(ρ, h)Rab a2a3|a1
= 0.
4.3 (Pseudo)metrizable vector bundles
We will apply our theory for the diagram:
(4.3.1)
E
pi

(
F, [, ]F,h , (ρ, IdM )
)
ν

M
h
//M
,
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where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, IdM )
)
∈ |GLA| .
Definition 4.3.1 We will say that the vector bundle (E, pi,M) is endowed with a pseu-
dometrical structure if it exists
g = gabs
a ⊗ sb ∈ T 02 (E, pi,M)
such that for each x ∈M, the matrix ‖gab (x)‖ is nondegenerate and symmetric.
Moreover, if for each x ∈ M the matrix ‖gab (x)‖ has constant signature, then we
will say that the vector bundle (E, pi,M) is endowed with a metrical structure.
If
g = gabs
a ⊗ sb ∈ T 02 (E, pi,M)
is a (pseudo) metrical structure, then, for any a, b ∈ 1, r and for any vector local
(m+ r)-chart (U, sU ) of (E, pi,M), we consider the real functions
U
g˜ba
−−−−−−→ R
such that ∥∥g˜ba (x)∥∥ = ‖gab (x)‖−1 ,
for any ∀x ∈ U.
Definition 4.3.2 Let (E, pi,M) be a vector bundle endowed with a (pseudo)metrical
structure g and with a linear ρ-connection ρΓ.
We will say that the linear ρ-connection ρΓ is compatible with the (pseudo)metrical
structure g if
(4.3.2) ρDzg = 0, ∀z ∈ Γ (F, ν,M) .
Definition 4.3.3We will say that the vector bundle (E, pi,M) is ρ-(pseudo)metrizable,
if it exists a (pseudo)metrical structure
g ∈ T 02 (E, pi,M)
and a linear ρ-connection ρΓ for (E, pi,M) compatible with g. The idTM -(pseudo)metri-
zable vector bundles will be called( pseudo)metrizable vector bundles.
In particular, if (TM, τM ,M) is a (pseudo)metrizable vector bundle, then we will
say that (TM, τM ,M) is a (pseudo)Riemannian space, and the manifold M will be
called the (pseudo)Riemannian manifold.
The linear connection of a (pseudo)Riemannian space will be called (pseudo)Rieman-
nian linear connection.
Theorem 4.3.1 If (E, pi,M) = (F, ν,M) and g ∈ T 02 (h
∗E, h∗pi,M) is a (pseudo)metri-
cal structure, then the local real functions
(4.3.3)
ρΓabc =
1
2
g˜ad
(
ρkc ◦ h
∂gbd
∂xk
+ ρjb ◦ h
∂gdc
∂xj
− ρhd ◦ h
∂gbc
∂xh
+gecL
e
bd ◦ h+ gbeL
e
dc ◦ h− gdeL
e
bc ◦ h) .
are the components of a linear ρ-connection ρΓ for the vector bundle (h∗E, h∗pi,M)
compatible with g such that (ρ, h)T = 0.
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Therefore, the vector bundle (h∗E, h∗pi,M) becomes ρ-(pseudo)metrizable.
The linear ρ-connection ρΓ will be called the linear ρ-connection of Levi-Civita type.
Proof. Since(
ρD¨Ug
)
V ⊗ Z = Γ
(
h∗E
ρ , IdM
)
(U)
(
(g (V ⊗ Z))− g
((
ρD¨UV
)
⊗ Z
)
−g
(
V ⊗
(
ρD¨UZ
))
, ∀U, V, Z ∈ Γ (h∗E, h∗pi,M) .
it results that, for any U, V, Z ∈ Γ (h∗E, h∗pi,M) , we obtain the equalities:
(1) Γ
(
h∗E
ρ , IdM
)
(U) (g (V ⊗ Z)) = g
((
ρD¨UV
)
⊗ Z
)
+ g
(
V ⊗
(
ρD¨UZ
))
,
(2) Γ
(
h∗E
ρ , IdM
)
(Z) (g (U ⊗ V )) = g
((
ρD¨ZU
)
⊗ V
)
+ g
(
U ⊗
(
ρD¨ZV
))
,
(3) Γ
(
h∗E
ρ , IdM
)
(V ) (g (Z ⊗ U)) = g
((
ρD¨V Z
)
⊗ U
)
+ g
(
Z ⊗
(
ρD¨V U
))
.
We observe that (1) + (3)− (2) is equivalent with the equality:
g
((
ρD¨UV + ρD¨V U
)
⊗ Z
)
+ g
((
ρD¨V Z − ρD¨ZV
)
⊗ U
)
+g
((
ρD¨UZ − ρD¨ZU
)
⊗ V
)
= Γ
(
h∗E
ρ , IdM
)
(U) (g (V ⊗ Z))
+Γ
(
h∗E
ρ , IdM
)
(V ) (g (Z ⊗ U))− Γ
(
h∗E
ρ , IdM
)
(Z) (g (U ⊗ V )) .
Using the condition (ρ, h)T = 0, which is equivalent with the equality
ρD¨UV − ρD¨V U − [U, V ]h∗E = 0,
we obtain:
2g
((
ρD¨UV
)
⊗ Z
)
= Γ
(
h∗E
ρ , IdM
)
(U) · (g (V ⊗ Z))
+Γ
(
h∗E
ρ , IdM
)
(V ) (g (Z ⊗ U))− Γ
(
h∗E
ρ , IdM
)
(Z) (g (U ⊗ V ))
+g ([U, V ]h∗E ⊗ Z)− g ([U,Z]h∗E ⊗ V )
−g ([V,Z]h∗E ⊗ U) , ∀U, V, Z ∈ Γ (h
∗E, h∗pi,M) .
Therefore, we obtain the equality:
2g
((
ρΓdbaSd
)
⊗ Sc
)
= ρia ◦ h
∂g (Sb ⊗ Sc)
∂xi
+ ρjb ◦ h
∂g (Sc ⊗ Sa)
∂xj
− ρkc ◦ h
∂g (Sa ⊗ Sb)
∂xk
+g
((
Ldab ◦ h
)
Sd ⊗ Sc
)
− g
((
Ldac ◦ h
)
Sd ⊗ Sb
)
− g
((
Ldbc ◦ h
)
Sd ⊗ Sa
)
,
which is equivalent with:
2gdcρΓ
d
ba = ρ
i
a ◦ h
∂gbc
∂xi
+ ρjb ◦ h
∂gca
∂xj
− ρkc ◦ h
∂gab
∂xk
+
(
Ldab ◦ h
)
gdc
−
(
Ldac ◦ h
)
gdb −
(
Ldbc ◦ h
)
gda.
Finally, we obtain:
ρΓdba =
1
2
g˜dc
(
ρia ◦ h
∂gbc
∂xi
+ ρjb ◦ h
∂gca
∂xj
− ρkc ◦ h
∂gab
∂xk
+
(
Ldab ◦ h
)
gdc −
(
Ldac ◦ h
)
gdb −
(
Ldbc ◦ h
)
gda
)
,
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where
∥∥gdc (x)∥∥ = ‖gcd (x)‖−1 , for any x ∈M. q.e.d.
Corollary 4.3.1 In particular, if h = IdM , (E, pi,M) = (F, ν,M) and g ∈ T
0
2 (E, pi,M)
is a (pseudo)metrical structure, then the local real functions
(4.3.3′) ρΓabc =
1
2
g˜ad
(
ρkc
∂gbd
∂xk
+ ρjb
∂gdc
∂xj
− ρhd
∂gbc
∂xh
+ gecL
e
bd + gbeL
e
dc − gdeL
e
bc
)
.
are the components of a linear ρ-connection ρΓ for the vector bundle (E, pi,M) com-
patible with g such that ρT = 0.
Therefore, the vector bundle (E, pi,M) becomes ρ-(pseudo)metrizable.
The linear ρ-connection ρΓ will be called the linear ρ-connection of Levi-Civita type.
In particular, if ρ = IdTM , we obtain the classical Levi-Civita connection.
Theorem 4.3.2. If (E, pi,M) = (F, ν,M), g ∈ T 02 (h
∗E, h∗pi,M) is a pseudo(metrical)
structure and T ∈ T 12 (h
∗E, h∗pi,M) such that its components are skew symmetric in
the lover indices, then the local real functions
(4.3.4) ρΓ˚abc = ρΓ
a
bc +
1
2
g˜ad (gdeT
e
bc − gbeT
e
dc + gecT
e
bd) ,
are the components of a linear ρ-connection compatible with the (pseudo) metrical struc-
ture g, where ρΓabc are the components of linear ρ-connection of Levi-Civita type. There-
fore, the vector bundle (h∗E, h∗pi,M) becomes ρ-(pseudo)metrizable.
In addition, the tensor field T is the (ρ, h)-torsion tensor field.
Corollary 4.3.2 In particular, if h = IdM , (E, pi,M) = (F, ν,M), g ∈ T
0
2 (E, pi,M) is
a pseudo(metrical) structure and T ∈ T 12 (E, pi,M) such that its components are skew
symmetric in the lover indices, then the local real functions
(4.3.4′) ρΓ˚abc = ρΓ
a
bc +
1
2
g˜ad (gdeT
e
bc − gbeT
e
dc + gecT
e
bd) ,
are the components of a linear ρ-connection compatible with the (pseudo)metrical struc-
ture g, where ρΓabc are the components of linear ρ-connection of Levi-Civita type. There-
fore, the vector bundle (E, pi,M) becomes ρ-(pseudo)metrizable.
In addition, the tensor field T is the ρ-torsion tensor field.
Theorem 4.3.3 If g ∈ T 02 (E, pi,M) is a pseudo (metrical) structure and ρΓ˚ is a
linear ρ-connection for the vector bundle (E, pi,M), then the local real functions
(4.3.5)
k
ρΓ
a
bα = ρΓ˚
a
bα +
1
2 g˜
acg
cb
◦
|α
are the components of a linear ρ-connection compatible with the (pseudo) metrical struc-
ture g. Therefore, the vector bundle (E, pi,M) becomes ρ-(pseudo)metrizable.
Theorem 4.3.4 If g ∈ T 02 (E, pi,M) is a pseudo (metrical) structure, ρΓ˚ is a linear
ρ-connection for the vector bundle (E, pi,M) and T = T dcαsd ⊗ s
c ⊗ tα, then the local
real functions
(4.3.6) ρΓabα =
k
ρΓ
a
bα +
1
2O
ca
bdT
d
cα,
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are the components of a linear ρ-connection compatible with (pseudo) metrical structure
g, where
(4.3.7) Ocabd =
1
2 (δ
c
bδ
a
d − gbdg˜
ca)
is the Obata operator.
Therefore, the vector bundle (E, pi,M) becomes ρ-(pseudo)metrizable.
4.4 Lifts of differentiable curves
In this section we extend the notion of lift of a curve c at the total space of a vector
bundle using the new notion of locally invertible Bv-morphism.
4.4.1 The lift of a differentiable curve at the total space of a vector bundle
We consider the following diagram:
(4.4.1.1)
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
We admit that (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M) .
Let
I
c
−−−→ M
be a differentiable curve.
We say that (
E| Im(η◦h◦c), pi| Im(η◦h◦c), Im (η ◦ h ◦ c)
)
is a vector subbundle of the vector bundle (E, pi,M) .
Definition 4.4.1.1 Let
(4.4.1.2)
I
c˙
−−−→ E| Im(η◦h◦c)
t 7−→ ya (t) sa (η ◦ h ◦ c (t))
be a differentiable curve.
If there exists g ∈Man (E,F ) such that the following conditions are satisfied:
1. (g, h) ∈ Bv ((E, pi,M) , (F, ν,N)) and
2. ρ ◦ g ◦ c˙ (t) =
d (η ◦ h ◦ c)i (t)
dt
∂
∂xi
((η ◦ h ◦ c) (t)) , for any t ∈ I, then we will say
that c˙ is the (g, h)-lift of the differentiable curve c.
Remark 4.4.1.1 Condition 2 is equivalent with the following affirmation:
(4.4.1.3) ρiα (η ◦ h ◦ c (t)) · g
α
a (h ◦ c (t)) · y
a (t) =
d (η ◦ h ◦ c)i (t)
dt
, i ∈ 1,m.
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Definition 4.4.1.2 If
I
c˙
−→ E| Im(η◦h◦c)
is a differentiable (g, h)-lift of the differentiable curve c, then the section
(4.4.1.4)
Im (η ◦ h ◦ c)
u(c,c˙)
−−−→ E| Im(η◦h◦c)
η ◦ h ◦ c (t) 7−→ c˙ (t)
will be called the canonical section associated to the couple (c, c˙) .
We will denote by
(
TE (c, c˙) , τ , Im (η ◦ h ◦ c)
)
the vector subbundle with minimal
dimension such that
(4.4.1.5) u (c, c˙) ∈ Γ
(
TE (c, c˙) , τ , Im (η ◦ h ◦ c)
)
and will denoted by
(
SE (c, c˙) , σ, Im (η ◦ h ◦ c)
)
the vector subbundle such that
TE (c, c˙)⊕ SE (c, c˙) = E| Im(η◦h◦c).
Definition 4.4.1.3 If (g, h) ∈ Bv ((E, pi,M) , (F, ν,N)) has the components
gαa ; a ∈ 1, r, α ∈ 1, p
such that for any local vector (n+ p)-chart (V, tV ) of (F, ν,N) there exists the real
functions
V
g˜aα
−−−−−−→ R ; a ∈ 1, r, α ∈ 1, p
such that
g˜bα (κ) · g
α
a (κ) = δ
b
a,
for any κ ∈ V, then we will say that the Bv-morphism (g, h) is locally invertible.
Remark 4.4.2.2 In particular, if (IdTM , IdM , IdM ) = (ρ, η, h) and the B
v morphism
(g, IdM ) is locally invertible, then we have the differentiable (g, IdM )-lift
(4.4.1.6)
I
c˙
−−−→ TM
t 7−→ g˜ij (c (t))
dcj (t)
dt
∂
∂xi
(c (t))
.
Moreover, if g = IdTM , then we obtain the usual lift of tangent vectors
(4.4.1.6)′
I
c˙
−−−→ TM
t 7−→
dci (t)
dt
∂
∂xi
(c (t))
.
Definition 4.4.1.4 If
(4.4.1.7) I
c˙
−−−→ E| Im(η◦h◦c)
is a differentiable (g, h)-lift of differentiable curve c, such that its components functions(
ya, a ∈ 1, n
)
are solutions for the differentiable system of equations:
(4.4.1.8)
dua
dt
+ (ρ, η) Γaα ◦ u (c, c˙) ◦ (η ◦ h ◦ c) · g
α
b ◦ h ◦ c · u
b = 0,
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then we will say that the (g, h)-lift c˙ is parallel with respect to the (ρ, η)-connection
(ρ, η) Γ.
Remark 4.4.1.3 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and the B
v morphism
(g, IdM ) is locally invertible, then the differentiable (g, IdTM )-lift
(4.4.1.9)
I
c˙
−−−→ TM
t 7−→
(
g˜ij ◦ c ·
dcj
dt
)
∂
∂xi
(c (t)) ,
is parallel with respect to the connection Γ if the component functions(
g˜ij ◦ c ·
dcj
dt
, i ∈ 1, n
)
are solutions for the differentiable system of equations
(4.4.1.10)
dui
dt
+ Γik ◦ u (c, c˙) ◦ c · g
k
h ◦ c · u
h = 0,
namely
(4.4.1.10)′
d
dt
(
g˜ij (c (t)) ·
dcj (t)
dt
)
+Γik
(
c (t) ,
(
g˜ij (c (t)) ·
dcj (t)
dt
)
·
∂
∂xi
(c (t))
)
·
dck (t)
dt
= 0.
Moreover, if g = IdTM , then the usual lift of tangent vectors (4.4.1.6)
′ is parallel with
respect to the connection Γ if the component functions
(
dcj
dt
, j ∈ 1, n
)
are solutions for
the differentiable system of equations
(4.4.1.10)′′
dui
dt
+ Γik ◦ u (c, c˙) ◦ c · u
k = 0,
namely
(4.4.1.10)′′′
d
dt
(
dcj (t)
dt
)
+ Γik
(
c (t) ,
dcj (t)
dt
·
∂
∂xi
(c (t))
)
·
dck (t)
dt
= 0.
4.4.2 The lift of a differentiable curve at the total space of dual vector
bundle
We consider the following diagram:
(4.4.2.1)
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
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We admit that (ρ, η)
∗
Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
.
Let
I
c
−−−→ M
be a differentiable curve. We say that(
∗
E | Im(η◦h◦c),
∗
pi| Im(η◦h◦c), Im (η ◦ h ◦ c)
)
is a vector subbundle of the vector bundle
(
∗
E,
∗
pi,M
)
.
Definition 4.4.2.1 Let
(4.4.2.2)
I
c˙
−−−→
∗
E | Im(η◦h◦c)
t 7−→ pa (t) sa (η ◦ h ◦ c (t))
be a differentiable curve.
If there exists g ∈Man
(
∗
E,F
)
such that the following conditions are satisfied:
1. (g, h) ∈ Bv
((
∗
E,
∗
pi,M
)
, (F, ν,N)
)
and
2. ρ ◦ g ◦ c˙ (t) =
d (η ◦ h ◦ c)i (t)
dt
∂
∂xi
((η ◦ h ◦ c) (t)) , for any t ∈ I,then we will say
that c˙ is the (g, h)-lift of the differentiable curve c.
Remark 4.4.2.1 Condition 2 is equivalent with the following affirmation:
(4.4.2.3) ρiα (η ◦ h ◦ c (t)) g
αa (h ◦ c (t)) pa (t) =
d (η ◦ h ◦ c)i (t)
dt
, i ∈ 1,m.
Definition 4.4.2.2 If
I
c˙
−−−→
∗
E| Im(η◦h◦c)
is a differentiable (g, h)-lift of the differentiable curve c, then the section
(4.4.2.4)
Im (η ◦ h ◦ c)
∗
u(c,c˙)
−−−→
∗
E| Im(η◦h◦c)
η ◦ h ◦ c (t) 7−→ c˙ (t)
will be called the canonical section associated to the couple (c, c˙) .
We will denote by
(
T
∗
E (c, c˙) , τ , Im (η ◦ h ◦ c)
)
the vector subbundle with minimal
dimension such that
(4.4.2.5)
∗
u (c, c˙) ∈ Γ
(
T
∗
E (c, c˙) , τ , Im (η ◦ h ◦ c)
)
and will denoted by
(
S
∗
E (c, c˙) , σ, Im (η ◦ h ◦ c)
)
the vector subbundle such that
T
∗
E (c, c˙)⊕ S
∗
E (c, c˙) =
∗
E| Im(η◦h◦c).
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Definition 4.4.2.3 If (g, h) ∈ Bv
((
∗
E,
∗
pi,M
)
, (F, ν,N)
)
has the components
gαa; a ∈ 1, r, α ∈ 1, p
such that for any vector local (n+ p)-chart (V, tV ) of (F, ν,N) there exists the real
functions
V
g˜aα
−−−−−−−→ R ; a ∈ 1, r, α ∈ 1, p
such that
g˜aα (κ) · gαb (κ) = δ
b
a, ∀κ ∈ V,
then we will say that the Bv-morphism (g, h) is locally invertible.
Remark 4.4.2.2 In particular, if (IdTM , IdM , IdM ) = (ρ, η, h) and the B
v morphism
(g, IdM ) is locally invertible, then we have the differentiable (g, IdM )-lift
(4.4.2.6)
I
c˙
−−−→
∗
TM
t 7−→ g˜ji (c (t))
dcj (t)
dt
dxi (c (t))
.
Definition 4.4.2.4 If
(4.4.2.7) I
c˙
−−−→
∗
E| Im(η◦h◦c)
is a differentiable (g, h)-lift for the curve c such that its components functions
(
pb, b ∈ 1, r
)
are solutions for the differentiable system of equations:
(4.4.2.8)
dub
dt
+ (ρ, η)
∗
Γbα ◦
∗
u (c, c˙) ◦ (η ◦ h ◦ c) · gaα ◦ h ◦ c · ua = 0,
then we will say that the (g, h)-lift c˙ is parallel with respect to the (ρ, η)-connection
(ρ, η)
∗
Γ.
Remark 4.4.2.3 In particular, if (IdTM , IdM , IdM ) = (ρ, η, h) and the B
v morphism
(g, IdM ) is locally invertible, then the differentiable (g, IdM )-lift (4.4.2.6) is parallel
with respect to the connection Γ if the component functions
(
g˜ji ◦ c ·
dcj
dt
, i ∈ 1,m
)
are solutions for the differentiable system of equations
(4.4.2.9)
duj
dt
+ Γjk ◦
∗
u (c, c˙) ◦ c · gkh ◦ c · uh = 0,
namely
(4.4.2.9)′
d
dt
(
g˜ji ◦ c (t) ·
dcj (t)
dt
)
+Γjk
(
c (t) ,
(
g˜ji ◦ c (t) ·
dcj (t)
dt
)
· dxi (c (t))
)
·
dck (t)
dt
= 0,
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4.5 Parallel transport
We consider the following diagram:
(4.5.1)
E
g
−−−−−−−→ (F, [, ]F , (ρ, IdM ))
↓ pi ↓ ν
I
c
−−−−−−−→ M
IdM
−−−−−−−−−−→ M
where (E, pi,M) ∈ |Bv|, ((F, ν,M) , [, ]F , (ρ, IdM )) ∈ |LA| , (g, IdM ) is a B
v-morphism
and c is a differentiable curve.
Let c˙ be a (g, IdM )-lift of the curve c.
We admit that ρΓ is a linear ρ-connection for the vector bundle (E, pi,M) .
Definition 4.5.1 We will called parallel transport of tensor fields of (r, s) type along a
curve c any family
Pc =
{
Pt1,t2 ∈ Izo
(
T pq (E, pi,M)c(t1) ,T
p
q (E, pi,M)c(t2)
)
, t1, t2 ∈ I
}
with the following properties:
1. For any t1, t2 ∈ I it exists a unique isomorphism Pt1,t2 ∈ Pc such that
(Pt1,t2)
−1 = Pt2,t1 .
2. For any t1, t2, t3 ∈ I we have that Pt2,t3 ◦ Pt1,t2 = Pt1,t3 .
Theorem 4.5.1 If t0, t∈I and U is a local vector (m+n)-chart such that c (t0) , c (t)∈U,
then it exists an unique isomorphism
Pt0,t ∈ Izo
(
T pq (E, pi,M)c(t0) ,T
p
q (E, pi,M)c(t)
)
such that (Pt0,t)
−1 = Pt,t0 which not depend on the local vector chart used .
Proof. Let Tc(t0) ∈ T
p
q (E, pi,M)c(t0) be. We admit that
Tpi◦c(t0) =
(
T
a1,...,ap
b1,...,bq
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq
)
(c (t0))
and
Pt0,t
(
Tc(t0)
)
= T
a1,...,ap
b1,...,bq
(c (t0))A
a˜1
a1
(t0, t) · ... ·A
a˜p
ap (t0, t) ·B
b1
b˜1
(t0, t) ·
... ·B
bq
b˜q
(t0, t) · ·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
(c (t0)) ,
where the matrices∥∥Aa˜1a1 (t0, t)∥∥ , ...∥∥∥Aa˜pap (t0, t)∥∥∥ ,∥∥∥Bb1b˜1 (t0, t)∥∥∥ , ...,∥∥∥Bbqb˜q (t0, t)∥∥∥
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are the matrices used for base transformation. Using the equality
0 =
d
dt
(
T
a1,...,ap
b1,...,bq
c (t0)
)
=
d
dt
(
T
a1,...,ap
b1,...,bq
c (t0)A
a˜1
a1
(t0, t) · ... · A
a˜p
ap (t0, t)
·Bb1
b˜1
(t0, t) ... · B
bq
b˜q
(t0, t)
)
·Aa1a˜1 (t, t0) · ...
·A
ap
a˜p
(t, t0) ·B
b˜1
b1
(t, t0) ... · B
b˜q
bq
(t, t0) + T
a1,...,ap
b1,...,bq
c (t0)
·Aa˜1a1 (t0, t) · ... ·A
a˜p
ap (t0, t) ·B
b1
b˜1
(t0, t) · ...
·B
bq
b˜q
(t0, t) ·
d
dt
(
Aa1a˜1 (t, t0) · ... · A
ap
a˜p
(t, t0)
·B b˜1b1 (t, t0) ... · B
b˜q
bq
(t, t0)
)
and the notation
T˜
a1,...,ap
b1,...,bq
c (t) = T
a1,...,ap
b1,...,bq
(pi ◦ c (t0))Aa˜1a1 (t0, t) · ... · A
a˜p
ap (t0, t) · B
b1
b˜1
(t0, t) ... ·B
bq
b˜q
(t0, t)
we obtain the equality
−
d
dt
T˜
a˜1,...,a˜p
b˜1,...,b˜q
c (t) = Aa˜1a1 (t0, t)
d
dt
Aa1a (t, t0)T
aa˜2,...,a˜p
b˜1,...,b˜q
c (t) + ...
+A
a˜p
ap (t0, t)
d
dt
A
ap
a (t, t0)T
a˜1,...,a˜p−1a
b˜1,...,b˜q
c (t)
+Bb1
b˜1
(t0, t)
d
dt
Bbb1 (t, t0)T
a˜1,...,a˜p
bb˜2,...,b˜q
c (t) + ...
+B
bq
b˜q
(t0, t)
d
dt
Bbbq (t, t0)T
a˜1,...,a˜p
b˜1,...,b˜q−1b
c (t) .
Since the differentiable equations:
Aa˜1a1 (t0, t)
d
dt
Aa1a (t, t0) = ρΓ
a˜1
aαc (t) g
α
c (x (t)) y
c (t)
Aa1a˜1 (t0, t0) = δ
a1
a˜1
...
A
a˜p
ap (t0, t)
d
dt
A
ap
a (t, t0) = ρΓ
a˜p
aαc (t) gαc (x (t)) y
c (t)
A
ap
a˜p
(t0, t0) = δ
ap
a˜p
Bb1
b˜1
(t0, t)
d
dt
Bbb1 (t, t0) = −ρΓ
b
b˜1α
c (t) gαc (x (t)) y
c (t)
B b˜1b1 (t0, t0) = δ
b˜1
b1
...
B
bq
b˜q
(t0, t)
d
dt
Bbbq (t, t0) = −ρΓ
b
b˜qα
c (t) gαc (x (t)) y
c (t)
B
b˜q
bq
(t0, t0) = δ
b˜q
bq
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are equivalent with the following differentiable equations
d
dt
Aa1a˜1 (t, t0) = A
a1
a (t, t0) ρΓ
a
a˜1α
(pi ◦ c (t)) gαc (x (t)) y
c (t)
Aa1a˜1 (t0, t0) = δ
a1
a˜1
...
d
dt
A
ap
a˜p
(t, t0) = A
ap
a (t, t0) ρΓ
a
a˜pα
(pi ◦ c (t)) gαc (x (t)) y
c (t)
A
ap
a˜p
(t0, t0) = δ
ap
a˜p
d
dt
B b˜1b1 (t, t0) = −B
b
b1
(t, t0) ρΓ
b˜1
bα (pi ◦ c (t)) g
α
c (x (t)) y
c (t)
B b˜1b1 (t0, t0) = δ
b˜1
b1
...
d
dt
B
b˜q
bq
(t, t0) = −Bbbq (t, t0) ρΓ
b˜q
bα (pi ◦ c (t)) g
α
c (x (t)) y
c (t)
B
b˜q
bq
(t0, t0) = δ
b˜q
bq
which has unique solutions which not depend on the local vector chart used, it results
the conclusion of the theorem. q.e.d.
Corollary 4.5.1 For any p, q ∈ N, it exists a parallel transport Pc between the tensors
of (p, q) type.
This parallel transport will be called the parallel transport along the curve c associ-
ated to linear ρ-connection ρΓ.
Proof. Let p, q ∈ N and t0, t ∈ I be. Without restricting the generality, we admit that
not exists a vector local m+ r-chart U which contain the points c (t0) and c (t) .
Since I is a conex manifold, it results that it exist a finite numbers of real numbers
t1, t2, ..., tr = t such that for each j ∈ 1, r, the points c (tj−1) and c (tj) belongs to the
same vector local m+ r-chart.
Using the previous theorem, we build the linear isomorphisms Pt0,t1 , Pt1,t2 , ... , Ptr−1 ,t.
The linear isomorphism Ptr−1,t ◦ ... ◦ Pt1,t2 ◦ Pt0,t1 = Pt0,t not depend on the vector
local m+ r-charts used. q.e.d.
Remark 4.5.1 Using the notations of the previous theorem we obtain:
(4.5.2)
−
d
dt
T˜
a˜1,...,a˜p
b˜1,...,b˜q
c (t) = T
aa˜2,...,a˜p
b˜1,...,b˜q
c (t) ρΓa˜1aαc (t) g
α
c (x (t)) y
c (t) + ...
+T
a˜1,...,a˜p−1a
b˜1,...,b˜q
c (t) ρΓ
a˜p
aαc (t) gαc (x (t)) y
c (t)+
−T
a˜1,...,a˜p
bb˜2,...,b˜q
c (t) ρΓb
b˜1α
c (t) gαc (x (t)) y
c (t)− ...
−T
a˜1,...,a˜p
b˜1,...,b˜q−1b
c (t) ρΓb
b˜qα
c (t) gαc (x (t)) y
c (t) .
Theorem 4.5.2 If Pc is the parallel transport along the curve c associated to linear
ρ-connection ρΓ, then, for any t ∈ I we obtain:
(4.5.3) lim
h−→0
Pt+h,t
(
Tc(t+h)
)
− Tc(t)
h
=
(
ρDu(c,c˙)T
)
c (t) ,
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for any T ∈ T pq (E, pi,M) .
Proof. Let be T ∈ T pq (E, pi,M). Let t ∈ I and h > 0 be such that ]t− h, t+ h[ ⊂ I.
For any a˜1, ..., a˜p, b˜1, ..., b˜q ∈ 1, n we build the following application
[t, t+ h]
z
a˜1,...,a˜p
b˜1,...,b˜q
−−−−−−→ R
θ 7−→ z
a˜1,...,a˜p
b˜1,...,b˜q
(θ)
defined by
z
a˜1,...,a˜p
b˜1,...,b˜q
(θ)=T
a˜1,...,a˜p
b˜1,...,b˜q
c (t+h)Aa˜1a1 (t+h, θ) · ... ·A
a˜p
ap (t+ h, θ) ·B
b1
b˜1
(t+h, θ) ... ·B
bq
b˜q
(t+ h, θ)
Using the main theorem, it exists a unique real number
ξ
a˜1,...,a˜p
b˜1,...,b˜q
∈ ]t, t+ h[
such that
z
a˜1,...,a˜p
b˜1,...,b˜q
(t+ h) = z
a˜1,...,a˜p
b˜1,...,b˜q
(t) + h
(
z
a˜1,...,a˜p
b˜1,...,b˜q
)′ (
ξ
a˜1,...,a˜p
b˜1,...,b˜q
)
.
Since the component by indices
a˜1,...,a˜p
b˜1,...,b˜q
of a tensor Pt+h,t
(
Tc(t+h)
)
is z
a˜1,...,a˜p
b˜1,...,b˜q
(t), it results
that
lim
h−→0
Pt+h,t(Tpi◦c(t+h))−Tpi◦c(t)
h
=
= lim
h−→0
z
a˜1,...,a˜p
b˜1,...,b˜q
(t)−T
a˜1,...,a˜p
b˜1,...,b˜q
c(t)
h
·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
c (t)
= lim
h−→0
T
a˜1,...,a˜p
b˜1,...,b˜q
c(t+h)−T
a˜1,...,a˜p
b˜1,...,b˜q
c(t)
h
·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
c (t)
− lim
h−→0
h
(
z
a˜1,...,a˜p
b˜1,...,b˜q
)´(
ξ
a˜1,...,a˜p
b˜1,...,b˜q
)
h
·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
c (t)
=
d
dt
T
a˜1,...,a˜p
b˜1,...,b˜q
c (t) ·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
c (t)
−
d
dt
T˜
a˜1,...,a˜p
b˜1,...,b˜q
c (t) ·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
c (t) .
Using Remark 4.5.1 and the equality
d
dt
T
a˜1,...,a˜p
b˜1,...,b˜q
c (t) =
dxi
dt
∂T
a˜1,...,a˜p
b˜1,...,b˜q
c (t)
∂xi
= gαc (x (t)) y
c (t) ρiα
∂T
a˜1,...,a˜p
b˜1,...,b˜q
c (t)
∂xi
,
it results the conclusion of theorem. q.e.d.
Definition 4.5.2 The tensor field T ∈ T pq (E, pi,M) is parallel along the curve c with
respect to the linear ρ-connection ρΓ if for any t1, t2 ∈ I it results that
(4.5.4) Pt1,t2
(
Tc(t1)
)
= Tc(t2).
Theorem 4.5.3 The tensor field T ∈ T pq (E, pi,M) is parallel along the curve c with
respect to linear ρ-connection ρΓ if and only if
(4.5.5)
(
ρDu(c,c˙)T
)
c (t) = 0,∀t ∈ I.
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Corollary 4.5.2 The tensor field T ∈ T pq (E, pi,M) is parallel along the curve c with
respect to linear ρ-connection ρΓ if and only if
d
dt
T
a˜1,...,a˜p
b˜1,...,b˜q
c (t) + gαc (x (t)) y
c (t)
(
T
aa˜2,...,a˜p
b˜1,...,b˜q
ρΓa˜1aα + ...+ T
a˜1,...,a˜p−1a
b˜1,...,b˜q
ρΓ
a˜p
aα
−T
a˜1,...,a˜p
bb˜2,...,b˜q
ρΓb
b˜1α
− T
a˜1,...,a˜p
b˜1,...,b˜q−1b
ρΓb
b˜qα
)
c (t) = 0, ∀t ∈ I.
4.6 Formulas of Gauss-Weingarten type
Using the main ideas of the theory of Myller configurations, introduced by R. Miron in
[37] and applied to Finsler spaces by O. Constantinescu in [13] and his Ph.D. Thesis,
we present the Gauss-Weingarten formulas for generalized Lie algebroids.
Let (
(F, ν,N) , [, ]F,h , (ρ, η)
)
be a generalized Lie algebroid given by the diagram:
(4.6.1)
(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
The geometry of the couple (M,h) is the geometry of the pull-back vector bundle
(h∗F, h∗ν,M) using the diagram
(4.6.2)
h∗F
h∗ν

(
h∗F, [, ]h∗F ,
(
h∗F
ρ , IdM
))
h∗ν

M
IdM
//M
Let I
c
−−−→M be a differentiable curve and let M ′ = Im (η ◦ h ◦ c) be.
Let I
c˙
−−−→h∗F|M ′ be the (Idh∗F , IdM )-lift of the curve c.
Let
{
Tα, α ∈ 1, p
}
,
{
sa, a ∈ 1, q
}
and
{
χ
i
, i ∈ 1, s
}
be the base for
Γ
(
h∗F|M ′ , h
∗ν |M ′ ,M
′
)
, Γ
(
T h
∗F (c, c˙) , τ ,M ′
)
and Γ
(
Sh
∗F (c, c˙) , σ,M ′
)
,
respectively.
The dimension of type fibre of the vector bundle
(
h∗F|M ′ , h
∗ν |M ′ ,M
′
)
is q + s = p.
Consequently, for any a ∈ 1, q we have
(4.6.3) sa = Λ
α
aTα
and for any i ∈ 1, s we have
(4.6.4) χi = Λ
α
i Tα.
Let g = gαβt
α ⊗ tβ ∈ T 02 (F, ν,N) be a (pseudo)metrical structure.
Remark 4.6.1 The following affirmations are satisfied:
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1. The section
h∗F
g =
h∗F
g αβT
α ⊗ T β defined by
(4.6.5) h
∗F
g αβ (x) = gαβ (h (x))
is a (pseudo)metrical structure.
2. The section
T (M ′)
g =
T (M ′)
g abs
a ⊗ sb defined by
(4.6.6) T (M
′)
g ab (x) = Λ
α
agαβ (h (x))Λ
β
b
is a (pseudo)metrical structure.
3. The section
S(M ′)
g =
S(M ′)
g ijχ
i ⊗ χj defined by
(4.6.7) S(M
′)
g ij (x) = Λ
α
i gαβ (h (x)) Λ
β
j
is a (pseudo)metrical structure.
Remark 4.6.2 Using the diagram (4.6.2) we can construct the linear ρ-connection of
Levi Civita type
h∗F
ρ Γ of components
h∗F
ρ Γαβγ .
We have the covariant ρ-derivative defined by
(4.6.8)
h∗F
ρ Dzw = z
γ
((
h∗F
ρ
)k
γ
∂wα
∂xk
+
h∗F
ρ Γαβγw
β
)
Tα,
where
(
h∗F
ρ
)k
γ
are the components of the map
h∗F
ρ .
Definition 4.6.1 If we can defined
(4.6.9) h∗F
ρ Dv⊕0 (u⊕ 0) = vc
((
h∗F
ρ
)k
c
∂ua
∂xk
+
h∗F
ρ Γabcu
b
)
sa,
(4.6.10) h∗F
ρ Dv⊕0 (0⊕ ξ) = vc
((
h∗F
ρ
)k
c
∂ξi
∂xk
+
h∗F
ρ Γijcξ
j
)
χi,
(4.6.11) h∗F
ρ D0⊕η (u⊕ 0) = ηh
(
h∗F
ρ
k
h
∂ua
∂xk
+
h∗F
ρ Γabhu
b
)
sa,
(4.6.12)
h∗F
ρ D0⊕η (0⊕ ξ) = η
h
((
h∗F
ρ
)k
h
∂ξi
∂xk
+
h∗F
ρ Γijhξ
j
)
χi.
and we can consider the bilinear applications
Γ
(
T h
∗F|M′ (c, c˙) , τ ,M ′
)
× Γ
(
T h
∗F|M′ (c, c˙) , τ ,M ′
)
H
−−→ Γ
(
Sh
∗F|M′ (c, c˙) , σ,M ′
)
and
Γ
(
Sh
∗F|M′ (c, c˙) , σ,M ′
)
× Γ
(
T h
∗F|M′ (c, c˙) , τ ,M ′
)
A
−−→ Γ
(
T h
∗F|M′ (c, c˙) , τ ,M ′
)
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which satisfy the following relations
(4.6.13)
h∗F
ρ DvcΛγcTγ
(
ubΛβb Tβ
)
=
h∗F
ρ Dv⊕0 (u⊕ 0)⊕H (u, v) ,
(4.6.14)
h∗F
ρ DvcΛγcTγ
(
ξjΛβj Tβ
)
= −Aξ (v)⊕
h∗F
ρ Dv⊕0 (0⊕ ξ)
and
(4.6.15) S(M
′)
g (H (u, v) , ξ) =
T (M ′)
g (Aξ (v) , u) ,
then we will say that the relations (4.6.13), (4.6.14) and (4.6.15) are formulas of Gauss-
Weingarten type associated to differentiable curve c, metrical structure g and bilinear
applications H and A.
The bilinear application H will be called the second fundamental form of differen-
tiable curve c.
Remark 4.6.2 Using the base sections, then the formulas of Gauss-Weingarten type
become:
(4.6.13′) Λγc
((
h∗F
ρ
)k
γ
∂Λαb
∂xk
+
h∗F
ρ ΓαβγΛ
β
b
)
=
h∗F
ρ ΓabcΛ
α
a +H
i
bcΛ
α
i ,
(4.6.14′) Λγc
((
h∗F
ρ
)h
γ
∂Λαj
∂xh
+
h∗F
ρ ΓαβγΛ
β
j
)
= −AajcΛ
α
a +
h∗F
ρ ΓijcΛ
α
i
(4.6.15′)
S(M ′)
g ijH
i
bc =
T (M ′)
g abA
a
jc.
5 The geometry of total space of the Lie algebroid gene-
ralized tangent bundle for a vector bundle
5.1 Adapted (ρ, η)-basis and adapted dual (ρ, η)-basis
In the following, we consider the following diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) .
If we put the problem of finding a base for the F (E)-module
(Γ (H (ρ, η)TE, (ρ, η) τE, E) ,+, ·)
of the type
δ
δz˜α
= Z˜βα
∂
∂z˜α
+ Y aα
∂
∂y˜a
, α ∈ 1, r
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which satisfies the following conditions:
(5.1.1)
Γ ((ρ, η)pi!, IdE)
(
δ
δz˜α
)
= T˜α
Γ ((ρ, η) Γ, IdE)
(
δ
δz˜α
)
= 0,
then we obtain the sections
(5.1.2)
δ
δz˜α
=
∂
∂z˜α
− (ρ, η) Γaα
∂
∂y˜a
.
We observe that their law of change is a tensorial law under a change of vector fiber
charts.
Definition 5.1.1 The base (
δ
δz˜α
,
∂
∂y˜a
)
put
=
(
δ˜α,
·
∂˜a
)
will be called the adapted (ρ, η)-base.
The following equality holds good
(5.1.3) Γ (ρ˜, IdE)
(
δ˜α
)
=
(
ρiα ◦ h ◦ pi
)
∂i − (ρ, η) Γaα∂˙a,
where
(
∂i, ∂˙a
)
is the natural base for the F (E)-module (Γ (TE, τE , E) ,+, ·) .
Moreover, if ρΓ is the ρ-connection associated to the connection Γ, then we obtain
(5.1.4) Γ (ρ˜, IdE)
(
δ˜α
)
=
(
ρiα ◦ h ◦ pi
)
δi,
where
(
δi, ∂˙a
)
is the adapted base for the F (E)-module (Γ (TE, τE , E) ,+, ·) .
Theorem 5.1.1 The following equality holds good
(5.1.5)
[
δ˜α, δ˜β
]
(ρ,η)TE
= Lγαβ ◦ (h ◦ pi) δ˜γ + (ρ, η, h)R
a
αβ
·
∂˜a,
where
(5.1.6)
(ρ, η, h)Raαβ = Γ (ρ˜, IdE)
(
δ˜β
)
((ρ, η) Γaα)
−Γ (ρ˜, IdE)
(
δ˜α
)(
(ρ, η) Γaβ
)
+
(
L
γ
αβ ◦ h ◦ pi
)
(ρ, η) Γaγ ,
Moreover, we have:
(5.1.7)
[
δ˜α,
·
∂˜b
]
(ρ,η)TE
= Γ (ρ˜, IdE)
( ·
∂˜b
)
((ρ, η) Γaα)
·
∂˜a,
and
(5.1.8) Γ (ρ˜, IdE)
[
δ˜α, δ˜β
]
(ρ,η)TE
=
[
Γ (ρ˜, IdE)
(
δ˜α
)
,Γ (ρ˜, IdE)
(
δ˜β
)]
TE
.
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If we consider the problem of finding a base for the F (E)-module
(Γ ((V (ρ, η)TE)∗ , ((ρ, η) τE)
∗ , E) ,+, ·)
of the type
δy˜a = θaαdz˜
α + ωabdy˜
b, a ∈ 1, n
which satisfies the following conditions:
(5.1.9)
〈
δy˜a,
·
∂˜a
〉
= 1 ∧
〈
δy˜a, δ˜α
〉
= 0,
then we obtain the sections
(5.1.10) δy˜a = (ρ, η) Γaαdz˜
α + dy˜a, a ∈ 1, n.
We observe that their changing rule is tensorial under a change of vector fiber charts.
Definition 5.1.2 The base (dz˜α, δy˜a) will be called the adapted dual (ρ, η)-base.
5.2 Remarkable Mod-endomorphisms
In the following we consider the diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 5.2.1 For any Mod-endomorphism e of
(Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·)
we define the application of Nijenhuis type
Γ((ρ,η)TE,(ρ, η)τE , E)
2 Ne
−−−−−−→ Γ((ρ, η)TE,(ρ, η)τE ,E)
defined by
Ne (X,Y ) = [eX, eY ]ρTE + e
2 [X,Y ]ρTE − e [eX, Y ]ρTE − e [X, eY ]ρTE ,
for any X,Y ∈ Γ((ρ, η)TE,(ρ, η)τE,E).
Remark 5.2.1 The vertical and the horizontal vector subbundles are interior differential
systems for the Lie algebroid generalized tangent bundle(
((ρ, η)TE,(ρ, η)τE,E), [, ](ρ,η)TE , (ρ˜, IdE)
)
.
These interior differential systems will be called vertical and horizontal interior diffe-
rential systems.
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5.2.1 Projectors
Definition 5.2.1.1 Any Mod-endomorphism e of
Γ ((ρ, η)TE, (ρ, η )τE, E)
with the property
(5.2.1.1) e2 = e
will be called projector.
Example 5.2.1.1 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
V
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Z˜αδ˜α + Y
a
·
∂˜a 7−→ Y a
·
∂˜a
is a projector which will be called the vertical projector.
Remark 5.2.1.1 We have V
(
δ˜α
)
= 0 and V
( ·
∂˜a
)
=
·
∂˜a. Therefore, it follows
V
(
∂˜α
)
= (ρ, η) Γaα
·
∂˜a.
Theorem 5.2.1.1 A (ρ, η)-connection for the vector bundle (E, pi,M) is characterized
by the existence of a Mod-endomorphism V of
(Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·)
with the properties:
(5.2.1.2)
V (Γ ((ρ, η)TE, (ρ, η) τE, E)) ⊂ Γ (V (ρ, η)TE, (ρ, η) τE, E)
V (X) = X ⇐⇒ X ∈ Γ (V (ρ, η)TE, (ρ, η) τE, E)
Example 5.2.1.2 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
H
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Z˜αδ˜α + Y
a
·
∂˜a 7−→ Z˜αδ˜α
is a projector which will be called the horizontal projector.
Remark 5.2.1.2We haveH
(
δ˜α
)
=δ˜α andH
( ·
∂˜a
)
=0. Therefore, we obtainH
(
∂˜α
)
=δ˜α.
Theorem 5.2.1.2 A (ρ, η)-connection for the vector bundle (E, pi,M) is characterized
by the existence of a Mod-endomorphism H of
(Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·)
with the properties:
(5.2.1.3)
H (Γ ((ρ, η)TE, (ρ, η) τE , E)) ⊂ Γ (H (ρ, η)TE, (ρ, η) τE, E)
H (X) = X ⇐⇒ X ∈ Γ (H (ρ, η)TE, (ρ, η) τE, E) .
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Corollary 5.2.1.1 A (ρ, η)-connection for the vector bundle (E, pi,M) is characterized
by the existence of a Mod-endomorphism H of
(Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·)
with the properties:
(5.2.1.4)
H2 = H
Ker (H) = (Γ (V (ρ, η)TE, (ρ, η) τE, E) ,+, ·) .
Remark 5.2.1.3 For any
X ∈ Γ ((ρ, η)TE, (ρ, η) τE , E)
we obtain the following unique decomposition
X = HX + VX.
Proposition 5.2.1.1 After some calculations we obtain
(5.2.1.5) NV (X,Y ) = V [HX,HY ](ρ,η)TE = NH (X,Y ) ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.2.1.2 The horizontal interior differential system
(H (ρ, η)TE, (ρ, η) τE, E)
is involutive if and only if NV = 0 or NH = 0.
5.2.2 The almost product structure
Definition 5.2.2.1 Any Mod-endomorphism e of
(Γ ((ρ, η)TE, (ρ, η )τE, E) ,+, ·)
with the property
(5.2.2.1) e2 = Id
will be called the almost product structure.
Example 5.2.2.1 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
P
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Z˜αδ˜α + Y
a
·
∂˜a 7−→ Z˜αδ˜α − Y a
·
∂˜a
is an almost product structure.
Remark 5.2.2.1 The previous almost product structure has the properties:
(5.2.2.2)
P = 2H− Id;
P = Id− 2V;
P = H− V.
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Remark 5.2.2.2 We obtain that P
(
δ˜α
)
= δ˜α and P
( ·
∂˜a
)
= −
·
∂˜a. Therefore, it
follows
P
(
∂˜α
)
= δ˜α − ρΓ
a
α
·
∂˜a.
Theorem 5.2.2.1 A (ρ, η)-connection for the vector bundle (E, pi,M) is characterized
by the existence of a Mod-endomorphism P of
(Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·)
with the following property:
(5.2.2.3) P (X) = −X ⇐⇒ X ∈ Γ (V (ρ, η)TE, (ρ, η) τE, E) .
Proposition 5.2.2.1 After some calculations, we obtain
NP (X,Y ) = 4V [HX,HY ] ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.2.2.1 The horizontal interior differential system
(H (ρ, η)TE, (ρ, η) τE, E)
is involutive if and only if NP = 0.
5.2.3 The almost tangent structure
Definition 5.2.3.1 Any Mod-endomorphism e of
(Γ((ρ, η)TE, (ρ, η)τE , E),+, ·)
with the property
(5.2.3.1) e2 = 0
will be called the almost tangent structure.
Example 5.2.3.1 If (E, pi,M) = (F, ν,N), g ∈ Man (E,E) such that (g, h) is a Bv-
morphism locally invertible, then the Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE, E)
J(g,h)
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Z˜a∂˜a + Y˜
b
·
∂˜b 7−→
(
g˜ba ◦ h ◦ pi
)
Z˜a
·
∂˜b
is an almost tangent structure which will be called the almost tangent structure associ-
ated to Bv-morphism (g, h). (See: Definition 4.4.1.3)
Remark 5.2.3.1 We obtain that
J(g,h)
(
δ˜a
)
= J(g,h)
(
∂˜a
)
=
(
g˜ba ◦ h ◦ pi
) ·
∂˜b and J(g,h)
( ·
∂˜b
)
= 0.
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Remark 5.2.3.2 The previous almost tangent structure has the following properties:
(5.2.3.2)
J(g,h) ◦ P = J(g,h);
P ◦ J(g,h) = −J(g,h);
J(g,h) ◦ H = J(g,h);
H ◦ J(g,h) = 0;
J(g,h) ◦ V = 0;
V ◦ J(g,h) = J(g,h);
NJ(g,h) = 0.
5.2.4 The almost complex structure
Let us consider in the case (E, pi,M) = (F, ν,N).
Definition 5.2.4.1 Any Mod-endomorphism e of
(Γ((ρ, η)TE, (ρ, η)τE , E),+, ·)
with the property
(5.3.4.1) e2 = −Id
will be called the almost complex structure.
Example 5.2.4.1 If (g, h) is a Bv-morphism of (E, pi,M) source and target locally
invertible, then the Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
F (g,h)
−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Z˜aδ˜a + Y
b
·
∂˜b 7−→ (g
a
b ◦ h ◦ pi)Y
bδ˜a −
(
g˜ba ◦ h ◦ pi
)
Z˜a
·
∂˜b
is an almost complex structure.
Remark 5.2.4.1 We have
F(g,h)
(
δ˜a
)
= −
(
g˜ba ◦ h ◦ pi
) ·
∂˜b
and
F(g,h)
( ·
∂˜b
)
= (gab ◦ h ◦ pi) δ˜a.
Therefore, we obtain:
F(g,h)
(
∂˜c
)
= − (ρ, η) Γac (g
a
b ◦ h ◦ pi) δ˜a −
(
g˜bc ◦ h ◦ pi
) ·
∂˜b.
Remark 5.2.4.2 The previous almost complex structure has the following properties:
(5.2.4.2)
F(g,h) ◦ J(g,h) = H;
F(g,h) ◦ H = −J(g,h);
J(g,h) ◦ F(g,h) = V.
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5.2.5 The (ρ, η)-tension endomorphism
Since
∂ (ρ, η) Γa´α´
∂yb´
=M a´a
(
ρiα
∂Mab´
∂xi
+
∂ (ρ, η) Γac
∂yb
M bb´
)
Λαα´,
it results that
(ρ, η) Γa´α´ − y
b´∂ (ρ, η) Γ
a´
α´
∂yb´
=M a´a
(
(ρ, η) Γaα − y
b ∂ (ρ, η) Γ
a
α
∂yb
)
Λαα´,
Therefore, we can introduce the following
Definition 5.2.5.1 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE, E)
(ρ,η)H
−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
defined by
(5.2.5.1)
(ρ, η)H
(
δ˜α
)
=
(
(ρ, η) Γaα − y
b∂ (ρ, η) Γ
a
α
∂yb
) ·
∂˜a,
(ρ, η)H
( ·
∂˜a
)
= 0(ρ,η)TE
will be called the (ρ, η)-tension of (ρ, η)-connection (ρ, η) Γ.
In particular, if h = IdM and (ρ, η)= (IdTM , IdM ), then we obtain the tension of
connection Γ.
Proposition 5.2.5.1 We obtain the following equalities
J(IdE ,IdM ) ◦ (ρ, η)H = 0 = (ρ, η)H ◦ J(IdE ,IdM ).
5.3 The (ρ, η, h)-torsion and the (ρ, η, h)-curvature of a (ρ, η)-connection
We consider the following diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 5.3.1 If (E, pi,M) = (F, ν,N), then the F (E)-bilinear application
Γ ((ρ, η)TE, (ρ, η) τE, E)
2 (ρ,η,h)T−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
defined by
(5.3.1)
(ρ, η, h)T
(
δ˜b, δ˜c
)
=
(
∂ (ρ, η) Γac
∂yb
−
∂ (ρ, η) Γab
∂yc
− Labc ◦ h ◦ pi
) ·
∂˜a;
(ρ, η, h)T
(
δ˜b,
·
∂˜c
)
= 0 = (ρ, η, h)T
( ·
∂˜c, δ˜b
)
;
(ρ, η, h)T
( ·
∂˜b,
·
∂˜c
)
= 0;
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will be called the (ρ, η, h)-torsion associated to (ρ, η)-connection (ρ, η) Γ.
In particular, if h = IdM , then we obtain the (ρ, η)-torsion associated to (ρ, η)-
connection (ρ, η) Γ.
Moreover, if (ρ, η) = (IdTM , IdM ), then we obtain the torsion associated to connec-
tion Γ.
Remark 5.3.1 If (ρ, η, h)T is the (ρ, η, h)-torsion associated to (ρ, η)-connection (ρ, η) Γ,
then
(5.3.2) (ρ, η, h)T(X,Y ) = − (ρ, η, h)T(Y,X),
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Definition 5.3.2 If we consider the notation
(5.3.3) (ρ, η, h)Tabc
put
=
∂ (ρ, η) Γac
∂yb
−
∂ (ρ, η) Γab
∂yc
− Labc ◦ h ◦ pi
then the tensor field
(5.3.4) (ρ, η, h)Tabc
δ
δz˜a
⊗ dz˜b ⊗ dz˜c
will be called the (ρ, η, h)-torsion tensor field associated to (ρ, η)-connection (ρ, η) Γ.
Proposition 5.3.1 We obtain
J(IdE ,IdM ) ◦ (ρ, η)T = 0
and
(ρ, η, h)T
(
J(IdE ,IdM )X,Y
)
= (ρ, η)T
(
J(IdE ,IdM )X,J(IdE ,IdM )Y
)
= (ρ, η)T
(
X,J(IdE ,IdM )Y
)
,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) .
Theorem 5.3.1 Using the (ρ, η)-tension tensor field
(5.3.5) (ρ, η)Hab
∂
∂y˜a
⊗ dz˜b =
(
(ρ, η) Γab − y
c∂ (ρ, η) Γ
a
b
∂yc
)
∂
∂y˜a
⊗ dz˜b,
and the (ρ, η, h)-deflection of the (ρ, η)-connection (ρ, η) Γ
(5.3.6) (ρ, η, h)Dab = − (ρ, η) Γ
a
b + y
c∂ (ρ, η) Γ
a
c
∂yb
− ycLabc ◦ h ◦ pi,
we obtain that (ρ, η, h)Dab=0 if and only if (ρ, η)H
a
b=0 and (ρ, η, h)T
a
bc=0.
Proof. If (ρ, η, h)Dab=0, then deriving with respect to y
c, we obtain:
−
∂ (ρ, η) Γab
∂yc
+
∂ (ρ, η) Γac
∂yb
− Labc ◦ h ◦ pi = 0⇐⇒ (ρ, η, h)T
a
bc = 0.
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The equality (ρ, η, h)Dab=0 implies:
(1) (ρ, η) Γab = y
c∂ (ρ, η) Γ
a
c
∂yb
− ycLabc ◦ h ◦ pi.
Since
(ρ, η)Hab = (ρ, η) Γ
a
b − y
c∂ (ρ, η) Γ
a
b
∂yc
=
= yc
∂ (ρ, η) Γac
∂yb
− ycLabc ◦ h ◦ pi − y
c∂ (ρ, η) Γ
a
b
∂yc
= yc (ρ, η, h)Tabc
it results the equality (ρ, η)Hab=0.
Conservely, if (ρ, η, h)Tabc=0, then, multiplying with y
c, we obtain:
(2)
∂ (ρ, η) Γac
∂yb
yc −
∂ (ρ, η) Γab
∂yc
yc − ycLabc ◦ h ◦ pi = 0.
The equality (ρ, η)Hab=0 is equivalent with:
(3) (ρ, η) Γab = y
c∂ (ρ, η) Γ
a
b
∂yc
.
Using (2) and (3), it results the equality (ρ, η, h)Dab = 0. q.e.d.
Definition 5.3.3 The F (E)-bilinear application
Γ ((ρ, η)TE, (ρ, η) τE, E)
2 (ρ,η,h)R−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
defined by
(5.3.7)
(ρ, η, h)R
(
δ˜α, δ˜β
)
= (ρ, η, h)Ra αβ
·
∂˜a;
(ρ, η, h)R
(
δ˜α,
·
∂˜b
)
= 0 = (ρ, η, h)R
( ·
∂˜b, δ˜α
)
;
(ρ, η, h)R
( ·
∂˜a,
·
∂˜b
)
= 0;
will be called the (ρ, η, h)-curvature associated to (ρ, η)-connection (ρ, η) Γ.
In particular, if h = IdM , then we obtain the (ρ, η)-curvature associated to (ρ, η)-
connection (ρ, η) Γ.
Moreover, if (ρ, η) = (IdTM , IdM ), then we obtain the curvature associated to con-
nection Γ.
Remark 5.3.2 If (ρ, η, h)R is the (ρ, η, h)-curvature associated to (ρ, η)-connection
(ρ, η) Γ, then
(5.3.8) (ρ, η, h)R (X,Y ) = − (ρ, η, h)R (Y,X) ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
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Definition 5.3.4 The tensor field
(5.3.9) (ρ, η, h)Ra αβ
∂
∂y˜a
⊗ dz˜α ⊗ dz˜β
will be called the (ρ, η, h)-curvature tensor field associated to the (ρ, η)-connection
(ρ, η) Γ.
Using equality (5.1.5), we obtain
Remark 5.3.3 The horizontal interior differential system (H (ρ, η)TE, (ρ, η) τE, E)
is involutive if and only if the (ρ, η, h)-curvature tensor field associated to the (ρ, η)-
connection (ρ, η) Γ is null.
Theorem 5.3.2 If F is the almost complex structure presented in Example 5.2.4.1,
then (ρ, η, h)T = 0 and (ρ, η, h)R = 0 if and only if NF = 0.
Proof. After some calculations, we obtain the relations:
NF
(
δ˜b, δ˜c
)
= (ρ, η, h)Tabcδ˜a − (ρ, η, h)R
a
bc
·
∂˜a,
NF
(
δ˜b,
·
∂˜c
)
= (ρ, η, h)Ra bcδ˜a − (ρ, η, h)T
a
bc
·
∂˜a,
NF
( ·
∂˜b,
·
∂˜c
)
= − (ρ, η, h)Tabcδ˜a − (ρ, η, h)R
a
bc
·
∂˜a.
Obviously, (ρ, η, h)T =0 and (ρ, η, h)R =0 imply NF = 0.
Conservely, if NF = 0, then we have the equalities:
(ρ, η, h)Tabcδ˜a − (ρ, η, h)R
a
bc
·
∂˜a = 0,
(ρ, η, h)Ra bcδ˜a − (ρ, η, h)T
a
bc
·
∂˜a = 0,
− (ρ, η, h)Tabcδ˜a − (ρ, η, h)R
a
bc
·
∂˜a = 0.
q.e.d.
5.4 Tensor d-fields. Distinguished linear (ρ, η)-connections
We consider the following diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (
T p,rq,s ((ρ, η)TE, (ρ, η) τE , E) ,+, ·
)
be the F (E)-module of tensor fields by (p,rq,s)-type from the generalized tangent bundle
(H (ρ, η)TE ⊕ V (ρ, η)TE, (ρ, η) τE , E) .
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An arbitrarily tensor field T is written as
T = T
α1...αpa1...ar
β1...βqb1...bs
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs .
Let
(T ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,⊗)
be the tensor fields algebra of generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E).
If T1 ∈ T
p1,r1
q1,s1 ((ρ, η)TE, (ρ, η)τE, E) and T2∈T
p2,r2
q2,s2 ((ρ, η)TE, (ρ, η)τE , E), then the
components of product tensor field T1 ⊗ T2 are the products of local components of T1
and T2.
Therefore, we obtain T1 ⊗ T2 ∈ T
p1+p2,r1+r2
q1+q2,s1+s2 ((ρ, η)TE, (ρ, η) τE, E) .
Let DT ((ρ, η)TE, (ρ, η)τE, E) be the family of tensor fields
T ∈ T ((ρ, η)TE, (ρ, η)τE , E)
for which there exists
T1 ∈ T
p,0
q,0 ((ρ, η)TE, (ρ, η)τE , E) and T2 ∈ T
0,r
0,s ((ρ, η)TE, (ρ, η)τE , E)
such that T = T1 + T2.
The F (E)-module (DT ((ρ, η)TE, (ρ, η) τE , E) ,+, ·) will be called the module of
distinguished tensor fields or the module of tensor d-fields.
Remark 5.4.1 The elements of
Γ ((ρ, η)TE, (ρ, η) τE, E)
respectively
Γ(((ρ, η)TE)∗, ((ρ, η)τE)
∗, E)
are tensor d-fields.
Definition 5.4.1 Let (E, pi,M) be a vector bundle endowed with a (ρ, η)-connection
(ρ, η) Γ and let
(5.4.1) (X,T )
(ρ,η)D
−−−−→ (ρ, η)DXT
be a covariant (ρ, η)-derivative for the tensor algebra of generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
which preserves the horizontal and vertical IDS by parallelism.
The real local functions(
(ρ, η)Hαβγ , (ρ, η)H
a
bγ , (ρ, η)V
α
βc, (ρ, η)V
a
bc
)
defined by the following equalities:
(5.4.2)
(ρ, η)Dδ˜γ δ˜β = (ρ, η)H
α
βγ δ˜α, (ρ, η)Dδ˜γ
·
∂˜b = (ρ, η)H
a
bγ
·
∂˜a
(ρ, η)D ·
∂˜c
δ˜β = (ρ, η)V
α
βcδ˜α, (ρ, η)D ·
∂˜c
·
∂˜b = (ρ, η)V
a
bc
·
∂˜a
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are the components of a linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V )
for the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) which will be called the dis-
tinguished linear (ρ, η)-connection.
If h = IdM , then the distinguished linear (IdTM , IdM )-connection will be called the
distinguished linear connection.
The components of a distinguished linear connection (H,V ) will be denoted(
H ijk,H
a
bk, V
i
jc, V
a
bc
)
.
Theorem 5.4.1 If ((ρ, η)H, (ρ, η)V ) is a distinguished linear (ρ, η)- connection for
the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE, E), then its components satisfy the
change relations:
(5.4.3)
(ρ, η)H α´β´γ´ = Λ
α´
α ◦ h ◦ pi ·
[
Γ (ρ˜, IdE)
(
δ˜γ
)(
Λαβ´ ◦ h ◦ pi
)
+
+ (ρ, η)Hαβγ · Λ
β
β´ ◦ h ◦ pi
]
· Λγγ´ ◦ h ◦ pi,
(ρ, η)H a´b´γ´ =M
a´
a ◦ pi ·
[
Γ (ρ˜, IdE)
(
δ˜γ
)
(Mab´ ◦ pi)+
+ (ρ, η)Habγ ·M
b
b´ ◦ pi
]
· Λγγ´ ◦ h ◦ pi,
(ρ, η)V α´β´c´ = Λ
α
α´ ◦ h ◦ pi · (ρ, η)V
α
βc · Λ
β
β´ ◦ h ◦ pi ·M
c
c´ ◦ pi,
(ρ, η)V a´b´c´ =M
a´
a ◦ pi · (ρ, η)V
a
bc ·M
b
b´ ◦ pi ·M
c
c´ ◦ pi.
The components of a distinguished linear connection (H,V ) verify the change relations:
(5.4.3′)
H i´j´k´ =
∂xi´
∂xi
◦ pi ·
[
δ
δxk
(
∂xi
∂xj´
◦ pi
)
+H ijk ·
∂xj
∂xj´
◦ pi
]
·
∂xk
∂xk´
◦ pi,
H a´b´k´ =M
a´
a ◦ pi ·
[
δ
δxk
(Mab´ ◦ pi) +H
a
bk ·M
b
b´ ◦ pi
]
·
∂xk
∂xk´
◦ pi,
V i´j´ c´ =
∂xi´
∂xi
◦ pi · V ijc
∂xj
∂xj´
◦ pi ·M cc´ ◦ pi,
V a´b´c´ =M
a´
a ◦ pi · V
a
bc ·M
b
b´ ◦ pi ·M
c
c´ ◦ pi.
Example 5.4.1 If (E, pi,M) is a vector bundle endowed with the (ρ, η)-connection
(ρ, η) Γ, then the local real functions(
∂ (ρ, η) Γaγ
∂yb
,
∂ (ρ, η) Γaγ
∂yb
, 0, 0
)
are the components of a distinguished linear (ρ, η)-connection for ((ρ, η)TE, (ρ, η) τE , E) ,
which will by called the Berwald linear (ρ, η)-connection.
The Berwald linear (IdTM , IdM )-connection will be called the Berwald linear con-
nection.
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Theorem 5.4.2 If the generalized tangent bundle ((ρ,η)TE,(ρ,η)τE,E) is endowed with
a distinguished linear (ρ,η)-connection ((ρ, η)H, (ρ, η)V ), then, for any
X = Z˜αδ˜α + Y
a
·
∂˜a ∈ Γ((ρ, η)TE,(ρ,η)τE ,E)
and for any
T ∈ T prqs((ρ, η)TE,(ρ, η)τE ,E),
we obtain the formula:
(ρ, η)DX
(
T
α1...αpa1...ar
β1...βqb1...bs
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗
⊗dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs
)
=
= Z˜γT
α1...αpa1...ar
β1...βqb1...bs|γ
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs + Y cT
α1...αpa1...ar
β1...βqb1...bs
|c δ˜α1 ⊗ ...⊗
⊗δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs ,
where
T
α1...αpa1...ar
β1...βqb1...bs|γ
= Γ (ρ˜, IdE)
(
δ˜γ
)
T
α1...αpa1...ar
β1...βqb1...bs
+(ρ, η)Hα1αγT
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)H
αp
αγT
α1...αp−1αa1...ar
β1...βqb1...bs
− (ρ, η)Hββ1γT
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)HββqγT
α1...αpa1...ar
β1...βq−1βb1...bs
+(ρ, η)Ha1aγT
α1...αpaa2...ar
β1...βqb1...bs
+ ...+ (ρ, η)HaraγT
α1...αpa1...ar−1a
β1...βqb1...bs
− (ρ, η)Hbb1γT
α1...αpa1...ar
β1...βqbb2...bs
− ...− (ρ, η)HbbsγT
α1...αpa1...ar
β1...βqb1...bs−1b
and
T
α1...αpa1...ar
β1...βqb1...bs
|c= Γ (ρ˜, IdE)
( ·
∂˜c
)
T
α1...αpa1...ar
β1...βqb1...bs
+
+(ρ, η)V α1αc T
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)V
αp
αc T
α1...αp−1αa1...ar
β1...βqb1...bs
−
− (ρ, η)V ββ1cT
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)V ββqcT
α1...αpa1...ar
β1...βq−1βb1...bs
+
+(ρ, η)V a1ac T
α1...αpaa2...ar
β1...βqb1...bs
+ ...+ (ρ, η)V arac T
α1...αpa1...ar−1a
β1...βqb1...bs
−
− (ρ, η)V bb1cT
α1...αpa1...ar
β1...βqbb2...bs−
...− (ρ, η)V bbscT
α1...αpa1...ar
β1...βqb1...bs−1b
.
Definition 5.4.2 We assume that (E, pi,M) = (F, ν,N) .
If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M) and(
(ρ, η)Habc, (ρ, η) H˜
a
bc, (ρ, η)V
a
bc, (ρ, η) V˜
a
bc
)
are the components of a distinguished linear (ρ, η)-connection for the generalized tangent
bundle ((ρ, η)TE, (ρ, η) τE, E) such that
(ρ, η)Habc = (ρ, η) H˜
a
bc and (ρ, η)V
a
bc = (ρ, η) V˜
a
bc,
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then we will say that the generalized tangent bundle ((ρ,η)TE, (ρ,η)τE ,E) is endowed
with a normal distinguished linear (ρ, η)-connection on components ((ρ, η)Habc, (ρ, η)V
a
bc).
The components of a normal distinguished linear (IdTM , IdM )-connection (H,V )
will be denoted
(
H ijk, V
i
jk
)
.
5.5 The lift of accelerations for a differentiable curve
We consider the following diagram:
(5.5.1)
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) .
We admit that ((ρ, η)H, (ρ, η)V ) is a distinguished linear (ρ, η)-connection for the
vector bundle ((ρ, η)TE, (ρ, η) τE, E) .
Let g ∈Man (E,F ) be such that (g, h) is a Bv-morphism of (E, pi,M) source and
(F, ν,N) target.
Let
(5.5.2)
I
c˙
−−−→ E| Im(η◦h◦c)
t 7−→ ya (t) sa (η ◦ h ◦ c (t))
be the (g, h)-lift of differentiable curve I
c
−−−→ M.
Definition 5.5.1 The differentiable curve
(5.5.3)
I
c¨
−−−→ (ρ, η)TE| Im c˙
t 7−→ (gαa ◦ h ◦ c (t) · y
a (t))
∂
∂z˜α
(c˙ (t)) +
dya (t)
dt
∂
∂y˜a
(c˙ (t))
will be called the differentiable (g, h)-lift of accelerations of the differentiable curve c.
The section
(5.5.4)
Im (c˙)
u(c,c˙,c¨)
−−−−→ (ρ, η)TE| Im(c˙)
c˙ (t) 7−→
(
gαb ◦ h ◦ c (t) · y
b (t)
) ∂
∂z˜α
(c˙ (t)) +
dya (t)
dt
∂
∂y˜a
(c˙ (t))
will be called the canonical section associated to the triple (c, c˙, c¨) .
Remark 5.5.1 For any t ∈ I, we obtain:
(5.5.5)
u (c, c˙, c¨) (c˙ (t)) =
(
gαb ◦ h ◦ c (t) y
b (t)
) δ
δz˜α
(c˙ (t)) +
dya (t)
dt
∂
∂y˜a
(c˙ (t))
+ (ρ, η) Γaα ◦ u (c, c˙) ◦ η ◦ h ◦ c (t) ·
(
gαb ◦ h ◦ c (t) y
b (t)
) ∂
∂y˜a
(c˙ (t)) .
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We observe easily that u (c, c˙, c¨) (c˙ (t)) ∈ H (ρ, η)TE| Im(c˙) if and only if the compo-
nents functions
(
ya, a ∈ 1, n
)
are solutions for the differentiable equations
(5.5.6)
dua
dt
+ (ρ, η) Γaα ◦ u (c, c˙) ◦ η ◦ h ◦ c · (g
α
b ◦ h ◦ c) · u
b = 0, a ∈ 1, r.
Remark 5.5.2 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and (g, IdM ) is locally
invertible, then, using the (g, IdM )-lift
(5.5.7)
I
c˙
−−−→ TM
t 7−→ g˜ij
dcj (t)
dt
∂
∂xi
(c (t)) ,
the differentiable (g, IdM )-lift of accelerations for the differentiable curve c is
(5.5.8)
I
c¨
−−−→ (IdTM , IdM )TTM| Im(c˙)
t 7−→
dci (t)
dt
∂
∂z˜i
(c˙ (t)) + g˜ij (c (t))
dcj (t)
dt
∂
∂y˜i
(c˙ (t)) .
Definition 5.5.2 If the component functions(
(gαa ◦ h ◦ c) y
a, a ∈ 1, r
)
are solutions for the differentiable system of equations
(5.5.9)
dzα
dt
+ (ρ, η)Hαβγ ◦ u (c, c˙) ◦ η ◦ h ◦ c · z
β · zγ = 0, α ∈ 1, p,
then the differentiable curve c˙ will be called horizontal parallel with respect to the dis-
tinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
If the component functions
(
ya, a ∈ 1, n
)
are solutions for the differentiable system
of equations
(5.5.10)
dua
dt
+ (ρ, η)V abc ◦ u (c, c˙) ◦ η ◦ h ◦ c · u
b · uc = 0, a ∈ 1, r,
then the differentiable curve c˙ will be called vertical parallel with respect to the distin-
guished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Remark 5.5.3 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and (g, IdM ) is locally
invertible, then the (g, IdM )-lift of tangent vectors (5.5.7) is horizontal parallel with res-
pect to the distinguished linear connection (H,V ) if the component functions(
dci
dt
, i ∈ 1,m
)
are solutions for the differentiable system of equations
(5.5.12)
dzi
dt
+H ijk ◦ u (c, c˙) ◦ c · z
j · zk = 0, i ∈ 1,m.
Moreover, the (g, IdM )-lift of tangent vectors (5.5.7) is vertical parallel with respect to
the distinguished linear connection (H,V ) if the component functions(
g˜ij ◦ c ·
dcj (t)
dt
, i ∈ 1,m
)
are solutions for the differentiable system of equations
(5.5.13)
dui
dt
+ V ijk ◦ u (c, c˙) ◦ c · u
j · uk = 0, i ∈ 1,m.
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5.6 The (ρ, η, h)-torsion and the (ρ, η, h)-curvature of a distinguished
linear (ρ, η)-connection
We consider the following diagram:
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and ((F, ν,M) , [, ]F.h , (ρ, η)) ∈ |GLA| . Let (ρ, η) Γ be a (ρ, η)-
connection for the vector bundle (E, pi,M) and let ((ρ, η)H, (ρ, η)V ) be a distinguished
linear (ρ, η)-connection for the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) .
Definition 5.6.1 The application
Γ ((ρ, η)TE, (ρ, η) τE, E)
2 (ρ,η,h)T−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
(X,Y ) 7−→ (ρ, η)T (X,Y )
defined by
(5.6.1) (ρ, η, h)T (X,Y ) = (ρ, η)DXY − (ρ, η)DYX − [X,Y ](ρ,η)TE ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) , will be called the (ρ, η, h)-torsion associated
to distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
The applications
H (ρ, η, h)T (H (·) ,H (·)) , V (ρ, η, h)T (H (·) ,H (·)) , ...,V (ρ, η, h)T (V (·) ,V (·))
are called H (HH) , V (HH) , ...,V (VV) (ρ, η, h)-torsions associated to distinguished li-
near (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Proposition 5.6.1 The (ρ, η, h)-torsion (ρ, η, h)T associated to distinguished linear
(ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is R-bilinear and antisymmetric in the lower in-
dices.
Using the notations:
(5.6.2)
H (ρ, η, h)T
(
δ˜γ , δ˜β
)
= (ρ, η, h)Tαβγ δ˜α,
V (ρ, η, h)T
(
δ˜γ , δ˜β
)
= (ρ, η, h)Taβγ
·
∂˜a,
H (ρ, η, h)T
( ·
∂˜c, δ˜β
)
= (ρ, η, h) Pαβcδ˜α,
V (ρ, η, h)T
( ·
∂˜c, δ˜β
)
= (ρ, η, h)Paβc
·
∂˜a,
V (ρ, η, h)T
( ·
∂˜c,
·
∂˜b
)
= (ρ, η, h) Sabc
·
∂˜a.
we can easily prove the following
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Theorem 5.6.1 The (ρ, η, h)-torsion (ρ, η, h)T associated to the distinguished linear
(ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is characterized by the tensor fields with local com-
ponents:
(5.6.3)
(ρ, η, h)Tαβγ = (ρ, η)H
α
βγ − (ρ, η)H
α
γβ − L
α
βγ ◦ h ◦ pi,
(ρ, η, h)Taβγ = (ρ, η, h)R
a
βγ ,
(ρ, η, h)Pαβc = (ρ, η)V
α
βc,
(ρ, η, h)Paβc =
∂
∂yc
(
(ρ, η) Γaβ
)
− (ρ, η)Hacβ,
(ρ, η, h) Sabc = (ρ, η)V
a
bc − (ρ, η)V
a
cb.
In particular, when (ρ, η, h) = (IdTM , IdM , IdM ) , we regain the local components of
torsion associated to distinguished linear connection (H,V ):
(5.6.3′)
Tijk = H
i
jk −H
i
kj, T
a
jk = R
a
jk,
Pijc = V
i
jc, P
a
jc =
∂Γaj
∂yc
−Hacj,
Sabc = V
a
bc − V
a
cb.
Definition 5.6.2 The application
(Γ ((ρ, η)TE, (ρ, η) τE, E))
3 (ρ,η,h)R−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
((Y,Z) ,X) 7−→ (ρ, η, h)R (Y,Z) ,X
defined by:
(18.4)
(ρ, η, h)R (Y,Z)X = (ρ, η)DY ((ρ, η)DZX)
− (ρ, η)DZ ((ρ, η)DYX)− (ρ, η)D[Y,Z](ρ,η)TEX,
for any X,Y,Z ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) , will be called the (ρ, η, h)-curvature asso-
ciated to distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Proposition 5.6.2 The (ρ, η, h)-curvature (ρ, η, h)R associated to distinguished linear
(ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is R-linear in each argument and antisymmetric in
the first two arguments.
Using the notations:
(5.6.5)
(ρ, η, h)R
(
δ˜ε, δ˜γ
)
δ˜β = (ρ, η, h)R
α
β γεδ˜α,
(ρ, η, h)R
(
δ˜ε, δ˜γ
) ·
∂˜b = (ρ, η, h)R
a
b γε
·
∂˜a,
(ρ, η, h)R
( ·
∂˜c, δ˜γ
)
δ˜ε = (ρ, η, h)P
α
ε γcδ˜α,
(ρ, η, h)R
( ·
∂˜c, δ˜γ
) ·
∂˜b = (ρ, η, h)P
a
b γc
·
∂˜a,
(ρ, η, h)R
( ·
∂˜c,
·
∂˜b
)
δ˜β = (ρ, η, h) S
α
β bcδ˜α,
(ρ, η, h)R
( ·
∂˜d,
·
∂˜c
) ·
∂˜b = (ρ, η, h) S
α
b cd
·
∂˜a.
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we can easily prove the following
Theorem 5.6.2 The (ρ, η, h)-curvature (ρ, η, h)R associated to distinguished linear
(ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is characterized by the tensor fields with local com-
ponents:
(5.6.6)

(ρ, η, h)Rαβ γε =Γ(ρ˜, IdE)
(˜
δε
)
(ρ, η)Hαβγ−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)Hαβε
+(ρ, η)Hαθε(ρ, η)H
θ
βγ−(ρ, η)H
α
θγ(ρ, η)H
θ
βε
−(ρ, η, h)Rc γε(ρ, η)H
α
βc−L
θ
γε ◦ h ◦ pi(ρ, η)H
α
βθ,
(ρ, η, h)Rab γε =Γ(ρ˜, IdE)
(˜
δε
)
(ρ, η)Habγ−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)Habε
+(ρ, η)Hadε(ρ, η)H
d
bγ−(ρ, η)H
a
dγ(ρ, η)H
d
bε
−(ρ, η, h)Rc εγ(ρ, η)V
a
bc−L
θ
γε ◦ h ◦ pi(ρ, η)V
a
bθ,
(5.6.7)

(ρ, η, h)Pαε γc = Γ(ρ˜, IdE)(
·
∂˜c)(ρ, η)H
α
εγ−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)V αεc
=(ρ, η)V αθc(ρ, η)H
θ
εγ − (ρ, η)H
α
θγ(ρ, η)V
θ
εc
+
∂
∂yc
(
(ρ, η) Γdγ
)
(ρ, η)V αεd,
(ρ, η, h)Pab γc = Γ(ρ˜, IdE)
(·
∂˜c
)
(ρ, η)Habγ−
−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)V abc + (ρ, η)V
a
dc(ρ, η)H
d
bγ−
−(ρ, η)Hadγ(ρ, η)V
d
bc +
∂
∂yc
(
(
ρ, η)Γdγ
)
(ρ, η)V abd,
(5.6.8)

(ρ, η, h) Sαβ bc = Γ (ρ˜, IdE)
( ·
∂˜c
)
(ρ, η)V αβb
−Γ (ρ˜, IdE)
( ·
∂˜b
)
(ρ, η)V αβc + (ρ, η)V
α
θc (ρ, η)V
θ
βb
− (ρ, η)V αθb (ρ, η)V
θ
βc,
(ρ, η, h) Sab cd = Γ (ρ˜, IdE)
( ·
∂˜d
)
(ρ, η)V abc
−Γ (ρ˜, IdE)
( ·
∂˜c
)
(ρ, η)V abd + (ρ, η)V
a
ed (ρ, η)V
e
bc
− (ρ, η)V aec (ρ, η)V
e
bd.
In particular, when (ρ, η, h) = (IdTM , IdM , IdM ) , we see the local components of the
curvature associated to distinguished linear connection (H,V ) in the followings:
(5.6.6′)
Rij kl = δl
(
H ijk
)
− δk
(
H ijl
)
+H ihlH
h
jk −H
i
hkH
h
jl − R
c
klH
i
jc,
Rab kl = δl (H
a
bk)− δk (H
a
bl) +H
a
dlH
d
bk −H
a
dkH
d
bl − R
c
lkV
a
bc,
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(5.6.7′)
Pil kc =
∂
∂yc
(
H ilk
)
− δk
(
V ilc
)
+ V ihcH
h
lk −H
i
hkV
h
lc +
∂
∂yc
(
Γdk
)
V ild,
Pab kc =
∂
∂yc
(Habk)− δk (V
a
bc) + V
a
dcH
d
bk −H
a
dkV
d
bc +
∂
∂yc
(
Γdk
)
V abd,
(5.6.8′)
Sij bc =
∂
∂yc
(
V ijb
)
−
∂
∂yb
(
V ijc
)
+ V ihcV
h
jb − V
i
hbV
h
jc,
Sab cd =
∂
∂yd
(V abc)−
∂
∂yc
(V abd) + V
a
edV
e
bc − V
a
ecV
e
bd.
Definition 5.6.3 The tensor field
(5.6.9)
Ric ((ρ, η)H, (ρ, η)V ) =
= (ρ, η, h)R α βdz˜
α ⊗ dz˜β + (ρ, η, h) P α bdz˜
α ⊗ δy˜b
+(ρ, η, h)P a βδy˜
a ⊗ dz˜β + (ρ, η, h) S a bδy˜
a ⊗ δy˜b,
(5.6.10)
(ρ, η, h)R α β = (ρ, η, h)R
γ
α βγ (ρ, η, h)P α b = (ρ, η, h) P
β
α βb
(ρ, η, h)P a β = (ρ, η, h)P
c
a βc (ρ, η, h) S a b = (ρ, η, h) S
c
a cb
,
will be called the Ricci tensor field associated to distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ) .
This tensor field will be used to write the Einstein equations in Subsection 5.10.
5.7 Formulas of Ricci type. Identities of Cartan and Bianchi type
We consider the following diagram:
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and ((F, ν,M) , [, ]F.h , (ρ, η)) ∈ |GLA| . Let (ρ, η) Γ be a (ρ, η)-
connection for the vector bundle (E, pi,M) and let ((ρ, η)H, (ρ, η)V ) be a distinguished
linear (ρ, η)-connection for the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) .
Theorem 5.7.1 Using the definition of (ρ, η, h)-curvature associated to the distin-
guished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ), it results the following formulas:
(B1)

(ρ, η)DHX (ρ, η)DHYHZ − (ρ, η)DHY (ρ, η)DHXHZ
= (ρ, η, h)R (HX,HY )HZ + (ρ, η)DH[HX,HY ](ρ,η)TEHZ
+(ρ, η)DV [HX,HY ](ρ,η)TEHZ,
(ρ, η)DVX (ρ, η)DHYHZ − (ρ, η)DHY (ρ, η)DVXHZ
= (ρ, η, h)R (VX,HY )HZ + (ρ, η)DH[VX,HY ](ρ,η)TEHZ
+(ρ, η)DV [VX,HY ](ρ,η)TEHZ,
(ρ, η)DVX (ρ, η)DVYHZ − (ρ, η)DVY (ρ, η)DVXHZ
= (ρ, η, h)R (VX,VY )HZ + (ρ, η)DV [VX,VY ](ρ,η)TEHZ,
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and
(B2)

(ρ, η)DHX (ρ, η)DHY VZ − (ρ, η)DHY (ρ, η)DHXVZ
= (ρ, η, h)R (HX,HY )VZ + (ρ, η)DH[HX,HY ](ρ,η)TEVZ
+(ρ, η)DV [HX,HY ](ρ,η)TEVZ,
(ρ, η)DVX (ρ, η)DHY VZ − (ρ, η)DHY (ρ, η)DVXVZ
= (ρ, η, h)R (VX,HY )VZ + (ρ, η)Dh[VX,HY ](ρ,η)TEVZ
+(ρ, η)DV [VX,HY ](ρ,η)TEVZ,
(ρ, η)DVX (ρ, η)DVY VZ − (ρ, η)DVY (ρ, η)DVXVZ
= (ρ, η, h)R (VX,VY )VZ + (ρ, η)DV [VX,VY ](ρ,η)TEVZ.
Using the previous theorem, the horizontal and vertical sections of adapted base and
an arbitrary section
Zα
∂
∂z˜α
+ Y a
∂
∂y˜a
∈ Γ ((ρ, η)TE, (ρ, η) τE, E) ,
we propose the following
Theorem 5.7.2 We obtain the following formulas of Ricci type:
(R1)

Z˜α |γ|β − Z˜
α
|β|γ = (ρ, η, h)R
α
θ γβZ˜
θ +
(
Lθβγ ◦ h ◦ pi
)
Z˜α |θ
+(ρ, η, h)TaβγZ˜
α|a + (ρ, η, h)TθβγZ˜
α
|θ,
Z˜α |γ |b − Z˜
α|b|γ = (ρ, η, h)P
α
θ γbZ˜
θ − (ρ, η, h) PaγbZ˜
α|a
− (ρ, η)HabγZ˜
α|a,
Z˜α|c|b − Z˜α|b|c = (ρ, η, h) Sαθ cbZ˜
θ + (ρ, η, h) SabcZ˜
α|a,
and
(R2)

Y a|γ|β − Y
a
|β|γ = (ρ, η, h)R
a
c γβY
c +
(
Lθβγ ◦ h ◦ pi
)
Y c |θ
+(ρ, η)TbβγY
a|b + (ρ, η, h)T
θ
βγY
a
|θ,
Y a|γ |b − Y
a|b|γ = (ρ, η, h)P
a
θ γbY
θ − (ρ, η, h)PcγbY
a|c
− (ρ, η)HcbγY
a|c,
Y a|c|b − Y
a|b|c = (ρ, η, h) S
a
d cbY
d + (ρ, η, h) SdbcY
a|d.
In particular, if (ρ, η, h) = (IdTM , IdM , idM ) and the Lie bracket [, ]TM is the usual Lie
bracket, then the formulas of Ricci type (R1) and (R2) become:
(R1)
′

Z˜i
|k|j
− Z˜i
|j|k
= Rih kjZ˜
h + TajkZ˜
i|a + ThjkZ˜
i
|h,
Z˜i
|k|b
− Z˜i|b|k = P
i
h kbZ˜
h − PakbZ˜
i|a −HabkZ˜
i|a,
Z˜i|c|b − Z˜
i
|b|c = S
i
h cbZ˜
h + SabcZ˜
i|a,
and
(R2)
′

Y a
|k|j
− Y a
|j|k
= Rac kjY
c + TbjkY
a|b + T
h
jkY
a
|h,
Y a
|k|b
− Y a|b|k = P
a
h kbY
h − PckbY
a|c −HcbkY
a|c,
Y a|c|b − Y
a
|b|c = S
a
d cbY
d + SdbcY
a|d.
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Using the 1-forms associated to distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V )
(5.7.1)
(ρ, η)ωαβ = (ρ, η)H
α
βγdz˜
γ + (ρ, η)V αβcδy˜
c,
(ρ, η)ωab = (ρ, η)H
a
bγdz˜
γ + (ρ, η)V abcδy˜
c,
the torsion 2-forms
(5.7.2)

(ρ, η, h)Tα =
1
2
(ρ, η, h)Tαβγdz˜
β ∧ dz˜γ + (ρ, η, h) Pαβcdz˜
β ∧ δy˜c,
(ρ, η, h)Ta =
1
2
(ρ, η, h)Taβγdz˜
β ∧ dz˜γ + (ρ, η, h) Paβcdz˜
β ∧ δy˜c
+
1
2
(ρ, η, h) Sabcδy˜
b ∧ δy˜c
and the curvature 2-forms
(5.7.3)

(ρ, η, h)Rαβ =
1
2
(ρ, η, h)Rαβ γθdz˜
γ ∧ dz˜θ + (ρ, η, h)Pαβ γcdz˜
γ ∧ δy˜c
+
1
2
(ρ, η, h) Sαβ cdδy˜
c ∧ δy˜d,
(ρ, η, h)Rab =
1
2
(ρ, η, h)Rab γθdz˜
γ ∧ dz˜θ + (ρ, η, h)Pab γcdz˜
γ ∧ δy˜c
+
1
2
(ρ, η, h) Sab cdδy˜
c ∧ δy˜d,
we obtain the following
Theorem 5.7.3 We obtain the following identities of Cartan type:
(C1)
(ρ, η, h)Tα = d(ρ,η)TE (dz˜α) + (ρ, η)ωαβ ∧ dz˜
β ,
(ρ, η, h)Ta = d(ρ,η)TE (δy˜a) + (ρ, η)ωab ∧ δy˜
b,
(C2)
(ρ, η, h)Rαβ = d
(ρ,η)TE
(
(ρ, η)ωαβ
)
+ (ρ, η)ωαγ ∧ (ρ, η)ω
γ
β,
(ρ, η, h)Rab = d
(ρ,η)TE ((ρ, η)ωab ) + (ρ, η)ω
a
c ∧ (ρ, η)ω
c
b.
In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and the Lie bracket [, ]TM is the usual Lie
bracket, then the identities of Cartan type (C1) and (C2) become:
(C1)′
Ti = d(IdTE ,IdE)TE
(
dz˜i
)
+ ωij ∧ dz˜
j ,
Ta = d(IdTE ,IdE)TE (δy˜a) + ωab ∧ δy˜
b,
and
(C2)′
Rij = d
(IdTE ,IdE)TE
(
ωij
)
+ ωik ∧ ω
k
j ,
Rab = d
(IdTE ,IdE)TE (ωab ) + ω
a
c ∧ ω
c
b.
Remark 5.7.1 For any X,Y,Z ∈ Γ ((ρ, η)TE, (ρ, η) τE, E), the following identities
(5.7.4)
V (ρ, η, h)R (X,Y )HZ = 0,
H (ρ, η, h)R (X,Y )VZ = 0,
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(5.7.5)
VDX ((ρ, η, h)R (Y,Z)HU) = 0,
HDX ((ρ, η, h)R (Y,Z)VU) = 0,
and
(5.7.6) (ρ, η, h)R (X,Y )Z = H (ρ, η, h)R (X,Y )HZ + V (ρ, η, h)R (X,Y )VZ.
hold. Using the formulas of Bianchi type from Theorem 4.2.3 and Remark 5.7.1, we
obtain the following
Theorem 5.7.4 The identities of Bianchi type:
(B1)

∑
cyclic(X,Y,Z)
{H (ρ, η)DX ((ρ, η, h)T (Y,Z))−H (ρ, η, h)R (X,Y )Z
+H (ρ, η, h)T (H (ρ, η, h)T (X,Y ) , Z)
+H (ρ, η, h)T (V (ρ, η, h)T (X,Y ) , Z)} = 0,∑
cyclic(X,Y,Z)
{V (ρ, η)DX ((ρ, η, h)T (Y,Z))− V (ρ, η, h)R (X,Y )Z
+V (ρ, η, h)T (H (ρ, η, h)T (X,Y ) , Z)
+V (ρ, η, h)T (V (ρ, η, h)T (X,Y ) , Z)} = 0.
and
(B2)

∑
cyclic(X,Y,Z,U)
{H (ρ, η)DX ((ρ, η, h)R (Y,Z)U)
−H (ρ, η, h)R (H (ρ, η, h)T (X,Y ) , Z)U
−H (ρ, η, h)R (V (ρ, η, h)T (X,Y ) , Z)U} = 0,∑
cyclic(X,Y,Z,U)
{V (ρ, η)DX ((ρ, η, h)R (Y,Z)U)
−V (ρ, η, h)R (H (ρ, η, h)T (X,Y ) , Z)U
−V (ρ, η, h)R (V (ρ, η, h)T (X,Y ) , Z)U} = 0,
hold good for any X,Y,Z ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.7.1 Using the following sections (δθ, δγ , δβ), the identities (B1) become:
(B1)′

∑
cyclic(β,γ,θ)
{
(ρ, η, h)Tα βγ|θ − (ρ, η, h)R
α
β γθ
+(ρ, η, h)Tλγθ (ρ, η, h)T
α
βγ + (ρ, η, h)T
a
γθ (ρ, η, h)T
α
βa
}
= 0,
∑
cyclic(β,γ,θ)
{
(ρ, η, h)Ta βγ|θ + (ρ, η, h)T
α
γθ (ρ, η, h)P
a
βα
+(ρ, η, h)Pbγθ (ρ, η, h) P
a
bβ
}
= 0,
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and using the following sections (δλ, δθ, δγ , δβ), the identities (B2) become:
(B2)′

∑
cyclic(β,γ,θ,λ)
{
(ρ, η, h)Rα β γθ|λ − (ρ, η, h)T
µ
θλ (ρ, η, h)R
α
β γµ
− (ρ, η, h)Taθλ (ρ, η, h)P
α
β γa
}
= 0,
∑
cyclic(β,γ,θ,λ)
{
(ρ, η, h)Ra b γθ|λ − (ρ, η, h)T
µ
θλ (ρ, η, h)R
a
β γµ
− (ρ, η, h)Taθλ (ρ, η, h)P
α
β γa
}
= 0.
Using another base of sections, we shall obtain new identities of Bianchi type nec-
essary in the applications.
5.8 The (ρ, η)-(pseudo)metrizability
We consider the following diagram:
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, η)
)
∈ |GLA| . Let (ρ, η) Γ be a (ρ, η)-
connection for the vector bundle (E, pi,M) and let ((ρ, η)H, (ρ, η)V ) be a distinguished
linear (ρ, η)-connection for the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) .
Definition 5.8.1 A tensor d-field
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b ∈ DT 0022 ((ρ, η)TE, (ρ, η) τE, E)
will be called pseudometrical structure if its components are symmetric and the matrices
‖gαβ (ux)‖and ‖gab (ux)‖ are nondegenerate, for any point ux ∈ E.
Moreover, if the matrices ‖gαβ (ux)‖ and ‖gab (ux)‖ has constant signature, then the
tensor d-field G will be called metrical structure.
Let
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
be a (pseudo)metrical structure. If α, β ∈ 1, p and a, b ∈ 1, r, then for any vector local
(m+ r)-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, we consider the real functions
pi−1 (U)
g˜βα
−−−−−−→ R
and
pi−1 (U)
g˜ba
−−−−−−→ R
such that ∥∥g˜βα (ux)∥∥ = ‖gαβ (ux)‖−1 , ∀ux ∈ pi−1 (U) \ {0x}
117
and ∥∥g˜ba (ux)∥∥ = ‖gab (ux)‖−1 , ∀ux ∈ pi−1 (U) \ {0x}
respectively.
Definition 5.8.2 We will say that the (pseudo)metrical structure
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
is Riemannian (pseudo)metrical structure if around each point x ∈ M it exists a
local vector m + r-chart (U, sU ) and a local m-chart (U, ξU ) such that gαβ ◦ s
−1
U ◦(
ξ−1U × IdRm
)
(x, y) and gab ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on x, for any
ux ∈ pi−1 (U) .
If only the condition is verified:
”gαβ ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on x, for any ux ∈ pi−1 (U)” respec-
tively ”gab ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on x, for any ux ∈ pi−1 (U)”, then
we will say that the (pseudo)metrical structure G is a Riemannian H-(pseudo)metrical
structure respectively a Riemannian V-(pseudo)metrical structure.
Definition 5.8.3 We will say that the (pseudo)metrical structure
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
is a locally Minkowski structure if around each point x ∈ M there exists a local vector
m+ r-chart (U, sU ) and a local m-chart (U, ξU ) such that gαβ ◦s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y)
and gab ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on y, for any ux ∈ pi−1 (U) .
If only the condition is verified:
”gαβ◦s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on y, for any ux ∈ pi−1 (U)” respectively
”gab ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on y, for any ux ∈ pi−1 (U)”, then we
will say that the (pseudo)metrical structure G is a (pseudo)metrical structure H-locally
Minkowski and V-locally Minkowski, respectively.
Definition 5.8.4 The generalized tangent bundle ((ρ, η)TE, (ρ, η)τE , E) will be called
(ρ, η)-(pseudo)metrizable if there exists a (pseudo)metrical structure
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
and a distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V )
such that
(5.8.1) (ρ, η)DX˜G = 0, ∀X˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Condition (5.8.1) is equivalent with the following equalities:
(5.8.2) gαβ|γ = 0, gab|γ = 0, gαβ |c= 0 , gab |c= 0.
If gαβ|γ=0 and gab|γ=0, then we will say that the vector bundle ((ρ, η)TE, (ρ, η)τE, E)
is H-(ρ, η)-(pseudo)metrizable.
If gαβ|c=0 and gab|c=0, then we will say that the vector bundle ((ρ, η)TE, (ρ, η)τE , E)
is V-(ρ, η)-(pseudo)metrizable.
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Theorem 5.8.1 If
(
(ρ, η)
0
H, (ρ, η)
0
V
)
is a distinguished linear (ρ, η)-connection for the
generalized tangent bundle ((ρ, η)TE, (ρ, η) τE, E) and G = gαβdz˜
α⊗dz˜β+gabδy˜
a⊗δy˜b
is a (pseudo)metrical structure, then the following real local functions:
(5.8.3)
(ρ, η)Hαβγ =
1
2
g˜αε
(
Γ (ρ˜, IdE)
(
δ˜γ
)
gεβ
+Γ (ρ˜, IdE)
(
δ˜β
)
gεγ − Γ (ρ˜, IdE)
(
δ˜ε
)
gβγ
+gθεL
θ
γβ ◦ h ◦ pi − gβθL
θ
γε ◦ h ◦ pi − gθγL
θ
βε ◦ h ◦ pi
)
,
(ρ, η)Habγ = (ρ, η)
0
H
a
bγ +
1
2
g˜acg
bc
0
|γ
,
(ρ, η)V αβc = (ρ, η)
0
V
α
βc +
1
2
g˜αεg
βε
0
|c
,
(ρ, η)V abc =
1
2
g˜ae
(
Γ (ρ˜, IdE)
( ·
∂˜c
)
geb
+Γ (ρ˜, IdE)
( ·
∂˜b
)
gec − Γ (ρ˜, IdE)
( ·
∂˜e
)
gbc
)
are components of a distinguished linear (ρ, η)-connection such that the generalized tan-
gent bundle ((ρ, η)TE, (ρ, η) τE , E) becomes (ρ, η)-(pseudo)metrizable.
Corollary 5.8.1 If the distinguished linear (ρ, η)-connection
(
(ρ, η)
0
H, (ρ, η)
0
V
)
coin-
cides with the Berwald linear (ρ, η)-connection, then the local real functions:
(5.8.4)
(ρ, η)
c
H
α
βγ =
1
2
g˜αε
(
Γ (ρ˜, IdE)
(
δ˜γ
)
gεβ + Γ (ρ˜, IdE)
(
δ˜β
)
gεγ
−Γ (ρ˜, IdE)
(
δ˜ε
)
gβγ + gθεL
θ
γβ ◦ h ◦ pi
−gβθL
θ
γε ◦ h ◦ pi − gθγL
θ
βε ◦ h ◦ pi
)
,
(ρ, η)
c
H
a
bγ =
∂ (ρ, η) Γaγ
∂yb
+
1
2
g˜acg
bc
0
|γ
,
(ρ, η)
c
V
α
βc =
1
2
g˜αε
∂gβε
∂yc
,
(ρ, η)
c
V
a
bc =
1
2
g˜ae
(
∂geβ
∂yc
+
∂gec
∂yb
−
∂gbc
∂ye
)
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E) becomes (ρ, η)-(pseudo)metrizable.
Moreover, if the (pseudo)metrical structure G is H- and V-Riemannian, then the
local real functions:
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(5.8.5)
(ρ, η)
c
H
α
βγ=
1
2
g˜αε
(
ρkγ◦h◦pi
∂gεβ
∂xk
+ ρjβ◦h◦pi
∂gεγ
∂xj
− ρeε◦h◦pi
∂gβγ
∂xe
+
+gθεL
θ
γβ◦h◦pi − gβθL
θ
γε◦h◦pi − gθγL
θ
βε◦h◦pi
)
,
(ρ, η)
c
H
a
bγ=
∂ (ρ, η) Γaγ
∂yb
+
1
2
g˜ac
(
ρiγ◦h◦pi
∂gbc
∂xi
−
∂ρΓeγ
∂yb
gec −
∂ρΓeγ
∂yc
geb
)
,
(ρ, η)
c
V
α
βc = 0, (ρ, η)
c
V
a
bc = 0
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E) becomes (ρ, η)-(pseudo)metrizable.
Theorem 5.8.2 Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) . Let(
(ρ, η)
0
H, (ρ, η)
0
V
)
be a distinguished linear (ρ, η)-connection for ((ρ, η)TE, (ρ, η) τE, E) and let
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
be a (pseudo)metrical structure.
Let
(5.8.6)
Oαεβγ =
1
2
(
δαβδ
ε
γ − gβγ g˜
αε
)
, O∗αεβγ =
1
2
(
δαβδ
ε
γ + gβγ g˜
αε
)
,
Oaebc =
1
2
(δabδ
e
c − gbcg˜
ae) , O∗aebc =
1
2
(δabδ
e
c + gbcg˜
ae) ,
be the Obata operators.
If the real local functions Xαβγ ,X
α
βc, Y
a
bγ , Y
a
bc are components of tensor fields, then the
local real functions are given in the following:
(5.8.7)
(ρ, η)Hαβγ = (ρ, η)
c
Hαβγ +O
αε
γηX
η
εβ,
(ρ, η)Habγ = (ρ, η)
c
Habγ +O
ae
bdY
d
eγ ,
(ρ, η)V αβc = (ρ, η)
c
V αβc +O
∗αε
βη X
η
εc,
(ρ, η)V abc = (ρ, η)
c
V abc +O
∗ae
bd Y
d
ec,
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E) becomes (ρ, η)-(pseudo)metrizable.
Theorem 5.8.3 Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) .
If (
(ρ, η)
0
H, (ρ, η)
0
V
)
is a distinguished linear (ρ, η)-connection for the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
and
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
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is a (pseudo)metrical structure, then the real local functions:
(5.8.8)
(ρ, η)Hαβγ = (ρ, η)
0
Hαβγ +
1
2
g˜αεg
εβ
0
|γ
,
(ρ, η)Habγ = (ρ, η)
0
Habγ +
1
2
g˜aeg
eb
0
|γ
,
(ρ, η)V αβc = (ρ, η)
0
V αβc +
1
2
g˜αεgεβ
0
|c,
(ρ, η)V abc = (ρ, η)
0
V abc +
1
2
g˜aegeb
0
|c
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E) becomes (ρ, η)-(pseudo)metrizable.
5.9 Generalized Lagrange (ρ, η)-spaces, Lagrange (ρ, η)-spaces
and Finsler (ρ, η)-spaces
We consider the following diagram:
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
such that (E, pi,M) = (F, ν,N) and the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
is (ρ, η)-(pseudo)metrizable.
Definition 5.9.1 A smooth Lagrange fundamental function on the vector bundle
(E, pi,M) is a mapping
E
L
−−−→ R
which satisfies the following conditions:
1. L ◦ u ∈ C∞ (M), for any u ∈ Γ (E, pi,M) \ {0};
2. L ◦ 0 ∈ C0 (M), where 0 means the null section of (E, pi,M) .
Let L be a Lagrangian defined on the total space of the vector bundle (E, pi,M) .
If (U, sU ) is a local vector (m+ r)-chart for (E, pi,M), then we obtain the following
real functions defined on pi−1 (U):
(5.9.1)
Li
put
=
∂L
∂xi
put
=
∂
∂xi
(L) Lib
put
=
∂2L
∂xi∂yb
put
=
∂
∂xi
(
∂
∂yb
(L)
)
La
put
=
∂L
∂ya
put
=
∂
∂ya
(L) Lab
put
=
∂2L
∂ya∂yb
put
=
∂
∂ya
(
∂
∂yb
(L)
)
.
Definition 5.9.2 If for any local vector m+ r-chart (U, sU ) of (E, pi,M) , we have:
(5.9.2) rank ‖Lab (ux)‖ = r,
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for any ux ∈ pi−1 (U) \ {0x}, then we will say that the Lagrangian L is regular.
Proposition 5.9.1 If the Lagrangian L is regular, then for any local vector m+r-chart
(U, sU ) of (E, pi,M) , we obtain the real functions L˜
ab locally defined by
(5.9.3)
pi−1 (U)
Lab
−−−−−→ R
ux 7−→ L˜ab (ux)
,
where
∥∥∥L˜ab (ux)∥∥∥ = ‖Lab (ux)‖−1, for any ux ∈ pi−1 (U) \ {0x} .
Definition 5.9.3 A smooth Finsler fundamental function on the vector bundle (E, pi,M)
is a mapping
E
F
−−−→ R+
which satisfies the following conditions:
1. F ◦ u ∈ C∞ (M), for any u ∈ Γ (E, pi,M) \ {0};
2. F ◦ 0 ∈ C0 (M), where 0 means the null section of (E, pi,M);
3. F is positively 1-homogenous on the fibres of vector bundle (E, pi,M) ;
4. For any local vector m+ r-chart (U, sU ) of (E, pi,M) , the hessian:
(5.9.4)
∥∥F 2ab (ux)∥∥
is positively define for any ux ∈ pi−1 (U) \ {0x}.
Definition 5.9.4 If the (pseudo)metrical structureG is determined by a (pseudo)metrical
structure
g ∈ T 02 (V (ρ, η)TE, (ρ, η) , τE , E) ,
then the (ρ, η)-(pseudo)metrizable vector bundle
((ρ, η)TE, (ρ, η) τE, E)
will be called the generalized Lagrange (ρ, η)-space.
In particular, if the (pseudo)metrical structure g is determined with the help of
a Lagrange fundamental function or Finsler fundamental function, then the (ρ, η)-
(pseudo)metrizable vector bundle
((ρ, η)TE, (ρ, η) τE, E)
will be called the Lagrange (ρ, η)-space or the Finsler (ρ, η)-space, respectively.
The generalized Lagrange (IdTM , IdM )-space, the Lagrange (IdTM , IdM )-space, and
the Finsler (IdTM , IdM )-space will be called the generalized Lagrange space, Lagrange
space, Finsler space.
Definition 5.9.5 The normal distinguished linear (ρ, η)-connections of a Lagrange or
Finsler (ρ, η)-space will be called Lagrange or Finsler linear (ρ, η)-connections.
The Lagrange and Finsler linear (IdTM , IdM )-connections will be called Lagrange
and Finsler linear connections, respectively.
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Theorem 5.9.1 If the (pseudo)metrical structure G is determined by a (pseudo)metrical
structure
g ∈ T 02 (V (ρ, η)TE, (ρ, η) , τE , E) ,
then, the real local functions:
(5.9.5)
(ρ, η)Habc =
1
2
g˜ae (Γ (ρ˜, IdE) (δb) gec + Γ (ρ˜, IdE) (δc) gbe − Γ (ρ˜, IdE) (δe) gbc
− gcdL
d
be◦ (h◦pi) +gbdL
d
ec◦ (h◦pi)− gedL
d
bc◦ (h◦pi)
)
,
(ρ, η)V abc =
1
2
g˜ae
(
Γ (ρ˜, IdE)
( ·
∂˜c
)
geb
+Γ (ρ˜, IdE)
( ·
∂˜b
)
gec − Γ (ρ˜, IdE)
( ·
∂˜e
)
gbc
)
are the components of a normal distinguished linear (ρ, η)-connection with (ρ, η)-H (HH)
and (ρ, η)-V (VV) torsions free such that the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E) derives generalized Lagrange (ρ, η)-space.
This normal distinguished linear (ρ, η)-connection will be called generalized linear
(ρ, η)-connection of Levi-Civita type.
If the (pseudo)metrical structure g is determined with the help of a Lagrange and
Finsler fundamental function, then the Lagrange and Finsler linear (ρ, η)-connections
will be called canonical Lagrange and Finsler linear (ρ, η)-connection, respectively.
The canonical Lagrange and Finsler linear (IdTM , IdM )-connection will be called
the canonical Lagrange and Finsler linear connection respectively.
Theorem 5.9.2 Let ((ρ, η)H, (ρ, η)V ) be the normal distinguished linear (ρ, η)-connec-
tion presented in the previous theorem.
If
Tabcδ˜a ⊗ dz˜
b ⊗ dz˜c ∈ T 1020 ((ρ, η)TE, (ρ, η) τE , E)
and
Sabc
·
∂˜a ⊗ δy˜
b ⊗ δy˜c ∈ T 0102 ((ρ, η)TE, (ρ, η) τE , E)
such that they satisfy the conditions:
Tabc = −T
a
cb, S
a
bc = −S
a
cb, ∀b, c ∈ 1, n,
then the following real local functions:
(5.9.6)
(ρ, η) H˜abc = (ρ, η)H
a
bc +
1
2
g˜ae
(
gedT
d
bc − gbdT
d
ec + gcdT
d
be
)
,
(ρ, η) V˜ abc = (ρ, η)V
a
bc +
1
2
g˜ae
(
gedS
d
bc − gbdS
d
ec + gcdS
d
be
)
are the components of a normal distinguished linear (ρ, η)-connection with (ρ, η)-H (HH)
and (ρ, η)-V (VV) torsions a priori given such that the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E) derives generalized Lagrange (ρ, η)-space.
Moreover, we obtain:
(5.9.87
Tabc = (ρ, η)H
a
bc − (ρ, η)H
a
cb − L
a
bc ◦ h ◦ pi,
Sabc = (ρ, η)V
a
bc − (ρ, η)V
a
cb.
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5.10 Einstein equations
We shall consider a metric structure
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
and a distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) compatible with the struc-
ture metric G having H (HH) and V (VV)-torsions prescribed.
Definition 5.10.1 If (ρ, η, h)R α β and (ρ, η, h) S a b are the components of tensor Ricci
associated to distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ) ,
then the scalar
(5.10.1) (ρ, η, h)R =(ρ, η, h)R α β g˜
αβ + (ρ, η, h) S a bg˜
ab
will be called the scalar of curvature of distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ).
Definition 5.10.2 The tensor field
(5.10.2)
(ρ, η, h)T = (ρ, η, h)T α βdz˜
α ⊗ dz˜β + (ρ, η, h)T α bdz˜
α ⊗ δy˜b
+(ρ, η, h)T a βδy˜
a ⊗ dz˜α + (ρ, η, h)T a bδy˜
a ⊗ δy˜b
such that its components verify the following conditions:
(5.10.3)
κ (ρ, η, h)T α β = (ρ, η, h)R α β −
1
2
(ρ, η, h)R·gαβ,
−κ (ρ, η, h)T α b = (ρ, η, h)P α b,
κ (ρ, η, h)T a β = (ρ, η, h)P a β,
κ (ρ, η, h)T a b = (ρ, η, h) S a b −
1
2
(ρ, η, h)R·gab,
where κ is a constant, will be called the energy-momentum tensor field associated to
distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) and metrical structure G.
The equations (5.10.3) will be called the Einstein equations associated to distin-
guished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) and metrical structure G.
Formally, the Einstein equations will be written
(5.10.3′) Ric ((ρ, η)H, (ρ, η)V )−
1
2
(ρ, η, h)R·G = κ · (ρ, η, h)T.
5.11 Mechanical systems
Using the diagram:
(5.11.1)
E
pi

(
E, [, ]E,h , (ρ, η)
)
pi

M
h
//M
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where
(
(E, pi,M) , [, ]E,h , (ρ, η)
)
is a generalized Lie algebroid, we build the generalized
tangent bundle
(((ρ, η)TE, (ρ, η)τE , E), [, ](ρ,η)TE , (ρ˜, IdE)).
Definition 5.11.1 A triple
(5.11.2) ((E, pi,M) , Fe, (ρ, η) Γ) ,
where
(5.11.3) Fe = F
a ∂
∂y˜a
∈ Γ (V (ρ, η)TE, (ρ, η) τE , E)
is an external force and (ρ, η) Γ is a (ρ, η)-connection, will be called the mechanical
(ρ, η)-system.
A mechanical (ρ, η)-system
((E, pi,M) , Fe, (ρ, η) Γ)
endowed with a (pseudo)metrical structureG determined with the help of a (pseudo)metrical
structure
g = gabdy˜
a ⊗ dy˜b ∈ T 0002 ((ρ, η)TE, (ρ, η) τE, E)
will be denoted
(5.11.4) ((E, pi,M) , Fe, (ρ, η) Γ, G) .
and will be called generalized Lagrange mechanical (ρ, η)-system.
Any mechanical (IdTM , IdM )-system and any generalized Lagrange mechanical
(IdTM , IdM )-system will be called mechanical system and generalized Lagrange me-
chanical system, respectively.
Definition 5.11.2 If L (respectively F ) is a smooth Lagrange (respectively Finsler
function), then we put the triples
((E, pi,M) , Fe, L) ( respectively (E,Fe, F ))
where Fe = F
a ∂
∂y˜a
∈ Γ (V (ρ, η)TE, (ρ, η) τE , E) is an external force. These are called
Lagrange mechanical (ρ, η)-system (Finsler mechanical (ρ, η)-system, respectively).
Any Lagrange mechanical (IdTM , IdM )-system and any Finsler mechanical
(IdTM , IdM )-system will be called Lagrange mechanical system and Finsler mechanical
system, respectively.
5.11.1 (ρ, η)-semisprays and (ρ, η)-sprays for mechanical (ρ, η)-systems
Let ((E, pi,M) , Fe, (ρ, η)Γ) be an arbitrary mechanical (ρ, η)-system.
Definition 5.11.1.1 The vertical section
(5.11.1.1) C=ya
·
∂˜a,
will be called the Liouville section.
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Definition 5.11.1.2 The section S ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) will be called (ρ, η)-
semispray if there exists an almost tangent structure e such that
(5.11.1.2) e (S) = C.
Let g ∈ Man (E,E) be such that (g, h) is a locally invertible Bv-morphism of
(E, pi,M) source and (E, pi,M) target.
Theorem 5.11.1.1 The section
(5.11.1.3) S = (gab ◦ h ◦ pi) y
b ∂
∂z˜a
− 2
(
Ga −
1
4
F a
)
∂
∂y˜a
is a (ρ, η)-semispray such that the real local functions Ga, a ∈ 1, n, satisfy the following
conditions
(5.11.1.4)
(ρ, η) Γac = g˜
e
c ◦ h ◦ pi
∂
(
Ga − 14F
a
)
∂ye
−
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi, a, b ∈ 1, r.
In addition, we remark that the local real functions
(5.11.1.5)
(ρ, η) Γ˚ac
put
= g˜ec◦h◦pi
∂Ga
∂ye
−12
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi, a, b∈1, r
are the components of a (ρ, η)-connection (ρ, η) Γ˚ for the vector bundle (E, pi,M) .
The (ρ, η)-semispray S will be called the canonical (ρ, η)-semispray associated to me-
chanical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism
(g, h) .
Proof. We consider the Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE, E)
P
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
X 7−→ J(g,h) [S,X](ρ,η)TE −
[
S,J(g,h)X
]
(ρ,η)TE
.
Let X = Z˜a∂˜a + Y
a
·
∂˜a be an arbitrary section. Since
[S,X](ρ,η)TE =
[
(gae ◦ h ◦ pi · y
e) ∂˜a, Z˜
b∂˜b
]
(ρ,η)TE
+
[
(gae ◦ h ◦ pi · y
e) ∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z˜
b∂˜b
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
and [
(gae ◦ h ◦ pi · y
e) ∂˜a, Z˜
b∂˜b
]
(ρ,η)TE
= (gae ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂Z˜c
∂xi
∂˜c
−Z˜bρjb ◦ h ◦ pi
∂ (gce ◦ h ◦ pi · y
e)
∂xj
∂˜c
+(gae ◦ h ◦ pi · y
e) Z˜bLcab∂˜c,
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[
(gae ◦ h ◦ pi · y
e) ∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
= (gae ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂Y c
∂xi
·
∂˜c
−Y b
∂ (gce ◦ h ◦ pi · y
e)
∂yb
∂˜c,[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z˜
b∂˜b
]
(ρ,η)TE
= 2
(
Ga −
1
4
F a
)
∂Z˜c
∂ya
∂˜c
−2Z˜bρjb ◦ h ◦ pi
∂
(
Gc − 14F
c
)
∂xj
·
∂˜c,
[
2
(
Ga − 14F
a
) ·
∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
= 2
(
Ga − 14F
a
)
∂Y c
∂ya
·
∂˜c − 2Y b
∂
(
Gc −
1
4
F c
)
∂yb
·
∂˜c,
it results that
(P1)
J(g,h) [S,X](ρ,η)TE = (g
a
e ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂Z˜c
∂xi
· g˜dc ◦ h ◦ pi
·
∂˜d
−Z˜bρjb ◦ h ◦ pi
∂ (gce ◦ h ◦ pi · y
e)
∂xj
· g˜dc ◦ h ◦ pi
·
∂˜d
+(gae ◦ h ◦ pi · y
e) Z˜bLcab · g˜
d
c ◦ h ◦ pi
·
∂˜d
−Y b
∂ (gce ◦ h ◦ pi · y
e)
∂yb
· g˜dc ◦ h ◦ pi
·
∂˜d
−2
(
Ga −
1
4
F a
)
∂Z˜c
∂ya
· g˜dc ◦ h ◦ pi
·
∂˜d.
Since [
S,J(g,h)X
]
(ρ,η)TE
=
[
(gae ◦ h ◦ pi · y
e) ∂˜a, g˜
c
b ◦ h ◦ piZ˜
b
·
∂˜c
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, g˜
c
b ◦ h ◦ piZ˜
b
·
∂˜c
]
(ρ,η)TE
and[
(gae ◦ h ◦ pi · y
e) ∂˜a, g˜
c
b ◦ h ◦ piZ˜
b
·
∂˜c
]
(ρ,η)TE
= (gae ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂g˜db ◦ h ◦ piZ˜
b
∂xi
·
∂˜d
−g˜cb ◦ h ◦ pi · Z˜
b∂
(
gde ◦ h ◦ pi · y
e
)
∂yc
∂˜d,
[
2
(
Ga −
1
4
F a
) ·
∂˜a, g˜
c
b ◦ h ◦ piZ˜
b
·
∂˜c
]
(ρ,η)TE
= 2
(
Ga −
1
4
F a
) ∂ (g˜db ◦ h ◦ pi · Z˜b)
∂ya
·
∂˜d
−2g˜cb ◦ h ◦ pi · Z˜
b∂
(
Gd − 14F
d
)
∂yc
·
∂˜d
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it results that
(P2)
[
S,J(g,h)X
]
(ρ,η)TE
= (gae ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂g˜db ◦ h ◦ piZ˜
b
∂xi
·
∂˜d
−g˜cb ◦ h ◦ pi · Z˜
b∂
(
gde ◦ h ◦ pi · y
e
)
∂yc
∂˜d
−2
(
Ga −
1
4
F a
) ∂ (g˜db ◦ h ◦ pi · Z˜b)
∂ya
·
∂˜d
+2g˜cb ◦ h ◦ pi · Z˜
b∂
(
Gd − 14F
d
)
∂yc
·
∂˜d.
We remark that
(gae ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂g˜db ◦ h ◦ piZ˜
b
∂xi
= gae ◦ h ◦ pi · y
eρia ◦ h ◦ pi
∂Z˜c
∂xi
· g˜dc ◦ h ◦ pi
−Z˜bρjb ◦ h ◦ pi
∂ (gce ◦ h ◦ pi · y
e)
∂xj
· g˜dc ◦ h ◦ pi,
Y b = Y b
∂ (gce ◦ h ◦ pi · y
e)
∂yb
· g˜dc ◦ h ◦ pi
and
Z˜d = g˜cb ◦ h ◦ pi · Z˜
b∂
(
gde ◦ h ◦ pi · y
e
)
∂yc
.
Using equalities (P1) and (P2), we obtain:
P
(
Z˜a∂˜a + Y
a
·
∂˜a
)
= Z˜a∂˜a+
+
(
−Y a − 2g˜cb ◦ h ◦ pi
∂
(
Ga − 14F
a
)
∂yc
Z˜b +
(
gde ◦ h ◦ pi · y
e
)
Z˜bLcdb ◦ h ◦ pi · g˜
a
c ◦ h ◦ pi
)
·
∂˜a.
After some calculations, it results that P is an almost product structure.
Using the equality
P = Id− 2 (ρ, η) Γ,
we obtain that
(ρ, η) Γ
(
Z˜a∂˜a + Y
a∂˙a
)
=
=
(
Y a + g˜cb◦h◦pi
∂
(
Ga − 14F
a
)
∂yc
Z˜b −
1
2
(
gde ◦ h ◦ pi · y
e
)
Z˜bLcdb ◦ h ◦ pi · g˜
a
c ◦ h ◦ pi
)
·
∂˜a
Since
(ρ, η) Γ
(
Z˜a∂˜a + Y
a
·
∂˜a
)
=
(
Y a + (ρ, η) Γab Z˜
b
) ·
∂˜a
it results that relations (5.11.1.4) are satisfied. In addition, since
(ρ, η) Γ˚ac = (ρ, η) Γ
a
c +
1
4
g˜dc ◦ h ◦ pi
∂F a
∂yd
128
and
(ρ, η) Γ˚a´c´ = (ρ, η) Γ
a´
c´ +
1
2
g˜b´c´ ◦ h ◦ pi
∂F a´
∂yb´
=M a´a ◦ pi
(
ρic ◦ h ◦ pi ·
∂Mab´
∂xi
yb´ + (ρ, η) Γac
)
M cc´ ◦ h ◦ pi
+M a´a ◦ pi
(
1
4
g˜bc ◦ h ◦ pi ·
∂F a
∂yb
)
M cc´ ◦ h ◦ pi
=M a´a ◦pi
(
ρic◦h◦pi ·
∂Mab´
∂xi
yb´ +
(
(ρ, η) Γac +
1
4
g˜bc◦h◦pi ·
∂F a
∂yb
))
M cc´ ◦h◦pi
=M a´a ◦pi
(
ρic◦h◦pi ·
∂Mab´
∂xi
yb´ + (ρ, η) Γ˚ac
)
M cc´ ◦h◦pi
it results the conclusion of the theorem. q.e.d.
Remarks
1. If (ρ, η) = (IdTM , IdM ), (g, h) = (IdE , IdM ), and Fe 6= 0, then we obtain the
canonical semispray associated to connection Γ which is not the same canonical
semispray presented by I. Bucataru and R. Miron in [7].
2. If (ρ, η) = (IdTM , IdM ), (g, h) = (IdE , IdM ), and Fe = 0, then we obtain the
canonical semispray associated to connection Γ which is not the classical canonical
semispray associated to connection Γ.
Using Theorem 5.11.1.1, we obtain the following:
Theorem 5.11.1.2 The following properties hold good:
1◦ Since
◦
δ˜c = ∂˜c − (ρ, η) Γ˚ac
·
∂˜a, c ∈ 1, r, it results that
(5.11.1.6)
◦
δ˜c = δ˜c −
1
4
g˜bc ◦ h ◦ pi ·
∂F a
∂yb
·
∂˜a, c ∈ 1, r.
2◦ Since δ˚y˜a = (ρ, η) Γ˚acdz˜
c + dy˜a, it results that
(5.11.1.7) δ˚y˜a = δy˜a +
1
4
g˜bc ◦ h ◦ pi
∂F a
∂yb
dz˜c, a ∈ 1, r.
Theorem 5.11.1.3 The real local functions
(5.11.1.8)
(
∂ (ρ, η) Γac
∂yb
,
∂ (ρ, η) Γac
∂yb
, 0, 0
)
, a, b, c ∈ 1, r,
and
(5.11.1.8′)
(
∂ (ρ, η) Γ˚ac
∂yb
,
∂ (ρ, η) Γ˚ac
∂yb
, 0, 0
)
, a, b, c ∈ 1, r,
respectively, are the coefficients to a normal Berwald linear (ρ, η)-connection for the
generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E).
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Theorem 5.11.1.4 The tensor of integrability of the (ρ, η)-connection (ρ, η) Γ˚ is as
follows:
(5.11.1.9)
(ρ, η, h) R˚acd = (ρ, η, h)R
a
cd +
1
4
(
g˜ed ◦ h ◦ pi
∂F a
∂ye |c
− g˜ec ◦ h ◦ pi
∂F a
∂ye |d
)
+
1
16
(
g˜ed ◦ h ◦ pi
∂F b
∂ye
g˜fc ◦ h ◦ pi
∂2F a
∂yb∂yf
− g˜fc ◦ h ◦ pi
∂F b
∂yf
g˜ed ◦ h ◦ pi
∂2F a
∂yb∂ye
)
+
1
4
(
L
f
cd ◦ h ◦ pi
) (
g˜ef ◦ h ◦ pi
) ∂F a
∂ye
,
where |c is the h-covariant derivation with respect to the normal Berwald linear (ρ, η)-
connection (5.11.1.8).
Proof. Since
(ρ, η, h) R˚acd = Γ (ρ˜, IdE)
(◦
δ˜c
)(
(ρ, η) Γ˚ad
)
− Γ (ρ˜, IdE)
(◦
δ˜d
)(
(ρ, η) Γ˚ac
)
+Lecd ◦ h ◦ (h ◦ pi) (ρ, η) Γ˚
a
e ,
and
Γ (ρ˜, IdE)
(◦
δ˜c
)(
(ρ, η) Γ˚ad
)
= Γ (ρ˜, IdE)
(
δ˜c
)
((ρ, η) Γad)
+
1
4
Γ (ρ˜, IdE)
(
δ˜c
)(
g˜ed ◦ h ◦ pi
∂F a
∂ye
)
−
1
4
g˜ec ◦ h ◦ pi
∂F f
∂ye
∂
∂yf
((ρ, η) Γad)
−
1
16
g˜ec ◦ h ◦ pi
∂F f
∂ye
∂
∂yf
(
g˜ed ◦ h ◦ pi
∂F a
∂ye
)
,
Γ (ρ˜, IdE)
(◦
δ˜d
)(
(ρ, η) Γ˚ac
)
= Γ (ρ˜, IdE)
(
δ˜d
)
((ρ, η) Γac)
+
1
4
Γ (ρ˜, IdE)
(
δ˜d
)(
g˜ec ◦ h ◦ pi
∂F a
∂ye
)
−
1
4
g˜ed ◦ h ◦ pi
∂F f
∂ye
∂
∂yf
((ρ, η) Γac)
−
1
16
g˜ed ◦ h ◦ pi
∂F f
∂ye
∂
∂yf
(
g˜ec ◦ h ◦ pi
∂F a
∂ye
)
,
Lecd ◦ h ◦ pi · (ρ, η) Γ˚
a
e = L
e
cd ◦ h ◦ pi · (ρ, η) Γ
a
e
+Lecd ◦ h ◦ pi ·
(
g˜fe ◦ h ◦ pi
∂F a
∂yf
)
it results the conclusion of the theorem. q.e.d.
Theorem 5.11.1.5 Let
Tabcδa ⊗ dz˜
b ⊗ dz˜c ∈ T 1020 ((ρ, η)TE, (ρ, η) τE , E)
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and
Sabc
·
∂˜a ⊗ δy˜
b ⊗ δy˜c ∈ T 0102 ((ρ, η)TE, (ρ, η) τE , E)
such that they verify the following conditions:
Tabc = −T
a
cb, S
a
bc = −S
a
cb, ∀b, c ∈ 1, r.
If
(
(ρ, η) H˜, (ρ, η) V˜
)
is the distinguished linear (ρ, η)-connection presented in the
Theorem 5.9.2, then the local real functions:
(5.11.1.10)
(ρ, η) H˚abc = (ρ, η) H˜
a
bc +
1
8
g˜ae
(
−g˜fc ◦ h ◦ pi
∂F d
∂yf
∂gbe
∂yd
+ g˜fe ◦ h ◦ pi
∂F d
∂yf
∂gbc
∂yd
− g˜fb ◦ h ◦ pi
∂F d
∂yf
∂gec
∂yd
)
,
(ρ, η) V˚ abc = (ρ, η) V˜
a
bc
are the components of a normal distinguished linear (ρ, η)-connection with (ρ, η)-H (HH)
and (ρ, η)-V (VV) torsions a priori given such that the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E) derives generalized Lagrange (ρ, η)-space.
In addition, we have:
(5.11.1.11)
(ρ, η, h) T˚abc = T
a
bc
(ρ, η, h) S˚abc = S
a
bc.
Proposition 5.11.1.1 If S is the canonical (ρ, η)-semispray associated to the mecha-
nical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ) and from B
v-morphism (g, h), then
(5.11.1.12) 2Ga´ = 2GaM a´a ◦ h ◦ pi − (g
a
b ◦ h ◦ pi) y
b
(
ρia ◦ h ◦ pi
) ∂ya´
∂xi
.
Proof. Since the Jacobian matrix of coordinates transformation is∥∥∥∥∥∥
M a´a ◦ h ◦ pi 0
ρia ◦ (h ◦ pi)
∂M a´a ◦ pi
∂xi
ya M a´a ◦ pi
∥∥∥∥∥∥ =
∥∥∥∥∥∥
M a´a ◦ h ◦ pi 0
ρia ◦ (h ◦ pi)
∂ya´
∂xi
M a´a ◦ pi
∥∥∥∥∥∥
and∥∥∥∥∥∥
M a´a ◦ h ◦ pi 0
ρia ◦ (h ◦ pi)
∂ya´
∂xi
M a´a ◦ pi
∥∥∥∥∥∥ ·
 (gab ◦ h ◦ pi) yb
−2
(
Ga −
1
4
F a
)  =

(
ga´b´ ◦ h ◦ pi
)
yb´
−2
(
Ga´ −
1
4
F a´
)  ,
the conclusion results immediately.
In the following, we consider a differentiable curve I
c
−→ M and its (g, h)-lift I
c˙
−→ E.
q.e.d.
Definition 5.11.1.3 The curve c˙ is a integral curve of the (ρ, η)-semispray S of the
mechanical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ), if it is verifies the following equality:
(5.11.1.13)
dc˙ (t)
dt
= Γ (ρ˜, IdE)S (c˙ (t)) .
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Theorem 5.11.1.6 All (g, h)-lifts solutions of the equations:
(5.11.1.14)
dya (t)
dt
+ 2Ga◦ u (c, c˙) (x (t))=
1
2
F a◦ u (c, c˙) (x (t)), a∈1,r,
where x (t) = (η ◦ h ◦ c) (t) , are integral curves of the canonical (ρ, η)-semispray asso-
ciated to mechanical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ) and from locally invertible
Bv-morphism (g, h) .
Proof. Since the equality
dc˙ (t)
dt
= Γ (ρ˜, IdE)S (c˙ (t))
is equivalent to
d
dt
((η ◦ h ◦ c)i(t), ya(t))
=
(
ρia ◦ η ◦ h ◦ c(t)g
a
b ◦ h ◦ c(t)y
b(t),−2
(
Ga −
1
4
F a
)
((η ◦ h ◦ c)i(t), ya(t))
)
,
it results
dya (t)
dt
+ 2Ga
(
xi (t) , ya (t)
)
=
1
2
F a
(
xi (t) , ya (t)
)
, a ∈ 1, n,
dxi (t)
dt
= ρia ◦ η ◦ h ◦ c (t) g
a
b ◦ h ◦ c (t) y
b (t) ,
where xi (t) = (η ◦ h ◦ c)i (t). q.e.d.
Definition 5.11.1.4 If S is a (ρ, η)-semispray, then the vector field
(5.11.1.15) [C, S](ρ,η)TE − S
will be called the derivation of (ρ, η)-semispray S.
The (ρ, η)-semispray S will be called (ρ, η)-spray if the following conditions are
verified:
1. S ◦ 0 ∈ C1, where 0 is the null section;
2. Its derivation is the null vector field.
The (ρ, η)-semispray S will be called quadratic (ρ, η)-spray if there are verified the
following conditions:
1. S ◦ 0 ∈ C2, where 0 is the null section;
2. Its derivation is the null vector field.
In particular, if (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we obtain the
spray and the quadratic spray which is similar with the classical spray and quadratic
spray.
Theorem 5.11.1.7 If S is the canonical (ρ, η)-spray associated to mechanical (ρ, η)-
system ((E, pi,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h), then
(5.11.1.16)
2
(
Ga −
1
4
F a
)
= (ρ, η) Γac
(
gcf ◦ h ◦ pi · y
f
)
+
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pig˜
a
b ◦ h ◦ pi
(
gcf ◦ h ◦ pi · y
f
)
, a ∈ 1, r.
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Then, we obtain the spray
(5.11.1.17)
S = (gab ◦ h ◦ pi) y
b ∂
∂z˜a
+ (ρ, η) Γac
(
gcf ◦ h ◦ pi · y
f
) ∂
∂y˜a
+
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi
(
gcf ◦ h ◦ pi · y
f
) ∂
∂y˜a
.
This (ρ, η)-spray will be called the canonical (ρ, η)-spray associated to mechanical
system ((E, pi,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h).
In particular, if (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we get the
canonical spray associated to connection Γ which is similar with the classical canonical
spray associated to connection Γ.
Proof. Since
[C, S](ρ,η)TE =
[
ya
·
∂˜a,
(
gbe ◦ h ◦ pi · y
e
)
∂˜b
]
(ρ,η)TE
− 2
[
ya
·
∂˜a,
(
Gb −
1
4
F b
) ·
∂˜b
]
(ρ,η)TE
,
[
ya
·
∂˜a,
(
gbe ◦ h ◦ pi · y
e
)
∂˜b
]
(ρ,η)TE
= ya
∂
(
gbe ◦ h ◦ pi · y
e
)
∂ya
∂˜b −
(
gbe ◦ h ◦ pi · y
e
)
ρ
j
β ◦ h ◦ pi
∂ya
∂xi
= yagbe ◦ h ◦ pi · δ
e
a∂˜b − 0 =
(
gbe ◦ h ◦ pi · y
e
)
∂˜b
and [
ya
·
∂˜a,
(
Gb − 14F
b
) ·
∂˜b
]
(ρ,η)TE
= ya
∂
(
Gb − 14F
b
)
∂ya
·
∂˜b −
(
Gb −
1
4
F b
)
δab
·
∂˜a
= ya
∂
(
Gb − 14F
b
)
∂ya
·
∂˜b −
(
Gb −
1
4
F b
) ·
∂˜b
it results that
(S1) [C, S](ρ,η)TE − S = 2
(
−yf
∂
(
Ga − 14F
a
)
yf
+ 2
(
Ga −
1
4
F a
)) ·
∂˜a
Using equality (5.11.1.4), it results that
(S2)
∂
(
Ga − 14F
a
)
yf
= (ρ, η) Γac · g
c
f ◦ h ◦ pi
+
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi · g
c
f ◦ h ◦ pi.
Using equalities (S1) and (S2), it results the conclusion of the theorem. q.e.d.
Remark 5.11.1.2. If (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we get the
canonical spray associated to connection Γ.
Theorem 5.11.1.8 All (g, h)-lifts solutions of the following system of equations:
(5.11.1.17)
dya
dt
+ (ρ, η) Γac
(
gcf ◦ h ◦ pi · y
f
)
+
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi
(
gcf ◦ h ◦ pi · y
f
)
= 0,
are the integral curves of canonical (ρ, η)-spray associated to mechanical (ρ, η)-system
((E, pi,M) , Fe, ρΓ) and from locally invertible B
v-morphism (g, h) .
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5.11.2 The Lagrangian formalism for Lagrange mechanical (ρ, η)-systems
Let ((E, pi,M) , Fe, L) be an arbitrarily Lagrange mechanical (ρ, η)-system.
The natural dual (ρ, η)-base (dz˜α, dy˜a) of natural (ρ, η)-base
(
∂
∂z˜α
,
∂
∂y˜a
)
is deter-
mined by the equations
〈
dz˜α,
∂
∂z˜β
〉
= δαβ ,
〈
dz˜α,
∂
∂y˜a
〉
= 0,〈
dy˜a,
∂
∂z˜β
〉
= 0,
〈
dy˜a,
∂
∂y˜b
〉
= δab .
It is very important to remark that the 1-forms dz˜α, α ∈ 1, p and dy˜a, a ∈ 1, n are
not the differentials of coordinates functions as in the classical case, but we will use the
same notations. In this case
(dz˜α) 6= d(ρ,η)TE (z˜α) = 0,
where d(ρ,η)TE is the exterior differentiation operator associated to exterior differential
F (E)-algebra
(Λ ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,∧) .
Let L be a regular Lagrangian and let (g, h) be a locally invertible Bv-morphism of
(E, pi,M) source and (E, pi,M) target.
Definition 5.11.2.1 The 1-form
(5.11.2.1) θL = (g˜
e
a ◦ h ◦ pi · Le) dz˜
a
will be called the 1-form of Poincare´-Cartan type associated to the Lagrangian L and
to the locally invertible Bv-morphism (g, h).
We obtain easily:
(5.11.2.2) θL
(
∂
∂z˜b
)
= g˜eb ◦ h ◦ pi · Le, θL
(
∂
∂y˜b
)
= 0.
Definition 5.11.2.2 The 2-form
ωL = d
(ρ,η)TEθL
will be called the 2-form of Poincare´-Cartan type associated to the Lagrangian L and
to the locally invertible Bv-morphism (g, h).
By the definition of d(ρ,η)TE , we obtain:
(5.11.2.3)
ωL (U, V ) = Γ (ρ˜, IdE) (U) (θL (V ))
−Γ (ρ˜, IdE) (V ) (θL (U))− θL
(
[U, V ](ρ,η)TE
)
,
for any U, V ∈ Γ ((ρ, η)TE, (ρ, η) τE , E).
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It follows:
(5.11.2.4)

ωL
(
∂
∂z˜a
,
∂
∂z˜b
)
=
(
ρia ◦ h ◦ pi
)
· Lib
−
(
ρib ◦ h ◦ pi
)
· Lia − L
c
ab ◦ h ◦ pi · g˜
e
c ◦ h ◦ pi · Le;
ωL
(
∂
∂z˜a
,
∂
∂y˜b
)
= −g˜ea ◦ h ◦ pi · Leb;
ωL
(
∂
∂y˜a
,
∂
∂y˜b
)
= 0.
Definition 5.11.2.3 The real function
(5.11.2.5) EL = ya · La − L
will be called the energy of regular Lagrangian L.
Theorem 5.11.2.1 The equation
(5.11.2.6) iS (ωL) = −d(ρ,η)TE (EL) , S ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) ,
has an unique solution SL (g, h) of the type:
(5.11.2.7) (gae ◦ h ◦ pi) y
e ∂
∂z˜a
− 2
(
Ga −
1
4
F a
)
∂
∂y˜a
,
where
(5.11.2.8) 2Ga = gae ◦ h ◦ pi · L˜
eb · Eb (L, g, h) +
1
2
F a
and
(5.11.2.9)
Eb(L, g, h) = ρ
i
b◦h◦pi · Li − g
a
e ◦ h ◦ pi · y
e · ρia◦h◦pi ·
∂ (g˜eb ◦ h ◦ pi · Le)
∂xi
+ gae ◦ h ◦ pi · y
e · Ldab◦h◦pi · (g˜
e
d ◦ h ◦ pi · Le) .
SL (g, h) will be called the canonical (ρ, η)-semispray associated to Lagrange mechanical
(ρ, η)-system ((E, pi,M) , Fe, L) and from locally invertible B
v-morphism (g, h).
Proof. We obtain
iS (ωL) = −d(ρ,η)TE (EL)⇐⇒ ωL (S,X) = −Γ (ρ˜, IdE) (X) (EL) ,
∀X ∈ Γ ((ρ, η)TE, (ρ, η) τE , E)
Particularly, we obtain:
ωL
(
S,
∂
∂z˜b
)
= −Γ (ρ˜, IdE)
(
∂
∂z˜b
)
(EL) .
If we expand this equality by using (5.11.2.2) and (5.11.2.4), we obtain
gae ◦ h ◦ pi · y
e ·
[
ρia◦h◦pi ·
∂ (g˜eb ◦ h ◦ pi · Le)
∂xi
− ρib◦h◦pi ·
∂ (g˜ea ◦ h ◦ pi · Le)
∂xi
− Ldab◦h◦pi · (g˜
e
d ◦ h ◦ pi · Le)
]
+ 2
(
Ga −
1
4
F a
)
(g˜ea ◦ h ◦ pi) · Leb
= −ρib◦h◦pi · (g
a
e ◦ h ◦ pi · y
e) ·
∂ (g˜ea ◦ h ◦ pi · Le)
∂xi
+ ρib◦h◦pi · Li.
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After some calculations, we obtain
2
(
Ga −
1
4
F a
)
= gae ◦ h ◦ pi · L˜
eb ·Eb (L, g, h) ,
where
Eb (L, g, h) = ρ
i
b◦h◦pi · Li − g
a
e ◦ h ◦ pi · y
e · ρia◦h◦pi ·
∂ (g˜eb ◦ h ◦ pi · Le)
∂xi
+
+ gae ◦ h ◦ pi · y
e · Ldab◦h◦pi · (g˜
e
d ◦ h ◦ pi · Le) .
q.e.d.
Remarks
1. If Fe = 0 and η = IdM , then SL (IdE , IdM )
put
= SL is the canonical ρ-semispray
associated to regular Lagrangian L which is similar with the semispray presented
in [27] by M. de Leon, J. Marrero and E. Martinez.
2. If Fe 6= 0 and (ρ, η) = (IdTM , IdM ), then SL (IdE , IdM )
put
= SL will be called
the canonical semispray which is not the same canonical semispray presented by
I. Bucataru and R. Miron in [7].
3. If Fe = 0 and (ρ, η) = (IdTM , IdM ), then SL (IdM , IdE)
put
= SL will be called
the canonical semispray which is not the same canonical semispray presented by
R. Miron and M. Anastasiei in [41].
Theorem 5.11.2.2 The real local functions
(5.11.2.10)
(ρ, η) Γac =
1
2
g˜ec ◦ h ◦ pi
∂
(
gae ◦ h ◦ pi · L
eb ·Eb (L, g, h)
)
∂ye
−
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi, a, c ∈ 1, r.
are the components of a (ρ, η)-connection (ρ, η) Γ for the vector bundle (E, pi,M) which
will be called the (ρ, η)-connection associated to Lagrange mechanical (ρ, η)-system
((E, pi,M) , Fe, L) and from B
v-morphism (g, h).
Corollary 5.11.2.1 The real local functions
(5.11.2.11)
(ρ, η)˚Γac =
(
g˜bc ◦ h ◦ pi
) ∂Ga
∂yb
−
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi, a, c ∈ 1, r
are the components of a (ρ, η)-connection (ρ, η) Γ˚ for the vector bundle (E, pi,M) .
In addition, we have
(5.11.2.12) (ρ, η) Γ˚ac = (ρ, η) Γ
a
c +
1
4
(g˜bc ◦ h ◦ pi) ·
∂F a
∂yb
, ∀a, c ∈ 1, r.
136
Theorem 5.11.2.3 The parallel (g, h)-lifts with respect to (ρ, η)-connection (ρ, η) Γ
are the integral curves of the canonical (ρ, η)-semispray associated to mechanical (ρ, η)-
system ((E, pi,M) , Fe, L) and from locally invertible B
v-morphism (g, h) .
Definition 5.11.2.4 The equations
(5.11.2.13)
dya (t)
dt
+
(
gae ◦ h ◦ pi · L˜
eb ·Eb (L, g, h)
)
◦ u (c, c˙) (x (t)) = 0,
where x (t) = η ◦ h ◦ c (t), will be called the equations of Euler-Lagrange type associated
to Lagrange mechanical (ρ, η)-system ((E, pi,M) , Fe, L) and from locally invertible B
v-
morphism (g, h) .
The equations
(5.11.2.13′)
dya (t)
dt
+
(
L˜ab · Eb (L, IdE , IdM )
)
◦ u (c, c˙) (x (t)) = 0,
where x (t) = h ◦ η ◦ c (t), will be called the equations of Euler-Lagrange type associated
to Lagrange mechanical (ρ, η)-system ((E, pi,M) , Fe, L).
Remark 5.11.2.1 The integral curves of the canonical (ρ, η)-semispray associated to
mechanical (ρ, η)-system ((E, pi,M) , Fe, L) and from locally invertible B
v-morphism
(g, h) are the (g, h)-lifts solutions for the equations of Euler-Lagrange type (5.11.2.13).
It is known that, in classical sense, a geodesic with respect to a Finsler metric
TM
F
−−→ R+
is a curve c on the manifold M such that the components of its tangent lift
dci
dt
·
∂
∂xi
are solutions for the Euler-Lagrange equations
(5.11.2.14) d
dt
(
∂F 2
∂yi
)
− ∂F
2
∂xi
= 0, i ∈ 1,m .
If (
(TM, τM ,M) , [˜, ]TM,h, (ρ, η)
)
is a generalized Lie algebroid different by the generalized Lie algebroid(
(TM, τM ,M) , [, ]TM,IdM , (IdTM , IdM )
)
,
then, using the classical method by work, we can not determine the geodesics on the
manifold M such that the components of their lifts (different by the tangent lift) are
solutions for the Euler-Lagrange equations (5.11.2.14).
Using our theory, we obtain the following
Theorem 5.11.2.4 If F is a Finsler fundamental function, then the geodesics on the
manifold M are the curves such that the components of their (g, h)-lifts are solutions
for the equations of Euler-Lagrange type (5.11.2.13) .
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Therefore, it is natural to propose to extend the study of the Finsler geometry from
the usual Lie algebroid
((TM, τM ,M) , [, ]TM , (IdTM , IdM )) ,
to an arbitrary (generalized) Lie algebroid(
(E, pi,M) , [, ]E,h , (ρ, η)
)
.
6 The geometry of total space of the generalized tangent
bundle for dual vector bundle
6.1 Adapted (ρ, η)-basis and adapted dual (ρ, η)-basis
In the following we consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
.
If we put the problem of finding a base for the F
(
∗
E
)
-module
(
Γ
(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
of the type
∗
δ
δz˜α
= Z˜βα
∗
∂
∂z˜β
+ Ybα
∂
∂p˜b
, α ∈ 1, p
which satisfies the following conditions:
(6.1.1)
Γ
(
(ρ, η)
∗
pi!, Id ∗
E
) ∗δ
δz˜α
 = ∗T˜α
Γ
(
(ρ, η)
∗
Γ, Id ∗
E
) ∗δ
δz˜α
 = 0,
then we obtain the sections
(6.1.2)
∗
δ
δz˜α
=
∗
∂
∂z˜α
+ (ρ, η)
∗
Γbα
∂
∂p˜b
.
We observe that their law of change is a tensorial law under a change of vector fiber
charts.
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Definition 6.1.1 The base(
∗
δ
δz˜α
, ∂
∂p˜a
)
put
=
(
∗
δ˜α,
·
∂˜
a
)
will be called the adapted (ρ, η)-base.
The following equality holds good
(6.1.3) Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜α
)
=
(
ρiα ◦ h ◦
∗
pi
) ∗
∂i + (ρ, η)
∗
Γbα∂˙
b,
where
(
∗
∂i, ∂˙
a
)
is the natural base for the F
(
∗
E
)
-module
(
Γ
(
T
∗
E, τ ∗
E
,
∗
E
)
,+, ·
)
.
Moreover, if (ρ, η)
∗
Γ is the (ρ, η)-connection associated to connection
∗
Γ, then we
obtain
(6.1.4) Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜α
)
=
(
ρiα ◦ h ◦ pi
) ∗
δi,
where
(
∗
δi, ∂˙a
)
is the adapted base for the F
(
∗
E
)
-module
(
Γ
(
T
∗
E, τ ∗
E
,
∗
E
)
,+, ·
)
.
Theorem 6.1.1 The following equality holds good
(6.1.5)
[∗
δ˜α,
∗
δ˜β
]
(ρ,η)T
∗
E
= Lγαβ ◦
(
h ◦
∗
pi
) ∗
δ˜γ + (ρ, η, h)
∗
Rb αβ
·
∂˜
b
,
where
(6.1.6)
(ρ, η, h)
∗
Rb αβ = Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜β
)(
(ρ, η)
∗
Γbα
)
+ Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜α
)(
(ρ, η)
∗
Γbβ
)
−
(
L
γ
αβ ◦ h ◦
∗
pi
)
(ρ, η)
∗
Γbγ ,
Moreover, we have:
(6.1.7)
[
∗
δ˜α,
·
∂˜
a
]
(ρ,η)T
∗
E
= −Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
a
)(
(ρ, η)
∗
Γbα
) ·
∂˜
b
,
and
(6.1.8) Γ
(
∗
ρ˜, Id ∗
E
)[∗
δ˜α,
∗
δ˜β
]
(ρ,η)T
∗
E
=
[
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜α
)
,Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜β
)]
T
∗
E
.
If we consider the problem of finding a base for the F
(
∗
E
)
-module
(
Γ
((
V (ρ, η)T
∗
E
)∗
,
(
(ρ, η) τ ∗
E
)∗
,
∗
E
)
,+, ·
)
of the type
δp˜a = θaαdz˜
α + ωbadp˜b, a ∈ 1, r
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which satisfies the following conditions:
(6.1.9)
〈
δp˜a,
·
∂˜
b
〉
= δba ∧
〈
δp˜a,
∗
δ˜α
〉
= 0,
then we obtain the sections
(6.1.10) δp˜a = − (ρ, η)
∗
Γaαdz˜
α + dp˜a, a ∈ 1, r.
We observe that their changing rule is tensorial under a change of vector fiber charts.
Definition 6.1.2 The base (dz˜α, δp˜a) will be called the adapted dual (ρ, η)-base.
6.2 Remarkable endomorphisms
Now, let us consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 6.2.1 For any Mod-endomorphism e of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
we define the application of Nijenhuis type
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)2 Ne
−−−−−−→
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
defined by
Ne (X,Y ) = [eX, eY ]
(ρ,η)T
∗
E
+ e2 [X,Y ]
(ρ,η)T
∗
E
− e [eX, Y ]
(ρ,η)T
∗
E
− e [X, eY ]
(ρ,η)T
∗
E
,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Remark 6.2.1 The vertical and the horizontal vector subbundles are interior differential
systems for the Lie algebroid generalized tangent bundle((
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, [, ]
(ρ,η)T
∗
E
,
(
∗
ρ˜, Id ∗
E
))
.
These interior differential systems will be called vertical and horizontal interior
differential systems.
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6.2.1 Projectors
Definition 6.2.1.1 Any Mod-endomorphism e of
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
with the property
(6.2.1.1) e2 = e
will be called a projector.
Example 6.2.1.1 The Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
V
−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜α
∗
δ˜α + Ya
·
∂˜
a
7−→ Ya
·
∂˜
a
is a projector which will be called the the vertical projector.
Remark 6.2.1.1 We have
∗
V
(∗
δ˜α
)
= 0 and
∗
V
(
·
∂˜
a
)
=
·
∂˜
a
. Therefore, it follows
∗
V
(∗
∂˜α
)
= − (ρ, η)
∗
Γbα
·
∂˜
b
.
Theorem 6.2.1.1 A (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
is characterized
by the existence of a Mod-endomorphism
∗
V of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
with the properties:
(6.2.1.2)
∗
V
(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
))
⊂ Γ
((
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
))
∗
V (X) = X ⇐⇒ X ∈ Γ
((
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
))
Example 6.2.1.2 The Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
H
−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜α
∗
δ˜α + Ya
·
∂˜
a
7−→ Z˜α
∗
δ˜α
is a projector which will be called the horizontal projector.
Remark 6.2.1.2We have
∗
H
(∗
δ˜α
)
=
∗
δ˜α and
∗
H
( ·
∂˜
a)
=0. Therefore, we obtain
∗
H
(∗
∂˜α
)
=
∗
δ˜α.
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Theorem 6.2.1.2 A (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
is characterized
by the existence of a Mod-endomorphism
∗
H of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
with the properties:
(6.2.1.3)
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
⊂ Γ
(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
∗
H (X) = X ⇐⇒ X ∈ Γ
(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Corollary 6.2.1.1 A (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
is characterized
by the existence of a Mod-endomorphism
∗
H of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
with the properties:
(6.2.1.4)
∗
H
2
=
∗
H
Ker
(
∗
H
)
=
(
Γ
(
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
.
Remark 6.2.1.3 For any
X ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
we obtain the following unique decomposition
X =
∗
HX +
∗
VX.
Proposition 6.2.1.1 After some calculations we obtain
(6.2.1.5) N∗
V
(X,Y ) =
∗
V
[
∗
HX,
∗
HY
]
(ρ,η)T
∗
E
= N ∗
H
(X,Y ) ,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Corollary 6.2.1.2 The horizontal interior differential system(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is involutive if and only if N∗
V
= 0 or N ∗
H
= 0.
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6.2.2 The almost product structure
Definition 6.2.2.1 Any Mod-endomorphism e of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
with the property
(6.2.2.1) e2 = Id
will be called the almost product structure.
Example 6.2.2.1 The Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
P
−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜α
∗
δ˜α + Ya
·
∂˜
a
7−→ Z˜α
∗
δ˜α − Ya
·
∂˜
a
is an almost product structure.
Remark 6.2.2.1 The previous almost product structure has the properties:
(6.2.2.2)
∗
P = 2
∗
H− Id;
∗
P = Id− 2
∗
V ;
∗
P =
∗
H−
∗
V.
Remark 6.2.2.2 We obtain that
∗
P
(∗
δ˜α
)
=
∗
δ˜α and
∗
P
(
·
∂˜
a
)
= −
·
∂˜
a
. Therefore, it
follows
∗
P
(∗
∂˜α
)
=
∗
δ˜α − ρ
∗
Γbα
·
∂˜
b
.
Theorem 6.2.2.1 A (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
is characterized
by the existence of a Mod-endomorphism
∗
P of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
with the following property:
(6.2.2.3)
∗
P (X) = −X ⇐⇒ X ∈ Γ
(
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Proposition 6.2.2.1 After some calculations, we obtain
N ∗
P
(X,Y ) = 4
∗
V
[
∗
HX,
∗
HY
]
,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Corollary 6.2.2.1 The horizontal interior differential system(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is involutive if and only if N ∗
P
= 0.
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6.2.3 The almost tangent structure
Definition 6.2.3.1 Any Mod-endomorphism e of(
Γ((ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E),+, ·
)
with the property
(6.2.3.1) e2 = 0
will be called the almost tangent structure.
Example 6.2.3.1 If (E, pi,M) = (F, ν,N) and g ∈Man
(
∗
E,E
)
such that (g, h) is a
Bv-morphism locally invertible, then the Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
J (g,h)
−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜a
∗
∂˜a + Yb
·
∂˜
b
7−→
(
g˜ba ◦ h ◦
∗
pi
)
Z˜a
·
∂˜
b
is an almost tangent structure which will be called the almost tangent structure asso-
ciated to Bv-morphism (g, h). (See: Definition 4.4.2.3)
Remark 6.2.3.1 We obtain that
∗
J (g,h)
(∗
δ˜a
)
=
∗
J (g,h)
(∗
∂˜a
)
=
(
g˜ba ◦ h ◦
∗
pi
) ·
∂˜
b
and
∗
J (g,h)
(
·
∂˜
b
)
= 0.
Remark 6.2.3.2 The previous almost tangent structure has the following properties:
(6.2.3.2)
∗
J (g,h) ◦
∗
P =
∗
J (g,h);
∗
P ◦
∗
J (g,h) = −
∗
J (g,h);
∗
J (g,h) ◦
∗
H =
∗
J (g,h);
∗
H ◦
∗
J (g,h) = 0;
∗
J (g,h) ◦
∗
V = 0;
∗
V ◦
∗
J (g,h) =
∗
J (g,h);
N ∗
J (g,h)
= 0.
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6.2.4 The almost complex structure
Let us consider in the case (E, pi,M) = (F, ν,N).
bkDefinition 6.2.4.1 Any Mod-endomorphism e of(
Γ((ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E),+, ·
)
with the property
(6.2.4.1) e2 = −Id
will be called the almost complex structure.
Example 6.2.4.1 If (g, h) is a Bv-morphism of
(
∗
E,
∗
pi,M
)
source and (E, pi,M) target
locally invertible, then the Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
F (g,h)
−−−−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜a
∗
δ˜a + Ya
·
∂˜
a
7−→
(
gab ◦ h ◦
∗
pi
)
Yb
∗
δ˜a −
(
g˜ba ◦ h ◦
∗
pi
)
Z˜a
·
∂˜
b
is an almost complex structure.
Remark 6.2.4.1 We have
∗
F (g,h)
(∗
δ˜a
)
= −
(
g˜ba ◦ h ◦
∗
pi
) ·
∂˜
b
and
∗
F (g,h)
(
·
∂˜
b
)
=
(
gab ◦ h ◦
∗
pi
) ∗
δ˜a.
Therefore, we obtain:
∗
F (g,h)
(∗
∂˜c
)
= − (ρ, η)
∗
Γbc
(
gab ◦ h ◦
∗
pi
) ∗
δ˜a −
(
g˜bc ◦ h ◦
∗
pi
) ·
∂˜
b
.
Remark 6.2.4.2 The previous almost complex structure has the following properties:
(6.2.4.2)
∗
F (g,h) ◦
∗
J (g,h) =
∗
H;
∗
F (g,h) ◦
∗
H = −
∗
J (g,h);
∗
J (g,h) ◦
∗
F (g,h) =
∗
V.
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6.2.5 The (ρ, η)-tension endomorphism
Since
∂ (ρ, η)
∗
Γb´α´
∂pa´
=M bb´ ◦
∗
pi
−ρiα ◦ h∂M a´b ◦ ∗pi∂xi + ∂ (ρ, η)
∗
Γbc
∂pa
M a´a ◦
∗
pi
Λαα´ ◦ h,
it results that
(ρ, η)
∗
Γb´α´ − pa´
∂ (ρ, η)
∗
Γb´α´
∂pa´
=M bb´ ◦
∗
pi
(ρ, η) ∗Γbα − pa∂ (ρ, η) ∗Γbα
∂pa
Λαα´ ◦ h ◦ ∗pi,
Therefore, we can introduce the following
Definition 6.2.5.1 The Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
(ρ,η)
∗
H
−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
defined by
(6.2.5.1)
(ρ, η)
∗
H
(∗
δ˜α
)
=
(
(ρ, η)
∗
Γbα − pa
∂(ρ,η)
∗
Γbα
∂pa
) ·
∂˜
b
,
(ρ, η)
∗
H
(
·
∂˜
a
)
= 0
(ρ,η)T
∗
E
will be called the (ρ, η)-tension of (ρ, η)-connection (ρ, η)
∗
Γ.
In particular, if (ρ, η, h)= (IdTM , IdM , IdM ), then we obtain the tension of connec-
tion
∗
Γ.
Proposition 6.2.5.1 We obtain the following equalities
∗
J (
Id∗
E
,IdM
) ◦ (ρ, η) ∗H = 0 = (ρ, η) ∗H ◦ ∗J (
Id∗
E
,IdM
).
6.3 The (ρ, η, h)-torsion and the (ρ, η, h)-curvature of a (ρ, η)-connection
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 6.3.1 If (E, pi,M) = (F, ν,N), then the F
(
∗
E
)
-bilinear application
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)2
(ρ,η,h)
∗
T
−−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
146
defined by
(6.3.1)
(ρ, η, h)
∗
T
(∗
δ˜b,
∗
δ˜c
)
=
∂ (ρ, η) ∗Γbc
∂pa
−
∂ (ρ, η)
∗
Γcb
∂pa
− Labc ◦ h ◦
∗
pi
 ∗δ˜a;
(ρ, η, h)
∗
T
(
∗
δ˜b,
·
∂˜
c
)
= 0 = (ρ, η, h)
∗
T
(
·
∂˜
b
,
∗
δ˜c
)
;
(ρ, η, h)
∗
T
(
·
∂˜
b
,
·
∂˜
c
)
= 0;
will be called the (ρ, η, h)-torsion associated to (ρ, η)-connection (ρ, η) Γ.
In particular, if h = IdM , then we obtain the (ρ, η)-torsion associated to (ρ, η)-
connection (ρ, η)
∗
Γ.
Moreover, if (ρ, η) = (IdTM , IdM ), then we obtain the torsion associated to connec-
tion
∗
Γ.
Remark 6.3.1 If (ρ, η, h)
∗
T is the (ρ, η, h)-torsion associated to (ρ, η)-connection (ρ, η)
∗
Γ,
then
(6.3.2) (ρ, η, h)
∗
T(X,Y ) = − (ρ, η, h)
∗
T(Y,X),
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Definition 6.3.2 If we consider the notation
(6.3.3) (ρ, η, h)
∗
T
a
bc
put
=
∂ (ρ, η)
∗
Γbc
∂pa
−
∂ (ρ, η)
∗
Γcb
∂pa
− Labc ◦ h ◦
∗
pi
then the tensor field
(6.3.4) (ρ, η, h)
∗
T
a
bc
∗
δ˜a ⊗ dz˜b ⊗ dz˜c
will be called the (ρ, η, h)-torsion tensor field associated to (ρ, η)-connection (ρ, η)
∗
Γ.
Proposition 6.3.1 We obtain
∗
J (
Id∗
E
,IdM
) ◦ (ρ, η) ∗T = 0
and
(ρ, η)
∗
T
(
∗
J (
Id∗
E
,IdM
)X,Y
)
= (ρ, η)
∗
T
(
∗
J (
Id∗
E
,IdM
)X, ∗J (
Id∗
E
,IdM
)Y
)
= (ρ, η)
∗
T
(
X,
∗
J (
Id∗
E
,IdM
)Y
)
,
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for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Theorem 6.3.1 Using the (ρ, η)-tension tensor field
(6.3.5) (ρ, η)
∗
Hba
·
∂˜
b
⊗ dz˜a =
(ρ, η) ∗Γba − pc∂ (ρ, η) ∗Γba
∂pc
 ·∂˜b ⊗ dz˜a,
and the (ρ, η, h)-deflection of the (ρ, η)-connection (ρ, η)
∗
Γ
(6.3.6) (ρ, η, h)
∗
Dbc = − (ρ, η)
∗
Γbc + pa
∂ (ρ, η)
∗
Γcb
∂pa
+ pa · L
a
bc ◦ h ◦
∗
pi,
we obtain that (ρ, η, h)
∗
Dbc=0 if and only if (ρ, η)
∗
Hbc=0 and (ρ, η, h)
∗
T
a
bc=0.
Proof. If (ρ, η, h)
∗
Dbc=0, then deriving with respect to pa, we obtain:
−
∂ (ρ, η)
∗
Γbc
∂pa
+
∂ (ρ, η)
∗
Γcb
∂pa
+ Labc ◦ h ◦
∗
pi = 0⇐⇒ (ρ, η, h)
∗
T
a
bc = 0.
The equality (ρ, η, h)
∗
Dbc=0 implies:
(1) (ρ, η)
∗
Γbc = pa
∂ (ρ, η)
∗
Γcb
∂pa
+ paL
a
bc ◦ h ◦
∗
pi.
Since
(ρ, η)
∗
Hbc = (ρ, η)
∗
Γbc − pa
∂ (ρ, η)
∗
Γbc
∂pa
= pa
∂ (ρ, η)
∗
Γcb
∂pa
− pa
∂ (ρ, η)
∗
Γbc
∂pa
+ paL
a
bc ◦ h ◦
∗
pi = pa (ρ, η, h)
∗
T
a
bc
it results the equality (ρ, η)
∗
Hbc=0.
Conservely, if (ρ, η, h)
∗
T
a
bc=0, then, multiplying with pa, we obtain:
(2) pa
∂ (ρ, η)
∗
Γcb
∂pa
− pa
∂ (ρ, η)
∗
Γbc
∂pa
+ paL
a
bc ◦ h ◦
∗
pi = 0.
The equality (ρ, η)
∗
Hbc=0 is equivalent with:
(3) (ρ, η)
∗
Γbc = pa
∂ (ρ, η)
∗
Γbc
∂pa
.
Using (2) and (3), it results the equality (ρ, η, h)
∗
Dbc = 0. q.e.d.
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Definition 6.3.3 The F
(
∗
E
)
-bilinear application
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)2
(ρ,η,h)
∗
R
−−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
defined by
(6.3.7)
(ρ, η, h)
∗
R
(∗
δ˜α,
∗
δ˜β
)
= (ρ, η, h)
∗
R b αβ
·
∂˜
b
;
(ρ, η, h)
∗
R
(
∗
δ˜α,
·
∂˜
b
)
= 0 = (ρ, η, h)
∗
R
(
·
∂˜
b
,
∗
δ˜α
)
;
(ρ, η, h)
∗
R
(
·
∂˜
a
,
·
∂˜
b
)
= 0;
will be called the (ρ, η, h)-curvature associated to (ρ, η)-connection (ρ, η)
∗
Γ.
In particular, if (ρ, η, h) = (IdTM , IdM , IdM ), then we obtain the curvature associa-
ted to connection
∗
Γ.
Remark 6.3.2 If (ρ, η, h)
∗
R is the (ρ, η, h)-curvature associated to (ρ, η)-connection
(ρ, η)
∗
Γ, then
(6.3.8) (ρ, η, h)
∗
R (X,Y ) = − (ρ, η, h)
∗
R (Y,X) ,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Definition 4.3.4 The tensor field
(4.3.9) (ρ, η, h)
∗
R b αβ
·
∂˜
b
⊗ dz˜α ⊗ dz˜β
will be called the (ρ, η, h)-curvature tensor field associated to the (ρ, η)-connection
(ρ, η)
∗
Γ.
Using equality (4.1.5) we obtain
Remark 6.3.3 The horizontal interior differential system
(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is involutive if and only if the (ρ, η, h)-curvature tensor field associated to the (ρ, η)-
connection (ρ, η)
∗
Γ is null.
6.4 Tensor d-fields. Distinguished linear (ρ, η)-connections
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
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where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (
T p,rq,s
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
be the F
(
∗
E
)
-module of tensor fields by (p,rq,s)-type from the generalized tangent bundle
(
H (ρ, η)T
∗
E ⊕ V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
An arbitrarily tensor field T is written by the form:
T = T
α1...αpa1...ar
β1...βqb1...bs
∗
δ˜α1 ⊗ ...⊗
∗
δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜
b1
⊗ ...⊗
·
∂˜
bs
⊗ δp˜a1 ⊗ ...⊗ δp˜ar .
Let (
T
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·,⊗
)
be the tensor algebra of generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
If T1∈T
p1,r1
q1,s1
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
and T2∈T
p2,r2
q2,s2
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, then
the components of product tensor field T1 ⊗ T2 are the products of local components of
T1 and T2.
Therefore, we obtain T1 ⊗ T2 ∈ T
p1+p2,r1+r2
q1+q2,s1+s2
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Let DT
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
be the family of tensor fields
T ∈ T
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
for which there exists
T1∈T
p,0
q,0
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
and
T2∈T
0,r
0,s
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
such that T = T1 + T2.
The F
(
∗
E
)
-module
(
DT
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
will be called the module
of distinguished tensor fields or the module of tensor d-fields.
Remark 6.4.1 The elements of
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
respectively
Γ
((
(ρ, η)T
∗
E
)∗
, ((ρ, η)τ ∗
E
)∗,
∗
E
)
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are tensor d-fields.
Definition 6.4.1 Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let
(6.4.1) (X,T )
(ρ,η)
∗
D
−−−−→ (ρ, η)
∗
DXT
be a covariant (ρ, η)-derivative for the tensor algebra of generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
which preserves the horizontal and vertical distributions by parallelism.
If
(
U,
∗
sU
)
is a vector local (m+ r)-chart for
(
∗
E,
∗
pi,M
)
, then the real local functions
(
(ρ, η)
∗
H
α
βγ , (ρ, η)
∗
H
a
bγ , (ρ, η)
∗
V
αc
β , (ρ, η)
∗
V
bc
a
)
defined on
∗
pi
−1
(U) and determined by the following equalities:
(6.4.2)
(ρ, η)
∗
D∗
δ˜γ
∗
δ˜β = (ρ, η)
∗
H
α
βγ
∗
δ˜α, (ρ, η)
∗
D∗
δ˜γ
·
∂˜
a
= (ρ, η)
∗
H
a
bγ
·
∂˜
b
(ρ, η)
∗
D ·
∂˜
c
∗
δ˜β = (ρ, η)
∗
V
αc
β
∗
δ˜α, (ρ, η)
∗
D ·
∂˜
c
·
∂˜
b
= (ρ, η)
∗
V
bc
a
·
∂˜
a
are the components of a linear (ρ, η)-connection(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
for the generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
which will be called the
distinguished linear (ρ, η)-connection.
If h = IdM , then the distinguished linear (IdTM , IdM )-connection will be called the
distinguished linear connection.
The components of a distinguished linear connection
(
∗
H,
∗
V
)
will be denoted
(
∗
H
i
jk,
∗
H
a
bk,
∗
V
ic
j ,
∗
V
bc
a
)
.
Theorem 6.4.1 If ((ρ, η)
∗
H, (ρ, η)
∗
V ) is a distinguished linear (ρ, η)-connection for the
generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, then its components satisfy the
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change relations:
(6.4.3)
(ρ, η)
∗
H
α´
β´γ´ = Λ
α´
α ◦ h ◦
∗
pi
[
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜γ
)(
Λαβ´ ◦ h ◦
∗
pi
)
+
+ (ρ, η)
∗
H
α
βγ · Λ
β
β´ ◦ h ◦
∗
pi
]
· Λγγ´ ◦ h ◦
∗
pi,
(ρ, η)
∗
H
a´
b´γ´ =M
a´
a ◦
∗
pi
[
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜γ
)(
Mab´ ◦
∗
pi
)
+
+(ρ, η)
∗
H
a
bγ ·M
b
b´ ◦
∗
pi
]
· Λγγ´ ◦ h ◦
∗
pi,
(ρ, η)
∗
V
α´c´
β´ = Λ
α´
α ◦ h ◦
∗
pi · (ρ, η)
∗
V
αc
β · Λ
β
β´ ◦ h ◦
∗
pi ·M c´c ◦
∗
pi,
(ρ, η)
∗
V
a´c´
b´ =M
a´
a ◦
∗
pi · (ρ, η)
∗
V
ac
b ·M
b
b´ ◦
∗
pi ·M c´c ◦
∗
pi.
The components of a distinguished linear connection
(
∗
H,
∗
V
)
verify the change re-
lations:
(6.4.3)′
∗
H
i´
j´k´ =
∂xi´
∂xi
◦
∗
pi ·
[
δ
δxk
(
∂xi
∂xj´
◦
∗
pi
)
+
∗
H
i
jk ·
∂xj
∂xj´
◦
∗
pi
]
·
∂xk
∂xk´
◦
∗
pi,
∗
H
a´
b´k´ =M
a´
a ◦
∗
pi ·
[
δ
δxk
(
Mab´ ◦
∗
pi
)
+
∗
H
a
bk ·M
b
b´ ◦
∗
pi
]
·
∂xk
∂xk´
◦
∗
pi,
∗
V
i´c´
j´ =
∂xi´
∂xi
◦
∗
pi ·
∗
V
ic
j
∂xj
∂xj´
◦
∗
pi ·M cc´ ◦
∗
pi,
∗
V
a´c´
b´ =M
a´
a ◦
∗
pi ·
∗
V
ac
b ·M
b
b´ ◦
∗
piM cc´ ◦
∗
pi.
Example 6.4.1 If
(
∗
E,
∗
pi,M
)
is endowed with the (ρ, η)-connection (ρ, η)
∗
Γ, then the
local real functions ∂ (ρ, η) ∗Γbγ
∂pa
,
∂ (ρ, η)
∗
Γbγ
∂pa
, 0, 0

are the components of a distinguished linear (ρ, η)-connection for the generalized tangent
bundle (
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,
which will by called the Berwald linear (ρ, η)-connection.
The Berwald linear (IdTM , IdM )-connection will be called the Berwald linear con-
nection.
Theorem 6.4.2 If the generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is endowed
with a distinguished linear (ρ,η)-connection ((ρ, η)
∗
H, (ρ, η)
∗
V ), then, for any
X = Z˜γ
∗
δ˜γ + Ya
·
∂˜
a
∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
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and for any
T ∈ T prqs
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,
we obtain the formula:
(ρ, η)DX
(
T
α1...αpa1...ar
β1...βqb1...bs
∗
δ˜α1 ⊗ ...⊗
∗
δ˜αp ⊗ dz˜
β1 ⊗ ...⊗
⊗dz˜βq ⊗
·
∂˜
b1
⊗ ...⊗
·
∂˜
bs
⊗ δp˜a1 ⊗ ...⊗ δp˜ar
)
=
= Z˜γT
α1...αpa1...ar
β1...βqb1...bs|γ
∗
δ˜α1 ⊗ ...⊗
∗
δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜
b1
⊗ ...⊗
⊗
·
∂˜
bs
⊗ δp˜a1 ⊗ ...⊗ δp˜ar + YcT
α1...αpa1...ar
β1...βqb1...bs
|c
∗
δ˜α1 ⊗ ...⊗
⊗
∗
δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜
b1
⊗ ...⊗
·
∂˜
bs
⊗ δp˜a1 ⊗ ...⊗ δp˜ar ,
where
T
α1...αpa1...ar
β1...βqb1...bs|γ
= Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜γ
)
T
α1...αpa1...ar
β1...βqb1...bs
+(ρ, η)
∗
H
α1
αγT
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)
∗
H
αp
αγT
α1...αp−1αa1...ar
β1...βqb1...bs
− (ρ, η)
∗
H
β
β1γ
T
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)
∗
H
β
βqγ
T
α1...αpa1...ar
β1...βq−1βb1...bs
− (ρ, η)
∗
H
a1
aγT
α1...αpaa2...ar
β1...βqb1...bs
− ...− (ρ, η)
∗
H
ar
aγT
α1...αpa1...ar−1a
β1...βqb1...bs
+(ρ, η)
∗
H
b
b1γ
T
α1...αpa1...ar
β1...βqbb2...bs
+ ...+ (ρ, η)
∗
H
b
bsγT
α1...αpa1...ar
β1...βqb1...bs−1b
and
T
α1...αpa1...ar
β1...βqb1...bs
|c= Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
c
)
T
α1...αpa1...ar
β1...βqb1...bs
+
+(ρ, η)
∗
V
α1c
α T
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)
∗
V
αpc
α T
α1...αp−1αa1...ar
β1...βqb1...bs
− (ρ, η)
∗
V
βc
β1
T
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)
∗
V
βc
βq
T
α1...αpa1...ar
β1...βq−1βb1...bs
− (ρ, η)
∗
V
a1c
a T
α1...αpaa2...ar
β1...βqb1...bs
− ...− (ρ, η)
∗
V
arc
a T
α1...αpa1...ar−1a
β1...βqb1...bs
+(ρ, η)
∗
V
bc
b1
T
α1...αpa1...ar
β1...βqbb2...bs
...+ (ρ, η)
∗
V
bc
bs
T
α1...αpa1...ar
β1...βqb1...bs−1b
.
Definition 6.4.2 We assume that (E, pi,M) = (F, ν,N) .
If (ρ, η)
∗
Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and
(
(ρ, η)
∗
H
a
bc, (ρ, η)
∗
H˜
a
bc, (ρ, η)
∗
V
ac
b , (ρ, η)
∗
V˜
ac
b
)
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are the components of a distinguished linear (ρ, η)-connection for the generalized tangent
bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
such that
(ρ, η)
∗
H
a
bc = (ρ, η)
∗
H˜
a
bc and (ρ, η)
∗
V
ac
b = (ρ, η)
∗
V˜
ac
b ,
then we will say that the generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is endowed
with a normal distinguished linear (ρ, η)-connection on components(
(ρ, η)
∗
H
a
bc, (ρ, η)
∗
V
ac
b
)
.
The components of a normal distinguished linear (IdTM , IdM )-connection
(
∗
H,
∗
V
)
will
be denoted
(
∗
H
i
jk,
∗
V
i
jk
)
.
6.5 The lift of accelerations for a differentiable curve
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
.
We admit that
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
is a distinguished linear (ρ, η)-connection for the
vector bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Let g ∈ Man
(
∗
E,E
)
be such that (g, h) is a Bv-morphism of
(
∗
E,
∗
pi,M
)
source
and (E, pi,M) target.
Let
(6.5.1)
I
c˙
−−−→
∗
E | Im(η◦h◦c)
t 7−→ pa (t) sa (η ◦ h ◦ c (t))
be the (g, h)-lift of differentiable curve I
c
−−−→M.
Definition 6.5.1 The differentiable curve
(6.5.2)
I
c¨
−−−→ (ρ, η)T
∗
E| Im c˙
t 7−→ gαa (h ◦ c (t)) pa (t)
∗
∂˜α (c˙ (t)) +
dpa (t)
dt
·
∂˜
a
(c˙ (t))
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will be called the differentiable (g, h)-lift of accelerations of the differentiable curve c.
The section
(6.5.3)
Im (c˙)
∗
u(c,c˙,c¨)
−−−−→ (ρ, η)T
∗
E| Im(c˙)
c˙ (t) 7−→ gαa (η ◦ h ◦ c (t)) · pa (t)
∗
∂˜α (c˙ (t)) +
dpa (t)
dt
·
∂˜
a
(c˙ (t))
will be called the canonical section associated to the triple (c, c˙, c¨) .
Remark 6.5.1 For any t ∈ I, we obtain:
(6.5.4)
∗
u (c, c˙, c¨) (c˙ (t)) = gαa (η ◦ h ◦ c (t)) · pa (t)
∗
δ˜α (c˙ (t)) +
dpb (t)
dt
·
∂˜
b
(c˙ (t))
+ (ρ, η)
∗
Γbα ◦
∗
u (c, c˙) ◦ η ◦ h ◦ c (t) · gαa ◦ h ◦ c (t) · pa (t)
·
∂˜
b
(c˙ (t)) .
We observe easily that
∗
u (c, c˙, c¨) (c˙ (t)) ∈ H (ρ, η)T
∗
E| Im(c˙)if and only if the compo-
nents functions
(
pa, a ∈ 1, r
)
are solutions for the differentiable equations
(6.5.5)
dub
dt
+ (ρ, η)
∗
Γbα ◦
∗
u (c, c˙) ◦ η ◦ h ◦ c · gαa ◦ h ◦ c · ua, a ∈ 1, r.
Remark 6.5.2 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) , then, using the differen-
tiable (g, IdM )-lift
(6.5.6)
I
c˙
−−−→
∗
TM
t 7−→ g˜ji (c (t))
dcj (t)
dt
· dxi (c (t)) ,
we obtain the (g, IdM )-lift of accelerations of the differentiable curve c as being
(6.5.7)
I
c¨
−−−→ (IdTM , IdM )T
∗
E| Im(c˙)
t 7−→
dci (t)
dt
·
∂
∂z˜i
(c˙ (t)) + g˜ji (c (t))
dcj (t)
dt
·
∂
∂p˜i
(c˙ (t))
Definition 6.5.2 If the component functions(
(gαa ◦ h ◦ c) · pa, a ∈ 1, r
)
are solutions for the differentiable system of equations
(6.5.8)
dzα
dt
+ (ρ, η)
∗
H
α
βγ ◦
∗
u (c, c˙) ◦ η ◦ h ◦ c · zβ · zγ = 0, α ∈ 1, p,
then the differentiable curve c˙ will be called horizontal parallel with respect to the dis-
tinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
If the component functions
(
pa, a ∈ 1, r
)
are solutions for the differentiable system
of equations
(6.5.9)
dub
dt
− (ρ, η)
∗
V
ac
b ◦
∗
u (c, c˙) ◦ η ◦ h ◦ c · ua · uc = 0, b ∈ 1, r.
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then the differentiable curve c˙ will be called vertical parallel with respect to the distin-
guished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
Remark 6.5.3 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) , then the differentiable
(g, IdM )-lift (6.5.6) is horizontal parallel with respect to the distinguished linear con-
nection
(
∗
H,
∗
V
)
if the component functions
(
dcj (t)
dt
, i ∈ 1,m
)
are solutions for the
differentiable system of equations
(6.5.11)
dzi(t)
dt
+
∗
H
i
jk ◦
∗
u (c, c˙) ◦ c · zj · zk = 0, i ∈ 1,m.
Moreover, the differentiable (g, IdM )-lift (4.5.6) is vertical parallel with respect
to the distinguished linear connection
(
∗
H,
∗
V
)
if the component functions(
g˜ji ◦ c ·
dcj
dt
, i ∈ 1,m
)
are solutions for the differentiable system of equations
(6.5.12)
duj
dt
+
∗
V
ik
j ◦
∗
u (c, c˙) ◦ c · ui · uk = 0, j ∈ 1,m.
6.6 The (ρ, η, h)-torsion and the (ρ, η, h)-curvature of a distinguished
linear (ρ, η)-connection
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
be a distinguished linear (ρ, η)-connection for the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Definition 6.6.1 The application
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)2
(ρ,η,h)T
−−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
(X,Y ) 7−→ (ρ, η, h)
∗
T (X,Y )
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defined by
(6.6.1) (ρ, η, h)
∗
T (X,Y ) = (ρ, η)
∗
DXY − (ρ, η)
∗
DYX − [X,Y ]
(ρ,η)T
∗
E
,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, will be called the (ρ, η, h)-torsion associated
to distinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
The applications
∗
H (ρ, η, h)
∗
T
(
∗
H (·) ,
∗
H (·)
)
,
∗
H (ρ, η, h)
∗
T
(
∗
H (·) ,
∗
H (·)
)
, ...,
∗
V (ρ, η, h)
∗
T
(
∗
V (·) ,
∗
V (·)
)
are called
∗
H
(
∗
H
∗
H
)
,
∗
V
(
∗
H
∗
H
)
, ...,
∗
V
(
∗
V
∗
V
)
(ρ, η, h)-torsions associated to distinguished
linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
Proposition 6.6.1 The (ρ, η, h)-torsion (ρ, η, h)
∗
T associated to distinguished linear
(ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
, is R-bilinear and antisymmetric in the lower in-
dices.
Using the notations:
(6.6.2)
∗
H (ρ, η, h)
∗
T
(∗
δ˜γ ,
∗
δ˜β
)
= (ρ, η, h)
∗
T
α
βγ
∗
δ˜α,
∗
V (ρ, η, h)
∗
T
(∗
δ˜γ ,
∗
δ˜β
)
= (ρ, η, h)
∗
Tbβγ
·
∂˜
b
,
∗
H (ρ, η, h)
∗
T
(
·
∂˜
c
,
∗
δ˜β
)
= (ρ, η, h)
∗
P
α c
β
∗
δ˜α,
∗
V (ρ, η, h)
∗
T
(
·
∂˜
c
,
∗
δ˜β
)
= (ρ, η, h)
∗
P
c
bβ
·
∂˜
b
,
∗
V (ρ, η, h)
∗
T
(
·
∂˜
c
,
·
∂˜
b
)
= (ρ, η, h)
∗
S
bc
a
·
∂˜
a
,
we can easily prove the following
Theorem 6.6.1 The (ρ, η, h)-torsion (ρ, η, h)
∗
T associated to the distinguished linear
(ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
, is characterized by the tensor fields with local
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components:
(6.6.3)
(ρ, η, h)
∗
T
α
βγ = (ρ, η)
∗
H
α
βγ − (ρ, η)
∗
H
α
γβ − L
α
βγ ◦ h ◦
∗
pi,
(ρ, η, h)
∗
Tbβγ = − (ρ, η, h)
∗
R b βγ ,
(ρ, η, h)
∗
P
α c
β = (ρ, η)
∗
V
αc
β ,
(ρ, η, h)
∗
P
c
bβ =
∂
∂pc
(
(ρ, η)
∗
Γbβ
)
− (ρ, η)
∗
H
c
bβ,
(ρ, η, h)
∗
S
bc
a = (ρ, η)
∗
V
bc
a − (ρ, η)
∗
V
cb
a .
In particular, when (ρ, η, h) = (IdTM , IdM , IdM ) , we regain the local components of
torsion associated to distinguished linear connection
(
∗
H,
∗
V
)
:
(6.6.3)′
∗
T
i
jk =
∗
H
i
jk −
∗
H
i
kj,
∗
Tbjk = −
∗
R b jk,
∗
P
i c
j =
∗
V
ic
j ,
∗
P
c
b k =
∂
∗
Γbk
∂pc
−
∗
H
c
bk,
∗
S
bc
a =
∗
V
bc
a −
∗
V
bc
a .
Definition 6.6.2 The application(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
))3
(ρ,η,h)
∗
R
−−−−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
((
Y˜ , Z˜
)
, X˜
)
7−→ (ρ, η, h)
∗
R
(
Y˜ , Z˜
)
X˜
defined by:
(6.6.4)
(ρ, η, h)
∗
R
(
Y˜ , Z˜
)
X˜ = (ρ, η)
∗
DY˜
(
(ρ, η)
∗
DZ˜X˜
)
−
− (ρ, η)
∗
DZ˜
(
(ρ, η)
∗
DY˜ X˜
)
− (ρ, η)
∗
D[Y˜ ,Z˜]
(ρ,η)T
∗
E
X˜,
for any X˜, Y˜ , Z˜ ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, will be called the (ρ, η, h)-curvature as-
sociated to distinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
Proposition 6.6.2 The (ρ, η, h)-curvature (ρ, η, h)
∗
R associated to distinguished linear
(ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
, is R-linear in each argument and antisymmetric
in the first two arguments.
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Using the notations:
(6.6.5)
(ρ, η, h)
∗
R
(∗
δ˜ε,
∗
δ˜γ
) ∗
δ˜β = (ρ, η, h)
∗
R
α
β γε
∗
δ˜α,
(ρ, η, h)
∗
R
(∗
δ˜ε,
∗
δ˜γ
) ·
∂˜
a
= (ρ, η, h)
∗
R
a
b γε
·
∂˜
b
,
(ρ, η, h)
∗
R
(
∗
δ˜γ ,
·
∂˜
b
)
∗
δ˜ε = (ρ, η, h)
∗
P
α b
ε γ
∗
δ˜α,
(ρ, η, h)
∗
R
(
∗
δ˜γ ,
·
∂˜
b
)
·
∂˜
a
= (ρ, η, h)
∗
P
ab
c γ
·
∂˜
c
,
(ρ, η, h)
∗
R
(
·
∂˜
c
,
·
∂˜
b
)
∗
δ˜β = (ρ, η, h)
∗
S
α bc
β
∗
δ˜α,
(ρ, η, h)
∗
R
(
·
∂˜
c
,
·
∂˜
b
)
·
∂˜
a
= (ρ, η, h)
∗
S
abc
d
·
∂˜
d
.
we can easily prove the following
Theorem 6.6.2 The (ρ, η, h)-curvature (ρ, η, h)
∗
R associated to distinguished linear
(ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
, is characterized by the tensor fields with local
components:
(6.6.6)

(ρ, η, h)
∗
R
α
β γε =Γ(
∗
ρ˜, Id ∗
E
)
(∗
δ˜ε
)
(ρ, η)
∗
H
α
βγ−Γ(
∗
ρ˜, Id ∗
E
)
(∗
δ˜γ
)
(ρ, η)
∗
H
α
βε
+(ρ, η)
∗
H
α
θε(ρ, η)
∗
H
θ
βγ−(ρ, η)
∗
H
α
θγ(ρ, η)
∗
H
θ
βε
−(ρ, η, h)
∗
R b εγ(ρ, η)
∗
V
αb
β −L
θ
εγ ◦ h ◦
∗
pi · (ρ, η)
∗
H
α
βθ,
(ρ, η, h)
∗
R
a
b γε =Γ(
∗
ρ˜, Id ∗
E
)
(∗
δ˜ε
)
(ρ, η)
∗
H
a
bγ−(
∗
ρ˜, Id ∗
E
)
(∗
δ˜γ
)
(ρ, η)
∗
H
a
bε
+(ρ, η)
∗
H
c
bε(ρ, η)
∗
H
a
cγ−(ρ, η)
∗
H
c
bγ(ρ, η)
∗
H
a
cε
−(ρ, η, h)
∗
Rc εγ(ρ, η)
∗
V
ac
b −L
θ
εγ ◦ h ◦
∗
pi · (ρ, η)
∗
H
a
bθ,
(6.6.7)

(ρ, η, h)
∗
P
α b
ε γ = Γ(
∗
ρ˜, Id ∗
E
)(
∗
δ˜γ)(ρ, η)
∗
V
αb
ε −Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)
(ρ, η)
∗
H
α
εγ
+(ρ, η)
∗
H
α
θγ · (ρ, η)
∗
V
θb
ε − (ρ, η)
∗
V
αb
θ · (ρ, η)
∗
H
θ
εγ
+Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)(
(ρ, η)
∗
Γcγ
)
· (ρ, η)
∗
V
αc
ε ,
(ρ, η, h)
∗
P
ab
c γ = Γ(
∗
ρ˜, Id ∗
E
)
(∗
δ˜γ
)
(ρ, η)
∗
V
ab
c − Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)
(ρ, η)
∗
H
a
cγ
+(ρ, η)
∗
H
d
cγ(ρ, η)
∗
V
ab
d − (ρ, η)
∗
V
db
c (ρ, η)
∗
H
a
dγ
+Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)(
(ρ, η)
∗
Γdγ
)
(ρ, η)
∗
V
ad
c ,
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(6.6.8)

(ρ, η, h)
∗
S
α bc
β = Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
c
)
(ρ, η)
∗
V
αb
β − Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)
(ρ, η)
∗
V
αc
β
+(ρ, η)
∗
V
αc
θ (ρ, η)
∗
V
θb
β − (ρ, η)
∗
V
αb
θ (ρ, η)
∗
V
θc
β ,
(ρ, η, h)
∗
S
abc
d = Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
c
)
(ρ, η)
∗
V
ab
d − Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)
(ρ, η)
∗
V
ac
d
+(ρ, η)
∗
V
ec
d (ρ, η)
∗
V
ab
e − (ρ, η)
∗
V
e
bd (ρ, η)
∗
V
ac
e .
In particular, when (ρ, η, h) = (IdTM , IdM , IdM ) , we see the local components of
the curvature associated to distinguished linear connection
(
∗
H,
∗
V
)
in the followings:
(6.6.6)′
∗
R
i
j kl =
∗
δl
(
∗
H
i
jk
)
−
∗
δk
(
∗
H
i
jl
)
+
∗
H
i
hl ·
∗
H
h
jk −
∗
H
i
hk ·
∗
H
h
jl −
∗
R b lk ·
∗
V
ib
j ,
∗
R
a
b kl =
∗
δl
(
∗
H
a
bk
)
−
∗
δk
(
∗
H
a
bl
)
+
∗
H
c
bl ·
∗
H
a
ck −
∗
H
c
bk ·
∗
H
a
cl −
∗
Rc lk ·
∗
V
ac
b ,
(6.6.7)′
∗
P
i b
l k =
∗
δk
(
∗
V
ib
l
)
−
·
∂˜
b(
∗
H
i
lk
)
+
∗
H
i
hk ·
∗
V
hb
l −
∗
V
ib
h ·
∗
H
h
lk +
·
∂˜
b(
∗
Γck
)
·
∗
V
ic
l ,
∗
P
ab
c k =
∗
δk
(
∗
V
ab
c
)
−
·
∂˜
b(
∗
H
a
ck
)
+
∗
H
d
ck ·
∗
V
ab
d −
∗
V
db
c ·
∗
H
a
dk +
·
∂˜
b(
∗
Γdk
)
·
∗
V
ad
c ,
(6.6.8)′
∗
S
i bc
j =
·
∂˜
c(
∗
V
ib
j
)
−
·
∂˜
b(
∗
V
ic
j
)
+
∗
V
ic
h ·
∗
V
hb
j −
∗
V
ib
h ·
∗
V
hc
j ,
∗
S
abc
d =
·
∂˜
c(
∗
V
ab
d
)
−
·
∂˜
b(
∗
V
ac
d
)
+
∗
V
ae
d ·
∗
V
ab
e −
∗
V
eb
d ·
∗
V
ac
d .
Definition 6.6.3 The tensor field
(6.6.9)
Ric
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
=
= (ρ, η, h)
∗
R α βd
∗
z˜
α
⊗ d
∗
z˜
β
+ (ρ, η, h)
∗
P
b
α d
∗
z˜
α
⊗ δp˜b
+(ρ, η, h)
∗
P
a
βδp˜a ⊗ d
∗
z˜
β
+ (ρ, η, h)
∗
S
a b
δp˜a ⊗ δp˜b,
(6.6.10)
(ρ, η, h)
∗
Rαβ = (ρ, η, h)
∗
R
γ
α βγ (ρ, η, h)
∗
P
b
α = (ρ, η, h)
∗
P
β b
α β
(ρ, η, h)
∗
P
a
β = (ρ, η, h)
∗
P
ac
c β (ρ, η, h)
∗
S
ab
= (ρ, η, h)
∗
S
acb
c
,
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will be called the Ricci tensor field associated to distinguished linear (ρ, η)-connection(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
This tensor field will be used for writing the Einstein equations in Subsection 6.10.
6.7 Formulas of Ricci type. Identities of Cartan and Bianchi type
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and ((F, ν,M) , [, ]F.h , (ρ, η)) ∈ |GLA| .
Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
be a distinguished linear (ρ, η)-connection for the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Theorem 6.7.1 Using the definition of (ρ, η, h)-curvature associated to the distin-
guished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
, it results the following formulas:
(B1)

(ρ, η)
∗
D ∗
HX
(ρ, η)
∗
D ∗
HY
∗
HZ − (ρ, η)
∗
D ∗
HY
(ρ, η)
∗
D ∗
HX
∗
HZ
= (ρ, η, h)
∗
R
(
∗
HX,
∗
HY
)
∗
HZ + (ρ, η)
∗
D ∗
H
[
∗
HX,
∗
HY
]
(ρ,η)T
∗
E
∗
HZ
+(ρ, η)
∗
D ∗
V
[
∗
HX,
∗
HY
]
(ρ,η)T
∗
E
∗
HZ,
(ρ, η)
∗
D ∗
VX
(ρ, η)
∗
D ∗
HY
∗
HZ − (ρ, η)
∗
D ∗
HY
(ρ, η)
∗
D ∗
VX
∗
HZ
= (ρ, η, h)
∗
R
(
∗
VX,
∗
HY
)
∗
HZ + (ρ, η)
∗
D ∗
H
[
∗
VX,
∗
HY
]
(ρ,η)T
∗
E
∗
HZ
+(ρ, η)
∗
D ∗
V
[
∗
VX,
∗
HY
]
(ρ,η)T
∗
E
∗
HZ,
(ρ, η)
∗
D ∗
VX
(ρ, η)
∗
D ∗
VY
∗
HZ − (ρ, η)
∗
D ∗
VY
(ρ, η)
∗
D ∗
VX
∗
HZ
= (ρ, η, h)
∗
R
(
∗
VX,
∗
VY
)
∗
HZ + (ρ, η)
∗
D ∗
V
[
∗
VX,
∗
VY
]
(ρ,η)T
∗
E
∗
HZ,
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and
(B2)

(ρ, η)
∗
D ∗
HX
(ρ, η)
∗
D ∗
HY
∗
VZ − (ρ, η)
∗
D ∗
HY
(ρ, η)
∗
D ∗
HX
∗
VZ
= (ρ, η, h)
∗
R
(
∗
HX,
∗
HY
)
∗
VZ + (ρ, η)
∗
D ∗
H
[
∗
HX,
∗
HY
]
(ρ,η)T
∗
E
∗
VZ
+(ρ, η)
∗
D ∗
V
[
∗
HX,
∗
HY
]
(ρ,η)T
∗
E
∗
VZ,
(ρ, η)
∗
D ∗
VX
(ρ, η)
∗
D ∗
HY
∗
VZ − (ρ, η)
∗
D ∗
HY
(ρ, η)
∗
D ∗
VX
∗
VZ
= (ρ, η, h)
∗
R
(
∗
VX,
∗
HY
)
∗
VZ + (ρ, η)
∗
D ∗
H
[
∗
VX,
∗
HY
]
(ρ,η)T
∗
E
∗
VZ
+(ρ, η)
∗
D ∗
V
[
∗
VX,
∗
HY
]
(ρ,η)T
∗
E
∗
VZ,
(ρ, η)
∗
D ∗
VX
(ρ, η)
∗
D ∗
VY
∗
VZ − (ρ, η)
∗
D ∗
VY
(ρ, η)
∗
D ∗
VX
∗
VZ
= (ρ, η, h)
∗
R
(
∗
VX,
∗
VY
)
∗
VZ + (ρ, η)
∗
D ∗
V
[
∗
VX,
∗
VY
]
(ρ,η)T
∗
E
∗
VZ.
Using the previous theorem, the horizontal and vertical sections of adapted base and
an arbitrary section
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
we can propose the following
Theorem 6.7.2 We obtain the following formulas of Ricci type:
(R1)

Z˜α |γ|β − Z˜
α
|β|γ = (ρ, η, h)
∗
R
α
θ γβ · Z˜
θ −
(
Lθγβ ◦ h ◦
∗
pi
)
· Z˜α |θ
− (ρ, η, h)
∗
Tbγβ · Z˜
α|b − (ρ, η, h)
∗
T
θ
γβ · Z˜
α
|θ,
Z˜α |γ |
b − Z˜α|b |γ = (ρ, η, h)
∗
P
α b
θ γ · Z˜
θ − (ρ, η, h)
∗
P
b
cγ · Z˜
α |c
− (ρ, η, h)
∗
P
θ b
γ · Z˜
α
|θ,
Z˜α|c|b − Z˜α|b|c = (ρ, η, h)
∗
S
α cb
θ ·Z˜
θ − (ρ, η, h)
∗
S
bc
a ·Z˜
α|a,
and
(R2)

Ya |γ|β − Ya |β|γ = (ρ, η, h)
∗
R
c
a γβ · Yc −
(
Lθγβ ◦ h ◦ pi
)
· Ya |θ
− (ρ, η)
∗
Tcγβ · Ya|
c − (ρ, η, h)
∗
T
θ
γβ · Ya |θ,
Ya |γ |
b − Ya|b |γ = (ρ, η, h)
∗
P
cb
a γ ·Yc − (ρ, η, h)
∗
P
b
cγ · Ya|
c
− (ρ, η)
∗
P
θ b
γ ·Ya |θ,
Ya|c|b − Ya|b|c = (ρ, η, h)
∗
S
dbc
a · Yd − (ρ, η, h)
∗
S
bc
d ·Ya|
d.
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In particular, if (ρ, η, h) = (IdTM , IdM , idM ) and the Lie bracket [, ]TM is the usual
Lie bracket, then the formulas of Ricci type (R1) and (R2) become:
(R1)
′

Z˜i |k|j − Z˜
i
|j|k =
∗
R
i
h kj · Z˜
h −
∗
Tbkj · Z˜
i|b −
∗
T
h
kj · Z˜
i
|h,
Z˜i |k|
b − Z˜i|b |k =
∗
P
i b
h k · Z˜
h −
∗
P
b
ck · Z˜
i |c −
∗
P
h b
k · Z˜
i
|h,
Z˜i|c|b − Z˜i|b|c =
∗
S
i cb
h ·Z˜
h −
∗
S
bc
a ·Z˜
i|a
and
(R2)
′

Ya |k|j − Ya |j|k =
∗
R
c
a kj · Yc −
∗
Tckj · Ya|
c−
∗
T
θ
kj · Ya |θ,
Ya |k|
b − Ya|b |k =
∗
P
cb
a k·Yc −
∗
P
b
ck · Ya|
c −
∗
P
h b
k ·Ya |h,
Ya|c|b − Ya|b|c =
∗
S
dbc
a · Yd −
∗
S
bc
d ·Ya|
d.
Using the 1-forms associated to distinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
(6.7.1)
(ρ, η)
∗
ω
α
β = (ρ, η)
∗
H
α
βγdz˜
γ + (ρ, η)
∗
V
αc
β δp˜c,
(ρ, η)
∗
ω
a
b = (ρ, η)
∗
H
a
bγdz˜
γ + (ρ, η)
∗
V
ac
b δp˜c,
the torsion 2-forms
(6.7.2)

(ρ, η, h)
∗
T
α
= 12 (ρ, η, h)
∗
T
α
βγdz˜
β ∧ dz˜γ + (ρ, η, h)
∗
P
α c
β dz˜
β ∧ δp˜c,
(ρ, η, h)
∗
Tb =
1
2 (ρ, η, h)
∗
Tbβγdz˜
β ∧ dz˜γ + (ρ, η, h)
∗
P
c
bβ dz˜
β ∧ δp˜c
+12 (ρ, η, h)
∗
S
ac
b δp˜a ∧ δp˜c
and the curvature 2-forms
(6.7.3)

(ρ, η, h)
∗
R
α
β =
1
2 (ρ, η, h)
∗
R
α
β γθdz˜
γ ∧ dz˜θ + (ρ, η, h)
∗
P
α c
β γdz˜
γ ∧ δp˜c
+12 (ρ, η, h)
∗
S
α bc
β δp˜b ∧ δp˜c,
(ρ, η, h)
∗
R
a
b =
1
2 (ρ, η, h)
∗
R
a
b γθdz˜
γ ∧ dz˜θ + (ρ, η, h)
∗
P
ac
b γdz˜
γ ∧ δp˜c
+12 (ρ, η, h)
∗
S
a cd
b δp˜c ∧ δp˜d,
we obtain the following
Theorem 4.7.3 Identities of Cartan type hold good:
(C1)
(ρ, η, h)
∗
T
α
= d(ρ,η)T
∗
E (dz˜α) + (ρ, η)
∗
ω
α
β ∧ dz˜
β
(ρ, η, h)
∗
Tb = d
(ρ,η)T
∗
E (δp˜b) + (ρ, η)
∗
ω
a
b ∧ δp˜a
,
(C2)
(ρ, η, h)
∗
R
α
β = d
(ρ,η)T
∗
E
(
(ρ, η)
∗
ω
α
β
)
+ (ρ, η)
∗
ω
α
γ ∧ (ρ, η)
∗
ω
γ
β
(ρ, η, h)
∗
R
a
b = d
(ρ,η)T
∗
E
(
(ρ, η)
∗
ω
a
b
)
+ (ρ, η)
∗
ω
a
c ∧ (ρ, η)
∗
ω
c
b.
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In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and the Lie bracket [, ]TM is the usual
Lie bracket, then the identities of Cartan type (C1) and (C2) become:
(C1)′
∗
T
i
= d
(
Id
T
∗
E
,Id∗
E
)
T
∗
E (
dz˜i
)
+
∗
ω
i
j ∧ dz˜
j
∗
Tb = d
(
Id
T
∗
E
,Id∗
E
)
T
∗
E
(δp˜b) + ω
a
b ∧ δp˜a
and
(C2)′
∗
R
i
j = d
(
Id
T
∗
E
,Id∗
E
)
T
∗
E
(
∗
ω
i
j
)
+
∗
ω
i
k ∧
∗
ω
k
j
∗
R
a
b = d
(
Id
T
∗
E
,Id∗
E
)
T
∗
E ( ∗
ω
a
b
)
+
∗
ω
a
c ∧
∗
ω
c
b.
Remark 6.7.1 For any
X,Y,Z ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
the following identities hold good:
(6.7.4)
∗
V (ρ, η, h)
∗
R (X,Y )
∗
HZ = 0
∗
H (ρ, η, h)
∗
R (X,Y )
∗
VZ = 0,
(6.7.5)
∗
VDX
(
(ρ, η, h)
∗
R (Y,Z)
∗
HU
)
= 0
∗
HDX
(
(ρ, η, h)
∗
R (Y,Z)
∗
VU
)
= 0,
and
(6.7.6) (ρ, η, h)
∗
R (X,Y )Z =
∗
H (ρ, η, h)
∗
R (X,Y )
∗
HZ +
∗
V (ρ, η, h)
∗
R (X,Y )
∗
VZ.
Using the formulas of Bianchi type presented in Subsection 4.2 of our paper and the
Remark 6.7.1 we obtain the following
Theorem 6.7.4 The identities of Bianchi type:
(B1)

∑
cyclic(X,Y,Z)
{
∗
H (ρ, η)DX
(
(ρ, η, h)
∗
T (Y,Z)
)
−
∗
H (ρ, η, h)
∗
R (X,Y )Z
+
∗
H (ρ, η, h)
∗
T
(
∗
H (ρ, η, h)
∗
T (X,Y ) , Z
)
+
∗
H (ρ, η, h)
∗
T
(
∗
V (ρ, η, h)
∗
T (X,Y ) , Z
)}
= 0,∑
cyclic(X,Y,Z)
{
∗
V (ρ, η)DX
(
(ρ, η, h)
∗
T (Y,Z)
)
−
∗
V (ρ, η, h)
∗
R (X,Y )Z
+
∗
V (ρ, η, h)
∗
T
(
∗
H (ρ, η, h)
∗
T (X,Y ) , Z
)
+
∗
V (ρ, η, h)
∗
T
(
∗
V (ρ, η, h)
∗
T (X,Y ) , Z
)}
= 0.
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and
(B2)

∑
cyclic(X,Y,Z,U)
{
∗
H (ρ, η)DX
(
(ρ, η, h)
∗
R (Y,Z)U
)
−
∗
H (ρ, η, h)
∗
R
(
∗
H (ρ, η, h)
∗
T (X,Y ) , Z
)
U
−
∗
H (ρ, η, h)
∗
R
(
∗
V (ρ, η, h)
∗
T (X,Y ) , Z
)
U
}
= 0,∑
cyclic(X,Y,Z,U)
{
∗
V (ρ, η)DX
(
(ρ, η, h)
∗
R (Y,Z)U
)
−
∗
V (ρ, η, h)
∗
R
(
∗
H (ρ, η, h)
∗
T (X,Y ) , Z
)
U
−
∗
V (ρ, η, h)
∗
R
(
∗
V (ρ, η, h)
∗
T (X,Y ) , Z
)
U
}
= 0,
hold good for any X,Y,Z ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Corollary 6.7.1 Using the following sections (δθ, δγ , δβ), the identities (B1) become:
(B1)′

∑
cyclic(β,γ,θ)
{
(ρ, η, h)
∗
T
α
βγ|θ
− (ρ, η, h)
∗
R
α
β γθ
+(ρ, η, h)
∗
T
λ
γθ (ρ, η, h)
∗
T
α
βγ + (ρ, η, h)
∗
Tbγθ (ρ, η, h)
∗
P
α b
β
}
= 0,∑
cyclic(β,γ,θ)
{
(ρ, η, h)
∗
Tbβγ |θ + (ρ, η, h)
∗
T
α
γθ (ρ, η, h)
∗
Tbβα
+(ρ, η, h)
∗
Tcγθ (ρ, η, h)
∗
P
c
bβ
}
= 0,
and using the following sections (δλ, δθ, δγ , δβ), the identities (B2) become:
(B2)′

∑
cyclic(β,γ,θ,λ)
{
(ρ, η, h)
∗
R
α
β γθ|λ
− (ρ, η, h)
∗
T
µ
θλ (ρ, η, h)
∗
T
α
βγµ
− (ρ, η, h)
∗
Tbθλ (ρ, η, h)
∗
P
α b
β γ
}
= 0,∑
cyclic(γ,θ,λ)
{
(ρ, η, h)
∗
R
a
b γθ|λ
− (ρ, η, h)
∗
T
µ
θλ (ρ, η, h)
∗
R
a
b γµ
− (ρ, η, h)
∗
Tcθλ (ρ, η, h)
∗
P
ac
b γ
}
= 0.
Using another base of sections, we shall obtain new identities of Bianchi type necessary
in the applications.
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6.8 The (ρ, η)-(pseudo)metrizability
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and ((F, ν,M) , [, ]F.h , (ρ, η)) ∈ |GLA| . Let (ρ, η)
∗
Γ be a (ρ, η)-
connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
be a distin-
guished linear (ρ, η)-connection for the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Definition 6.8.1 A tensor d-field
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b ∈ DT
02
20
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
will be called a pseudometrical structure if its components are symmetric and the ma-
trices
∥∥∥gαβ (∗ux)∥∥∥and ∥∥∥gab (∗ux)∥∥∥ are nondegenerate, for any point ∗ux ∈ ∗E.
Moreover, if the matrices
∥∥∥gαβ (∗ux)∥∥∥ and ∥∥∥gab (∗ux)∥∥∥ has constant signature, then
the tensor d-field
∗
G will be called metrical structure.
Let
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
be a (pseudo)metrical structure. If α, β ∈ 1, p and a, b ∈ 1, r, then for any vector local
(m+ r)-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, we consider the real functions
∗
pi
−1
(U)
g˜βα
−−−−−−→ R
and
∗
pi
−1
(U)
g˜ba
−−−−−−→ R
such that
g˜βα
(
∗
ux
)
· gαγ
(
∗
ux
)
= δβγ , ∀
∗
ux ∈
∗
pi
−1
(U) \ {0x}
and
g˜ba
(
∗
ux
)
· gac
(
∗
ux
)
= δcb, ∀
∗
ux ∈
∗
pi
−1
(U) \ {0x}
respectively.
Definition 6.8.2 We will say that the (pseudo)metrical structure
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
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is Riemannian (pseudo)metrical structure if around each point x ∈ M it exists a lo-
cal vector m + r-chart
(
U,
∗
sU
)
and a local m-chart (U, ξU ) such that gαβ ◦ s
−1
U ◦(
ξ−1U × IdRm
)
(x, p) and gab ◦ s−1U ◦
(
ξ−1U × IdRm
)
(x, p) depends only on x, for any
∗
ux ∈
∗
pi
−1
(U) .
If only the condition is verified: ”gαβ ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, p) depends only on x,
for any
∗
ux ∈
∗
pi
−1
(U)” (respectively ”gab ◦ s−1U ◦
(
ξ−1U × IdRm
)
(x, p) depend only on x,
for any
∗
ux ∈
∗
pi
−1
(U)”), then we will say that the (pseudo)metrical structure G is a Rie-
mannian
∗
H-(pseudo)metrical structure respectively a Riemannian
∗
V-(pseudo)metrical
structure.
Definition 6.8.3 We will say that the (pseudo)metrical structure
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
is locally Minkowski structure if around each point x ∈M it exists a local vector m+ r-
chart
(
U,
∗
sU
)
and a local m-chart (U, ξU ) such that gαβ ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, p) and
gab ◦ s−1U ◦
(
ξ−1U × IdRm
)
(x, p) depends only on p, for any
∗
ux ∈
∗
pi
−1
(U) .
If only the condition is verified: ”gαβ ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, p) depend only on
p, for any
∗
ux ∈
∗
pi
−1
(U)” respectively ”gab ◦ s−1U ◦
(
ξ−1U × IdRm
)
(x, p) depends only on
p, for any
∗
ux ∈
∗
pi
−1
(U)”, then we will say that the (pseudo)metrical structure
∗
G is a
(pseudo)metrical structure
∗
H-locally Minkowski and
∗
V-locally Minkowski, respectively.
Definition 6.8.4 The generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
will be called
(ρ, η)-(pseudo)metrizable if it exists a (pseudo)metrical structure
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
and a distinguished linear (ρ, η)-connection(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
such that
(6.8.1) (ρ, η)DXG = 0, ∀X ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
The condition (6.8.1) is equivalent with the following equalities:
(6.8.2) gαβ|γ = 0, g
ab
|γ = 0, gαβ|
c = 0 , gab|c = 0.
If gαβ|γ=0 and g
ab
|γ=0, then we will say that the vector bundle(
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
is
∗
H-(ρ, η)-(pseudo)metrizable.
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If gαβ|
c = 0 and gab|c = 0, then we will say that the vector bundle(
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
is
∗
V-(ρ, η)-(pseudo)metrizable.
Theorem 6.8.1 If (
(ρ, η)
∗
H˚, (ρ, η)
∗
V˚
)
is a distinguished linear (ρ, η)-connection for the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
and
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
is a (pseudo)metrical structure, then the real local functions:
(6.8.3)
(ρ, η)
∗
H
α
βγ =
1
2
g˜αε
(
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜γ
)
gεβ
+Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜β
)
gεγ − Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜ε
)
gβγ+
+gθεL
θ
γβ ◦ h ◦
∗
pi − gβθL
θ
γε ◦ h ◦
∗
pi − gθγL
θ
βε ◦ h ◦
∗
pi
)
,
(ρ, η)
∗
H
a
bγ = (ρ, η)
∗
H˚
a
bγ +
1
2
g˜bcg
ac
0
|γ
,
(ρ, η)
∗
V
αc
β = (ρ, η)
∗
V˚
αc
β +
1
2
gβεg˜
αε
0
|
c
,
(ρ, η)
∗
V
ac
b =
1
2
g˜be
(
Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
c
)
gea
+Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
a
)
gec − Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
e
)
gac
)
are components of a distinguished linear (ρ, η)-connection such that the generalized tan-
gent bundle (
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
becomes (ρ, η)-(pseudo)metrizable.
Corollary 6.8.1 If the distinguished linear (ρ, η)-connection(
(ρ, η)
∗
H˚, (ρ, η)
∗
V˚
)
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coincide with the Berwald linear (ρ, η)-connection, then the local real functions:
(6.8.4)
(ρ, η)
c
∗
H
α
βγ =
1
2
g˜αε
(
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜γ
)
gεβ
+Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜β
)
gεγ − Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜ε
)
gβγ
+gθεL
θ
γβ ◦ h ◦
∗
pi − gβθL
θ
γε ◦ h ◦
∗
pi − gθγL
θ
βε ◦ h ◦
∗
pi
)
,
(ρ, η)
c
∗
H
a
bγ =
∂ (ρ, η)
∗
Γbγ
∂pa
+
1
2
g˜bcg
ac
0
|γ
,
(ρ, η)
c
∗
V
αc
β =
1
2
gβε
∂g˜αε
∂pc
,
(ρ, η)
c
∗
V
bc
a =
1
2
g˜ae
(
∂geb
∂pc
+
∂gec
∂pb
−
∂gbc
∂pe
)
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle (
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
becomes (ρ, η)-(pseudo)metrizable.
Moreover, if the (pseudo)metrical structure
∗
G is H- and V-Riemannian, then the
local real functions:
(4.8.5)
(ρ, η)
c
∗
H
α
βγ=
1
2
gαε
(
ρkγ◦h◦pi
∂gεβ
∂xk
+ ρjβ◦h◦pi
∂gεγ
∂xj
− ρeε◦h◦pi
∂gβγ
∂xe
+
+gθεL
θ
γβ◦h◦pi − gβθL
θ
γε◦h◦pi − gθγL
θ
βε◦h◦pi
)
,
(ρ, η)
c
∗
H
a
bγ=
∂ (ρ, η) Γaγ
∂yb
+
1
2
gac
(
ρiγ◦h◦pi
∂gbc
∂xi
−
∂ρΓeγ
∂yb
gec −
∂ρΓeγ
∂yc
geb
)
,
(ρ, η)
c
∗
V
α
βc = 0, (ρ, η)
c
∗
V
a
bc = 0
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle (
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
becomes (ρ, η)-(pseudo)metrizable.
Theorem 6.8.2 Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
.
Let (
(ρ, η)
∗
H˚, (ρ, η)
∗
V˚
)
be a distinguished linear (ρ, η)-connection for(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
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and let
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
be a (pseudo)metrical structure.
Let
(6.8.6)
Oαεβγ =
1
2
(
δαβδ
ε
γ − gβγ g˜
αε
)
, O∗αεβγ =
1
2
(
δαβδ
ε
γ + gβγ g˜
αε
)
,
Oaebc =
1
2
(δabδ
e
c − g˜bcg
ae) , O∗aebc =
1
2 (δ
a
bδ
e
c + g˜bcg
ae) ,
be the Obata operators
If the real local functions Xαβγ ,X
αc
β , Y
a
bγ , Y
ac
b are components of tensor fields, then
the local real functions are given in the following:
(6.8.7)
(ρ, η)
∗
H
α
βγ = (ρ, η)
c
∗
H
α
βγ +O
αε
γηX
η
εβ,
(ρ, η)
∗
H
a
bγ = (ρ, η)
c
∗
H
a
bγ +O
ae
bdY
d
eγ,
(ρ, η)
∗
V
αc
β = (ρ, η)
c
∗
V
αc
β +O
∗αε
βη X
ηc
ε ,
(ρ, η)
∗
V
ac
b = (ρ, η)
c
∗
V
ac
b +O
∗ae
bd Y
dc
e ,
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle (
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
becomes (ρ, η)-(pseudo)metrizable.
Theorem 6.8.3 Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
.
If (
(ρ, η)
∗
H˚, (ρ, η)
∗
V˚
)
is a distinguished linear (ρ, η)-connection for the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
and
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
is a (pseudo)metrical structure, then the real local functions:
(6.8.8)
(ρ, η)
∗
H
α
βγ = (ρ, η)
∗
H˚
α
βγ +
1
2gβεg˜
εα
0
|γ
,
(ρ, η)
∗
H
a
bγ = (ρ, η)
∗
H˚
a
bγ +
1
2 g˜beg
ea
0
|γ
,
(ρ, η)
∗
V
αc
β = (ρ, η)
∗
V˚
αc
β +
1
2gβεg˜
εα
0
|
c
,
(ρ, η)
∗
V
ac
b = (ρ, η)
∗
V˚
ac
b +
1
2 g˜beg
ea
0
|
c
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are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle (
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
becomes (ρ, η)-(pseudo)metrizable.
6.9 Generalized Hamilton (ρ, η)-spaces, Hamilton (ρ, η)-spaces
and Cartan (ρ, η)-spaces
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
such that (E, pi,M) = (F, ν,N) and the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is (ρ, η)-(pseudo)metrizable.
Definition 6.9.1 A smooth Hamilton fundamental function on the dual vector bundle(
∗
E,
∗
pi,M
)
is a mapping
∗
E
H
−−−→ R
which satisfies the following conditions:
1. H ◦
∗
u ∈ C∞ (M), for any
∗
u ∈ Γ
(
∗
E,
∗
pi,M
)
\ {0};
2. H ◦ 0 ∈ C0 (M), where 0 means the null section of
(
∗
E,
∗
pi,M
)
.
Let H be a differentiable Hamiltonian defined on the total space of the vector bundle(
∗
E,
∗
pi,M
)
.
If
(
U,
∗
sU
)
is a local vector (m+ r)-chart for
(
∗
E,
∗
pi,M
)
, then we obtain the following
real functions defined on
∗
pi
−1
(U):
(6.9.1)
Hi
put
=
∂H
∂xi
put
=
∂
∂xi
(H) Hbi
put
=
∂2H
∂xi∂pb
put
=
∂
∂xi
(
∂
∂pb
(H)
)
Ha
put
=
∂H
∂pa
put
=
∂
∂pa
(H) Hab
put
=
∂2H
∂pa∂pb
put
=
∂
∂pa
(
∂
∂pb
(H)
) .
Definition 6.9.2 If for any local vector m+ r-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, we have:
(6.9.2) rank
∥∥∥Hab (∗ux)∥∥∥ = r,
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for any
∗
ux ∈
∗
pi
−1
(U) \ {0x}, then we say that the Hamiltonian H is regular.
Proposition 6.9.1 If the Hamiltonian H is regular, then for any local vectorm+r-chart(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, we obtain the real functions Hba locally defined by
(6.9.3)
∗
pi
−1
(U)
H˜ba
−−−→ R
∗
ux 7−→ Hba
(
∗
ux
)
where
∥∥∥H˜ba (∗ux)∥∥∥ = ∥∥∥Hab (∗ux)∥∥∥−1, for any ∗ux ∈ ∗pi−1 (U) .
Definition 6.9.3 A smooth Cartan fundamental function on the vector bundle
(
∗
E,
∗
pi,M
)
is a mapping
∗
E
K
−−−→ R+
which satisfies the following conditions:
1. K ◦
∗
u ∈ C∞ (M), for any
∗
u ∈ Γ
(
∗
E,
∗
pi,M
)
\ {0};
2. K ◦ 0 ∈ C0 (M), where 0 means the null section of
(
∗
E,
∗
pi,M
)
;
3. K is positively 1-homogenous on the fibres of vector bundle
(
∗
E,
∗
pi,M
)
;
4. For any local vector m+ r-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, the hessian:
(6.9.4)
∥∥∥K2 ab (∗ux)∥∥∥
is positively define for any
∗
ux ∈
∗
pi
−1
(U) \ {0x}.
Definition 6.9.4 If the (pseudo)metrical structure
∗
G is determined by a (pseudo)metrical
structure
g ∈ T 20
(
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,
then the (ρ, η)-(pseudo)metrizable vector bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
will be called the generalized Hamilton (ρ, η)-space.
In particular, if the (pseudo)metrical structure g is determined with the help of
a Hamilton fundamental function or Cartan fundamental function, then the (ρ, η)-
(pseudo)metrizable vector bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
will be called the Hamilton (ρ, η)-space or the Cartan (ρ, η)-space, respectively.
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The generalized Hamilton (IdTM , IdM )-space, the Hamilton (IdTM , IdM )-space,
and the Cartan (IdTM , IdM )-space will be called the generalized Hamilton space, Hamil-
ton space, Cartan space.
Definition 6.9.5 The normal distinguished linear (ρ, η)-connections of a Hamilton or
Cartan (ρ, η)-space will be called Hamilton and Cartan linear (ρ, η)-connections.
The Hamilton and Cartan linear (IdTM , IdM )-connections will be called Hamilton
and Cartan linear connections, respectively.
Theorem 6.9.1 If the (pseudo)metrical structure
∗
G is determined by a (pseudo)metrical
structure
g ∈ T 20
(
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,
then the real local functions:
(6.9.5)
(ρ, η)
∗
H
a
bc =
1
2
gae
(
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜b
)
g˜ec + Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜c
)
g˜be
−Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜e
)
g˜bc − g˜cd · L
d
be◦h◦
∗
pi
+g˜bd · L
d
ec◦h◦
∗
pi − g˜ed · L
d
bc◦h◦
∗
pi
)
,
(ρ, η)
∗
V
bc
a =
1
2
g˜ae
(
Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
c
)
geb
+Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
b
)
gec − Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
e
)
gbc
)
are the components of a normal distinguished linear (ρ, η)-connection with
(ρ, η)-
∗
H
(
∗
H
∗
H
)
and (ρ, η)-
∗
V
(
∗
V
∗
V
)
torsions free such that the generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
derives generalized Hamilton (ρ, η)-space.
This normal distinguished linear (ρ, η)-connection will be called generalized linear
(ρ, η)-connection of Levi-Civita type.
If the (pseudo)metrical structure g is determined with the help of a Hamilton or Car-
tan fundamental function, then the Hamilton and the Cartan linear (ρ, η)-connections
will be called canonical Hamilton and Cartan linear (ρ, η)-connection, respectively.
The canonical Hamilton and Cartan linear (IdTM , IdM )-connection will be called
the canonical Hamilton and Cartan linear connection respectively.
Theorem 6.9.2 Let
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
be the normal distinguished linear (ρ, η)-
connection presented in the previous theorem.
If
∗
T
a
bc
∗
δ˜a ⊗ dz˜
b ⊗ dz˜c ∈ T 1020
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
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and
∗
S
bc
a
·
∂˜
a
⊗ δp˜b ⊗ δp˜c ∈ T
02
01
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
such that they satisfy the following conditions:
∗
T
a
bc = −
∗
T
a
cb,
∗
S
bc
a = −
∗
S
bc
a , ∀b, c ∈ 1, r,
then the real local functions:
(6.9.6)
(ρ, η)
∗
H˜
a
bc = (ρ, η)
∗
H
a
bc +
1
2
gae ·
(
g˜ed
∗
T
d
bc − g˜bd
∗
T
d
ec + g˜cd
∗
T
d
be
)
,
(ρ, η)
∗
V˜
bc
a = (ρ, η)
∗
V
bc
a +
1
2
g˜ae ·
(
ged
∗
S
bc
d − g
bd
∗
S
ec
d + g
cd
∗
S
be
d
)
are the components of a normal distinguished linear (ρ, η)-connection with
(ρ, η)-
∗
H
(
∗
H
∗
H
)
and (ρ, η)-
∗
V
(
∗
V
∗
V
)
torsions a priori given such that the generalized tan-
gent bundle (
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
derives generalized Hamilton (ρ, η)-space.
Moreover, we obtain:
(6.9.7)
∗
T
a
bc = (ρ, η)
∗
H
a
bc − (ρ, η)
∗
H
a
cb − L
a
bc ◦ h ◦
∗
pi,
∗
S
bc
a = (ρ, η)
∗
V
bc
a − (ρ, η)
∗
V
cb
a .
6.10 Einstein equations
We shall consider a metric structure
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
and a distinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
compatible with the
structure metric
∗
G having
∗
H
(
∗
H
∗
H
)
and
∗
V
(
∗
V
∗
V
)
-torsions prescribed.
Definition 6.10.1 If (ρ, η, h)
∗
R α β and (ρ, η, h)
∗
S
a b
are the components of tensor Ricci
associated to distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ) ,
then the scalar
(6.10.1) (ρ, η, h)
∗
R=(ρ, η, h)
∗
R α βg
αβ + (ρ, η, h)
∗
S
a b
g˜ab
will be called the scalar of curvature of distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ) .
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Definition 6.10.2 The tensor field
(6.10.2)
(ρ, η, h)
∗
T = (ρ, η, h)
∗
T α βdz˜
α ⊗ dz˜β + (ρ, η, h)
∗
T
b
α dz˜
α ⊗ δp˜b
+(ρ, η, h)
∗
T
a
βδp˜a ⊗ dz˜
β + (ρ, η, h)
∗
T
a b
δp˜a ⊗ δp˜b
such that its components verify the following conditions:
(6.10.3)
κ (ρ, η, h)
∗
T α β = (ρ, η, h)
∗
Rαβ −
1
2
(ρ, η, h)
∗
R · gαβ,
−κ (ρ, η, h)
∗
T
b
α = (ρ, η, h)
∗
P
b
α ,
κ (ρ, η, h)
∗
T
a
β = (ρ, η, h)
∗
P
a
β,
κ (ρ, η, h)
∗
T
a b
= (ρ, η, h)
∗
S
a b
−
1
2
(ρ, η, h)
∗
R · gab,
where κ is a constant, will be called the energy-momentum tensor field associated to
distinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
and metrical structure
∗
G.
The equations (4.10.3) will be called the Einstein equations associated to distin-
guished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
and metrical structure
∗
G.
Formally, the Einstein equations will be written
(6.10.3)′ Ric
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
− 12 (ρ, η, h)
∗
R ·
∗
G = κ · (ρ, η, h)
∗
T.
6.11 Dual mechanical systems
Using the diagram:
(6.11.1)
∗
E
∗
pi

(
E, [, ]E,h , (ρ, η)
)
pi

M
h
//M
where
(
(E, pi,M) , [, ]E,h , (ρ, η)
)
is a generalized Lie algebroid, we build the generalized
tangent bundle
(((ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E), [, ]
(ρ,η)T
∗
E
, (
∗
ρ˜, Id ∗
E
)).
Definition 6.11.1 A triple
(6.11.2)
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
,
where
(6.11.3)
∗
F e = Fa
·
∂˜
a
∈ Γ
(
V (ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
is an external force and (ρ, η)
∗
Γ is a (ρ, η)-connection, will be called dual mechanical
(ρ, η)-system.
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A dual mechanical (ρ, η)-system((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
endowed with a (pseudo)metrical structure
∗
G determined with the help of a (pseudo)metrical
structure
g = gabδp˜a ⊗ δp˜a ∈ T
02
00
(
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
will be denoted
(6.11.4)
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ,
∗
G
)
.
and will be called generalized Hamilton mechanical (ρ, η)-system.
Any dual mechanical (IdTM , IdM )-system and any generalized Hamilton mecha-
nical (IdTM , IdM )-system will be called mechanical system and generalized Hamilton
mechanical system, respectively.
Definition 6.11.2 If H respectively K is a smooth Hamilton respectively Cartan
function, then we put the triple(((
∗
E,
∗
pi,M
)
,
∗
pi,M
)
,
∗
F e,H
)
,
respectively ((
∗
E,
∗
pi,M
)
,
∗
F e,K
)
,
where
∗
F e = Fa
·
∂˜
a
∈ Γ
(
V (ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
is an external force. These are called Hamilton mechanical (ρ, η)-system and Cartan
mechanical (ρ, η)-system respectively.
Any Hamilton mechanical (IdTM , IdM )-system and any Cartan mechanical
(IdTM , IdM )-system will be called Hamilton mechanical system and Cartan mechanical
system, respectively.
6.11.1 (ρ, η)-semisprays and (ρ, η)-sprays for dual mechanical (ρ, η)-systems
Let
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
be an arbitrary dual mechanical (ρ, η)-system.
Definition 6.11.1.1 The vertical section
(6.11.1.1)
∗
C=pa
·
∂˜
a
,
will be called the Liouville section.
Definition 6.11.1.2 The section
∗
S ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
will be called (ρ, η)-
semispray if there exists an almost tangent structure e such that
(6.11.1.2) e
(
∗
S
)
=
∗
C.
176
Let (g, h) be a locally invertible Bv-morphism of
(
∗
E,
∗
pi,M
)
source and (E, pi,M)
target.
Theorem 6.11.1.1 The section
(6.11.1.3) S =
(
gab ◦ h ◦
∗
pi
)
pb
∂
∂z˜a
− 2
(
Ga −
1
4Fa
)
∂
∂p˜a
is a (ρ, η)-semispray such that the real local functions Ga, a ∈ 1, n, satisfy the following
conditions
(6.11.1.4)
(ρ, η)
∗
Γbc = −
(
g˜eb ◦ h ◦
∗
pi
)
∂(Gc− 14Fc)
∂pe
+12
(
gde ◦ h ◦
∗
pi · pe
)
Ladb ◦ h ◦
∗
pi · g˜ac ◦ h ◦
∗
pi, b, c ∈ 1, r.
In addition, we remark that the local real functions
(6.11.1.5)
(ρ, η)
∗
Γ˚bc
put
= −
(
g˜eb◦h◦
∗
pi
)
∂Gc
∂pe
+12
(
gde ◦ h ◦
∗
pi · pe
)
Ladb ◦ h ◦ pi · g˜ac ◦ h ◦
∗
pi, a, b∈1, r
are the components of a (ρ, η)-connection (ρ, η)
∗
Γ˚ for the vector bundle
(
∗
E,
∗
pi,M
)
.
The (ρ, η)-semispray
∗
S will be called the canonical (ρ, η)-semispray associated to
mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible Bv-
morphism (g, h) .
Proof. We consider the Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
P
−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
X 7−→
∗
J (g,h)
[
∗
S,X
]
(ρ,η)T
∗
E
−
[
∗
S,
∗
J (g,h)X
]
(ρ,η)T
∗
E
.
Let X = Z˜a
∗
∂˜a + Ya
·
∂˜
a
be an arbitrary section.
Since [
∗
S,X
]
(ρ,η)T
∗
E
=
[(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a, Z˜
b
∗
∂˜b
]
(ρ,η)T
∗
E
+
[(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a, Yb
·
∂˜
b
]
(ρ,η)T
∗
E
−
[
2
(
Ga −
1
4Fa
) ·
∂˜
a
, Z˜b
∗
∂˜b
]
(ρ,η)T
∗
E
−
[
2
(
Ga −
1
4Fa
) ·
∂˜
a
, Yb
·
∂˜
b
]
(ρ,η)T
∗
E
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and [(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a, Z˜
b
∗
∂˜b
]
(ρ,η)T
∗
E
=
(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦
∗
pi ∂Z˜
c
∂xi
∗
∂˜c
−Z˜bρjb ◦ h ◦
∗
pi
∂
(
gce◦h◦
∗
pi·pe
)
∂xj
∗
∂˜c
+
(
gae ◦ h ◦
∗
pi · pe
)
Z˜b
(
Lcab ◦ h ◦
∗
pi
) ∗
∂˜c,[(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a, Yb
·
∂˜
b
]
(ρ,η)T
∗
E
=
(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦
∗
pi ∂Yc
∂xi
·
∂˜
c
−Yb
∂
(
gce◦h◦
∗
pi·pe
)
∂pb
∗
∂˜c,[
2
(
Ga −
1
4Fa
) ·
∂˜
a
, Z˜b∂˜b
]
(ρ,η)T
∗
E
= 2
(
Ga −
1
4Fa
)
∂Z˜c
∂pa
∗
∂˜c
−2Z˜bρjb ◦ h ◦
∗
pi
∂(Gc− 14Fc)
∂xj
·
∂˜
c
,[
2
(
Ga −
1
4Fa
) ·
∂˜
a
, Yb
·
∂˜
b
]
(ρ,η)T
∗
E
= 2
(
Ga −
1
4Fa
)
∂Yc
∂pa
·
∂˜
c
−2Yb
∂(Gc− 14Fc)
∂pb
·
∂˜
c
,
it results that
(P1)
∗
J (g,h)
[
∗
S,X
]
(ρ,η)T
∗
E
=
(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦
∗
pi ∂Z˜
c
∂xi
·
(
g˜dc ◦ h ◦
∗
pi
) ·
∂˜
d
−Z˜bρjb ◦ h ◦
∗
pi
∂
(
gce◦h◦
∗
pi·pe
)
∂xj
·
(
g˜dc ◦ h ◦
∗
pi
) ·
∂˜
d
+
(
gae ◦ h ◦
∗
pi · pe
)
Z˜bLcab ·
(
g˜dc ◦ h ◦
∗
pi
) ·
∂˜
d
−Y b
∂
(
gce◦h◦
∗
pi·pe
)
∂yb
·
(
g˜dc ◦ h ◦
∗
pi
) ·
∂˜
d
−2
(
Ga −
1
4Fa
)
∂Z˜c
∂pa
·
(
g˜dc ◦ h ◦
∗
pi
) ·
∂˜
d
.
Since[
∗
S,
∗
J (g,h)X
]
(ρ,η)T
∗
E
=
[(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a,
(
g˜cb ◦ h ◦
∗
pi
)
Z˜b
·
∂˜
c
]
(ρ,η)T
∗
E
−
[
2
(
Ga −
1
4Fa
) ·
∂˜
a
,
(
g˜cb ◦ h ◦
∗
pi
)
Z˜b
·
∂˜
c
]
(ρ,η)T
∗
E
and[(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a,
(
g˜cb ◦ h ◦
∗
pi
)
Z˜b
·
∂˜c
]
(ρ,η)T
∗
E
=
(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦
∗
pi
∂
(
g˜db◦h◦
∗
pi·Z˜b
)
∂xi
·
∂˜
d
−g˜cb ◦ h ◦
∗
pi · Z˜b
∂
(
gde◦h◦
∗
pi·pe
)
∂pc
∗
∂˜d,
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[
2
(
Ga −
1
4Fa
) ·
∂˜
a
, g˜cb ◦ h ◦
∗
piZ˜b
·
∂˜
c
]
(ρ,η)T
∗
E
= 2
(
Ga −
1
4Fa
) ∂(g˜db◦h◦∗pi·Z˜b)
∂pa
·
∂˜
d
−2g˜cb ◦ h ◦
∗
pi · Z˜b
∂(Gd− 14Fd)
∂pc
·
∂˜
d
it results that
(P2)
[
∗
S,
∗
J (g,h)X
]
(ρ,η)T
∗
E
=
(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦ pi
∂
(
g˜db◦h◦
∗
pi·Z˜b
)
∂xi
·
∂˜
d
−g˜cb ◦ h ◦
∗
pi · Z˜b
∂
(
gde◦h◦
∗
pi·pe
)
∂pc
∗
∂˜d
−2
(
Ga −
1
4Fa
) ∂(g˜db◦h◦∗pi·Z˜b)
∂pa
·
∂˜
d
+2g˜cb ◦ h ◦
∗
pi · Z˜b
∂(Gd− 14Fd)
∂pc
·
∂˜
d
.
We remark that(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦
∗
pi
∂
(
g˜db◦h◦
∗
pi·Z˜b
)
∂xi
= gae ◦ h ◦
∗
pi · pe
(
ρia ◦ h ◦
∗
pi
)
∂Z˜c
∂xi
· g˜dc ◦ h ◦
∗
pi
−Z˜bρjb ◦ h ◦
∗
pi
∂
(
gce◦h◦
∗
pi·pe
)
∂xj
· g˜dc ◦ h ◦
∗
pi,
Yd = Yb
∂
(
gce◦h◦
∗
pi·pe
)
∂pb
· g˜dc ◦ h ◦
∗
pi
and
Z˜d = g˜cb ◦ h ◦
∗
pi · Z˜b
∂
(
gde◦h◦
∗
pi·pe
)
∂pc
.
Using the equalities (P1) and (P2) we obtain:
P
(
Z˜a
∗
∂˜a + Ya
·
∂˜
a
)
= Z˜a
∗
∂˜a+
+
(
−Ya − 2g˜cb ◦ h ◦
∗
pi
∂(Ga− 14Fa)
∂pc
Z˜b +
(
gde ◦ h ◦
∗
pi · pe
)
Z˜bLcdb ◦ h ◦
∗
pi · g˜ac ◦ h ◦
∗
pi
) ·
∂˜
a
.
After some calculations, it results that P is an almost product structure.
Using the equality
P = Id− 2 (ρ, η)
∗
Γ,
we obtain that
(ρ, η) Γ
(
Z˜a
∗
∂˜a + Ya
·
∂˜
a
)
=
=
(
Ya + g˜ac◦h◦
∗
pi
∂(Gb− 14Fb)
∂pa
Z˜c − 12
(
gde ◦ h ◦
∗
pi · pe
)
Z˜cL
f
dc ◦ h ◦
∗
pi · g˜af ◦ h ◦
∗
pi
) ·
∂˜
a
Since
(ρ, η) Γ
(
Z˜a
∗
∂˜a + Ya
·
∂˜
a
)
=
(
Yc − (ρ, η)
∗
ΓbcZ˜
b
) ·
∂˜
c
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it results that relations (4.11.1.4) are satisfied. In addition, since
(ρ, η)
∗
Γ˚bc = (ρ, η)
∗
Γbc −
1
4 g˜db ◦ h ◦
∗
pi ∂Fc
∂pd
and
(ρ, η)
∗
Γ˚b´c´ = (ρ, η)
∗
Γb´c´ −
1
4 g˜e´c´ ◦ h ◦
∗
pi ∂Fb´
∂pe´
=M bb´ ◦
∗
pi
(
−ρic ◦ h ◦
∗
pi ·
∂M a´b
∂xi
pa´ + (ρ, η)
∗
Γbc
)
M cc´ ◦ h ◦
∗
pi
+M bb´ ◦
∗
pi
(
1
4 g˜ec ◦ h ◦
∗
pi · ∂Fb
∂pe
)
M cc´ ◦ h ◦
∗
pi
=M bb´ ◦
∗
pi
(
−ρic ◦ h ◦
∗
pi ·
∂M a´b
∂xi
pa´ +
(
(ρ, η)
∗
Γbc −
1
4 g˜ec ◦ h ◦
∗
pi · ∂Fb
∂pe
))
M cc´ ◦h◦
∗
pi
=M bb´ ◦
∗
pi
(
−ρic ◦ h ◦
∗
pi ·
∂M a´b
∂xi
pa´ + (ρ, η)
∗
Γ˚bc
)
M cc´ ◦h◦
∗
pi
it results the conclusion of the theorem. q.e.d.
Theorem 6.11.1.2 The following properties hold:
1◦ Since
∗
◦
δ˜c =
∗
∂˜c + (ρ, η)
∗
Γ˚bc
·
∂˜
b
, c ∈ 1, r,
it results that
(6.11.1.6)
∗
◦
δ˜c =
∗
δ˜c −
1
4 g˜ec ◦ h ◦ pi ·
∂Fb
∂pe
·
∂˜
b
, c ∈ 1, r.
2◦ Since
δ˚p˜b = − (ρ, η)
∗
Γ˚bcdz˜
c + dp˜b,
it results that
(6.11.1.7) δ˚p˜b = δp˜b +
1
4 g˜ec ◦ h ◦
∗
pi ∂Fb
∂p˜e
dz˜c, b ∈ 1, r.
Theorem 6.11.1.3 The real local functions
(6.11.1.8)
(
∂(ρ,η)
∗
Γbc
∂pa
,
∂(ρ,η)
∗
Γbc
∂pa
, 0, 0
)
, a, b, c ∈ 1, r
and
(6.11.1.8)′
(
∂(ρ,η)
∗
Γ˚bc
∂pa
,
∂(ρ,η)
∗
Γ˚bc
∂pa
, 0, 0
)
, a, b, c ∈ 1, r
respectively are the coefficients to a normal Berwald linear (ρ, η)-connection for the
generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
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Theorem 6.11.1.4 The tensor of integrability of the (ρ, η)-connection (ρ, η)
∗
Γ˚ is as
follows:
(6.11.1.9)
(ρ, η, h)
∗
R˚b cd = (ρ, η, h)
∗
Rb cd +
1
4
(
g˜ed ◦ h ◦
∗
pi ∂Fb
∂pe |c
− g˜ec ◦ h ◦
∗
pi ∂Fb
∂pe |d
)
+
+ 116
(
g˜ed ◦ h ◦
∗
pi ∂Fl
∂pe
g˜fc ◦ h ◦
∗
pi ∂
2Fb
∂pl∂pf
− g˜fc ◦ h ◦
∗
pi ∂Fl
∂pf
g˜ed ◦ h ◦
∗
pi ∂
2Fb
∂pl∂pe
)
+
+14
(
L
f
cd ◦ h ◦
∗
pi
)(
g˜ef ◦ h ◦
∗
pi
)
∂Fb
∂pe
,
where |c is the h-covariant derivation with respect to the normal Berwald linear ρ-
connection (6.11.1.8).
Proof. Since
(ρ, η, h)
∗
R˚b cd = Γ
(
∗
ρ˜, Id ∗
E
)∗◦δ˜c
((ρ, η) ∗Γ˚bd
)
− Γ
(
∗
ρ˜, Id ∗
E
)∗◦δ˜d
((ρ, η) ∗Γ˚bc
)
−Lecd ◦ h ◦
∗
pi · (ρ, η)
∗
Γ˚be,
and
Γ
(
∗
ρ˜, Id ∗
E
)∗◦δ˜c
((ρ, η) ∗Γ˚bd
)
= Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜c
)(
(ρ, η)
∗
Γbd
)
+14Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜c
)(
g˜ed ◦ h ◦
∗
pi ∂Fb
∂pe
)
−14 g˜ec ◦ h ◦
∗
pi
∂Ff
∂pe
∂
∂pf
(
(ρ, η)
∗
Γbd
)
− 116 g˜ec ◦ h ◦
∗
pi
∂Ff
∂pe
∂
∂pf
(
g˜ed ◦ h ◦
∗
pi ∂Fb
∂pe
)
,
Γ
(
∗
ρ˜, Id ∗
E
)∗◦δ˜d
((ρ, η) ∗Γ˚bc
)
= Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜d
)(
(ρ, η)
∗
Γbc
)
+14Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜d
)(
g˜ec ◦ h ◦
∗
pi ∂Fb
∂pe
)
−14 g˜ed ◦ h ◦
∗
pi
∂Ff
∂pe
∂
∂pf
(
(ρ, η)
∗
Γbc
)
− 116 g˜ed ◦ h ◦
∗
pi
∂Ff
∂pe
∂
∂pf
(
g˜ec ◦ h ◦
∗
pi ∂Fb
∂pe
)
,
Lecd ◦ h ◦
∗
pi · (ρ, η)
∗
Γ˚be = L
e
cd ◦ h ◦
∗
pi · (ρ, η)
∗
Γbe
+Lecd ◦ h ◦
∗
pi ·
(
g˜fe ◦ h ◦
∗
pi ∂Fb
∂pe
)
it results the conclusion of the theorem. q.e.d.
Theorem 6.11.1.5 Let
∗
T
a
bcδa ⊗ dz˜
b ⊗ dz˜c ∈ T 1020
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
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and
∗
S
bc
a
·
∂˜a ⊗ δy˜
b ⊗ δy˜c ∈ T 0201
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
such that they verify the following conditions:
∗
T
a
bc = −
∗
T
a
cb,
∗
S
bc
a = −
∗
S
bc
a , ∀b, c ∈ 1, r.
If
(
(ρ, η)
∗
H˜, (ρ, η)
∗
V˜
)
is the distinguished linear (ρ, η)-connection presented in the
Theorem 6.9.2, then the local real functions:
(6.11.1.10)
(ρ, η)
∗˜˚
H
a
bc = (ρ, η)
∗
H˜
a
bc +
1
8g
ae
(
−g˜fc ◦ h ◦
∗
pi ∂Fd
∂pf
∂g˜be
∂pd
+ g˜fe ◦ h ◦
∗
pi ∂Fd
∂pf
∂g˜bc
∂pd
− g˜fb ◦ h ◦
∗
pi ∂Fd
∂pf
∂g˜ec
∂pd
)
,
(ρ, η)
∗˜˚
V
a
bc = (ρ, η)
∗
V˜
a
bc
are the components of a normal distinguished linear (ρ, η)-connection with (ρ, η)-
∗
H
(
∗
H
∗
H
)
and (ρ, η)-
∗
V
(
∗
V
∗
V
)
torsions a priori given such that the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
derives generalized Hamilton (ρ, η)-space.
In addition, we have:
(6.11.1.11)
(ρ, η, h)
∗˜˚
T
a
bc =
∗
T
a
bc
(ρ, η, h)
∗˜˚
S
bc
a =
∗
S
bc
a .
The local functions g˜fc, g˜fe, g˜fb are the local functions associated to the locally
invertible Bv-morphism (g, h) .
Proposition 6.11.1.1 If
∗
S is the canonical (ρ, η)-semispray associated to the me-
chanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible Bv-mor-
phism (g, h), then
(6.11.1.12) 2Gb´ = 2Gb ·M
b
b´ ◦ h ◦
∗
pi −
(
gae ◦ h ◦
∗
pi
)
pe
(
ρia ◦ h ◦
∗
pi
)
∂pb´
∂xi
.
Proof. Since the Jacobian matrix of coordinates transformation is∥∥∥∥∥∥
M a´a ◦ h ◦
∗
pi 0
ρia ◦ h ◦
∗
pi
∂Mab´ ◦
∗
pi
∂xi
pa M
b
b´ ◦
∗
pi
∥∥∥∥∥∥ =
∥∥∥∥∥ M a´a ◦ h ◦
∗
pi 0
ρia ◦ h ◦
∗
pi ∂pb´
∂xi
M bb´ ◦
∗
pi
∥∥∥∥∥
and ∥∥∥∥∥ M a´a ◦ h ◦
∗
pi 0
ρia ◦ h ◦
∗
pi ∂pb´
∂xi
M bb´ ◦
∗
pi
∥∥∥∥∥ ·
( (
gae ◦ h ◦
∗
pi
)
pe
−2
(
Gb −
1
4Fb
) ) =
=
( (
ga´e´ ◦ h ◦
∗
pi
)
pe´
−2
(
Gb´ −
1
4Fb´
)
)
,
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the conclusion results immediately. q.e.d.
In the following we consider a differentiable curve I
c
−→ M and its (g, h)-lift c˙.
Definition 6.11.1.3 The curve c˙ is an integral curve of the (ρ, η)-semispray
∗
S of
the dual mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
, if it is verify the following
equality:
(6.11.1.13) dc˙(t)
dt
= Γ
(
∗
ρ˜, Id ∗
E
)
∗
S (c˙ (t)) .
Theorem 6.11.1.6 The integral curves of the canonical (ρ, η)-semispray associated
to the mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible
Bv-morphism (g, h), are the (g, h)-lifts solutions of the equations:
(6.11.1.14) dpb(t)
dt
+ 2Gb◦
∗
u (c, c˙) (x (t))=12Fb◦
∗
u (c, c˙) (x (t)), b∈1,r,
where x (t) = (η ◦ h ◦ c) (t) .
Proof. Since the equality
dc˙(t)
dt
= Γ
(
∗
ρ˜, Id ∗
E
)
∗
S (c˙ (t))
is equivalent with
d
dt
((η ◦ h ◦ c)i(t), pb(t)) =
=
(
ρia ◦ η ◦ h ◦ c(t)g
ae ◦ h ◦ c(t)pe(t),−2
(
Gb −
1
4Fb
)
((η ◦ h ◦ c)(t), p (t))
)
,
it results
dpb(t)
dt
+ 2Gb(x (t) , p (t))=
1
2Fb(x (t) , p (t)), b∈1,r,
dxi(t)
dt
= ρia ◦ η ◦ h ◦ c (t) g
ae ◦ h ◦ c (t) pe (t) ,
where xi (t) = (η ◦ h ◦ c)i (t). q.e.d.
Definition 6.11.1.4 If
∗
S is a (ρ, η)-semispray, then the vector field
(6.11.1.15)
[
∗
C,
∗
S
]
(ρ,η)T
∗
E
−
∗
S
will be called the derivation of (ρ, η)-semispray
∗
S.
The (ρ, η)-semispray
∗
S will be called (ρ, η)-spray if there are verified the following
conditions:
1.
∗
S ◦ 0 ∈ C1, where 0 is the null section;
2. Its derivation is the null vector field.
The (ρ, η)-semispray
∗
S will be called quadratic (ρ, η)-spray if there are verified the
following conditions:
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1.
∗
S ◦ 0 ∈ C2, where 0 is the null section;
2. Its derivation is the null vector field.
In particular, if (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we obtain the
spray and the quadratic spray which is similar with the classical spray and quadratic
spray.
Theorem 6.11.1.7 If
∗
S is the canonical (ρ, η)-semispray associated to mechani-
cal (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible Bv-morphism
(g, h), then
(6.11.1.16)
2
(
Gb −
1
4Fb
)
= (ρ, η)
∗
Γbc
(
gcf ◦ h ◦
∗
pi · pf
)
+12
(
gde ◦ h ◦
∗
pi · pe
)
Ladc ◦ h ◦
∗
pi
·g˜ba ◦ h ◦
∗
pi
(
gcf ◦ h ◦
∗
pi · pf
)
, b ∈ 1, r.
Then we obtain the spray
(6.11.1.17)
∗
S =
(
gae ◦ h ◦
∗
pi
)
pe
∂
∂z˜a
+ (ρ, η)
∗
Γbc
(
gcf ◦ h ◦
∗
pi · pf
)
∂
∂p˜b
+12
(
gde ◦ h ◦
∗
pi · pe
)
Ladc ◦ h ◦
∗
pi · g˜ba ◦ h ◦
∗
pi
(
gcf ◦ h ◦
∗
pi · pf
)
∂
∂p˜b
.
This (ρ, η)-spray will be called the canonical (ρ, η)-spray associated to mechanical
system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible Bv-morphism (g, h).
In particular, if (ρ, η, g, h) = (IdTM , IdM , IdM , IdM ) , then we get the canonical
spray associated to connection
∗
Γ which is similar with the classical canonical spray
associated to connection
∗
Γ.
Proof. Since [
∗
C,
∗
S
]
(ρ,η)T
∗
E
=
[
pa
·
∂˜
a
,
(
gbe ◦ h ◦
∗
pi · pe
) ∗
∂˜b
]
(ρ,η)T
∗
E
−2
[
pa
·
∂˜
a
,
(
Gb −
1
4Fb
) ·
∂˜
b
]
(ρ,η)T
∗
E
,
[
pa
·
∂˜
a
,
(
gbe ◦ h ◦
∗
pi · pe
) ∗
∂˜b
]
(ρ,η)T
∗
E
= pa
∂
(
gbe◦h◦
∗
pi·pe
)
∂pa
∗
∂˜b
−
(
gbe ◦ h ◦
∗
pi · pe
)
ρ
j
β ◦ h ◦
∗
pi ∂pa
∂xi
·
∂˜
a
=
(
pa · gbe ◦ h ◦
∗
pi · δea
) ∗
∂˜b − 0
=
(
gbe ◦ h ◦
∗
pi · pe
) ∗
∂˜b
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and [
pa
·
∂˜
a
,
(
Gb −
1
4Fb
) ·
∂˜
b
]
(ρ,η)T
∗
E
= pa
∂(Gb− 14Fb)
∂pa
·
∂˜
b
−
(
Gb −
1
4Fb
)
δba
·
∂˜
a
= pa
∂(Gb− 14Fb)
∂pa
·
∂˜
b
−
(
Gb −
1
4Fb
) ·
∂˜
b
it results that
(S1)
[
∗
C,
∗
S
]
(ρ,η)T
∗
E
−
∗
S = 2
(
−pf
∂(Gb− 14Fb)
pf
+ 2
(
Gb −
1
4Fb
)) ·
∂˜
b
Using the equality (6.11.1.4) it results that
(S2)
∂(Gb− 14Fb)
pf
= − (ρ, η)
∗
Γbc ◦
∗
u (c, c˙) ◦ (η ◦ h ◦ c) · gcf ◦ h ◦
∗
pi
+12
(
gde ◦ h ◦
∗
pi · pe
)
· Ladc ◦ h ◦
∗
pi · g˜ba ◦ h ◦
∗
pi · gcf ◦ h ◦
∗
pi.
Using the equalities (S1) and (S2) it results the conclusion of the theorem. q.e.d.
Remark 6.11.1.2. If (ρ, η, h) = (idTM , IdM , IdM ) , then we get the canonical spray
associated to connection
∗
Γ.
Theorem 6.11.1.8 The integral curves of canonical (ρ, η)-spray associated to me-
chanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible Bv-morphism
(g, h) are the (g, h)-lifts solutions of the following system of equations:
(6.11.1.17)
dpb
dt
− (ρ, η)
∗
Γbc ◦
∗
u (c, c˙) ◦ (η ◦ h ◦ c) ·
(
gcf ◦ h ◦
∗
pi · pf
)
+12
(
gde ◦ h ◦
∗
pi · pe
)
· Ladc ◦ h ◦
∗
pi · g˜ba ◦ h ◦
∗
pi ·
(
gcf ◦ h ◦
∗
pi · pf
)
= 0,
where x (t) = η ◦ h ◦ c (t) .
6.11.2 The Hamiltonian formalism for Hamilton mechanical (ρ, η)-systems
Let
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
be an arbitrary Hamilton mechanical (ρ, η)-system.
The natural dual (ρ, η)-base (dz˜α, dp˜a) of natural (ρ, η)-base
(
∂
∂z˜α
, ∂
∂p˜a
)
is deter-
mined by the equations
〈
dz˜α, ∂
∂z˜β
〉
= δαβ ,
〈
dz˜α, ∂
∂p˜b
〉
= 0,〈
dp˜a,
∂
∂z˜β
〉
= 0,
〈
dp˜a,
∂
∂p˜b
〉
= δba.
It is very important to remark that the 1-forms dz˜α, α ∈ 1, p and dp˜a, a ∈ 1, r are
not the differentials of coordinates functions as in the classical case, but we will use the
same notations.
In this case
(dz˜α) 6= d(ρ,η)T
∗
E (z˜α) = 0,
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where d(ρ,η)T
∗
E is the exterior differentiation operator associated to exterior differential
F
(
∗
E
)
-algebra (
Λ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·,∧
)
.
Let H be a regular Hamiltonian and let (g, h) be a Bv-morphism locally invertible
of
(
∗
E,
∗
pi,M
)
source and (E, pi,M) target.
Definition 6.11.2.1 The 1-form
(6.11.2.1) θH =
(
g˜ea ◦ h ◦
∗
pi ·He
)
dz˜a
will be called the 1-form of Poincare´-Cartan type associated to the regular Hamiltonian
H and to the locally invertible Bv-morphism (g, h).
We obtain easily:
(6.11.2.2) θH
(
∂
∂z˜b
)
= g˜eb ◦ h ◦
∗
pi ·He, θH
(
∂
∂p˜b
)
= 0.
Definition 6.11.2.2 The 2-form
ωH = d
(ρ,η)T
∗
EθL
will be called the 2-form of Poincare´-Cartan type associated to the regular Hamiltonian
H and to the locally invertible Bv-morphism (g, h).
By the definition of d(ρ,η)T
∗
E , we obtain:
(6.11.2.3)
ωH (U, V ) = Γ
(
∗
ρ˜, Id ∗
E
)
(U) (θH (V ))−
−Γ (ρ˜, IdE) (V ) (θH (U))− θH
(
[U, V ]
(ρ,η)T
∗
E
)
,
for any U, V ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
It follows:
(6.11.2.4)
ωL
(
∂
∂z˜a
, ∂
∂z˜b
)
=
(
ρia ◦ h ◦
∗
pi
)
·
∂
(
g˜eb◦h◦
∗
pi·He
)
∂xi
−
(
ρib ◦ h ◦
∗
pi
)
·
∂
(
g˜ea◦h◦
∗
pi·He
)
∂xi
− Lcab ◦ h ◦
∗
pi ·
(
g˜ec ◦ h ◦
∗
pi ·He
)
;
ωL
(
∂
∂z˜a
, ∂
∂p˜b
)
= g˜ea ◦ h ◦
∗
pi ·Heb;
ωL
(
∂
∂p˜a
, ∂
∂p˜b
)
= 0.
Definition 6.11.2.3 The real function
(6.11.2.5) EH = pa ·H
a −H
will be called the energy of regular Hamiltonian H.
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Theorem 6.11.2.1 The equation
(6.11.2.6) i∗
S
(ωH) = −d(ρ,η)T
∗
E (EH) ,
∗
S ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,
has an unique solution
∗
SH (g, h) of the type:
(6.11.2.7)
(
gae ◦ h ◦
∗
pi
)
pe
∂
∂z˜a
− 2
(
Ga −
1
4Fa
)
∂
∂p˜a
,
where
(6.11.2.8) 2Ga =
(
gbe ◦ h ◦
∗
pi · H˜ea
)
·Eb (H, g, h) +
1
2Fa
and
(6.11.2.9)
Eb(H, g, h)=ρ
i
b◦h◦
∗
pi ·Hi − gae ◦ h ◦
∗
pi · pe · ρia◦h◦
∗
pi ·
∂
(
g˜eb◦h◦
∗
pi·He
)
∂xi
+gae ◦ h ◦
∗
pi · pe · Ldab◦h◦
∗
pi ·
(
g˜ed ◦ h ◦
∗
pi ·He
)
.
∗
SH (g, h) will be called the canonical (ρ, η)-semispray associated to Hamilton me-
chanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
and from locally invertible Bv-morphism
(g, h).
Proof. We obtain
i∗
S
(ωH) = −d(ρ,η)T
(
E (EH)⇐⇒
⇐⇒ ωH
(
∗
S,X
)
= −Γ
(
∗
ρ˜, Id ∗
E
)
(X) (EH) ,
∀X ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Particularly, we obtain:
ωH
(
∗
S, ∂
∂z˜b
)
= −Γ
(
∗
ρ˜, Id ∗
E
)(
∂
∂z˜b
)
(EH) .
If we expand this equality using (6.11.2.2) and (6.11.2.4), we obtain
gae ◦ h ◦
∗
pi · pe ·
[
ρia◦h◦
∗
pi ·
∂
(
g˜eb◦h◦
∗
pi·He
)
∂xi
− ρib◦h◦
∗
pi ·
∂
(
g˜ea◦h◦
∗
pi·He
)
∂xi
− Ldab◦h◦
∗
pi ·
(
g˜ed ◦ h ◦
∗
pi ·He
)]
+ 2
(
Ga −
1
4Fa
) (
g˜eb ◦ h ◦
∗
pi
)
·Hea
= −ρib◦h◦
∗
pi ·
(
gae ◦ h ◦
∗
pi · pe
)
·
∂
(
g˜ea◦h◦
∗
pi·He
)
∂xi
+ ρib◦h◦
∗
pi ·Hi.
After some calculations, we obtain
2
(
Ga −
1
4
Fa
)
=
(
gbe ◦ h ◦ pi · H˜ea
)
·Eb (H, g, h) ,
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where
Eb (H, g, h) = ρ
i
b◦h◦
∗
pi ·Hi − gae ◦ h ◦
∗
pi · pe · ρia◦h◦
∗
pi ·
∂
(
g˜eb◦h◦
∗
pi·He
)
∂xi
+gae ◦ h ◦
∗
pi · pe · Ldab◦h◦
∗
pi ·
(
g˜ed ◦ h ◦
∗
pi ·He
)
.
q.e.d.
Theorem 6.11.2.2 The real local functions
(6.11.2.10)
(ρ, η)
∗
Γbc =
1
2 g˜ec ◦ h ◦
∗
pi
∂
((
gae◦h◦
∗
pi·Heb
)
Ea(H,g,h)
)
∂pe
−12
(
gde ◦ h ◦
∗
pi · pe
)
Ladc ◦ h ◦
∗
pi · g˜ab ◦ h ◦
∗
pi, b, c ∈ 1, r.
are the components of a (ρ, η)-connection (ρ, η)
∗
Γ for the vector bundle
(
∗
E,
∗
pi,M
)
which will be called the (ρ, η)-connection associated to Hamilton mechanical (ρ, η)-
system
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
and from locally invertible Bv-morphism (g, h).
Corollary 6.11.2.1 The real local functions
(6.11.2.11)
(ρ, η)
∗
Γ˚bc = (g˜ec ◦ h ◦ pi)
∂Gb
∂pe
−12
(
gde ◦ h ◦
∗
pi · pe
)
Ladc ◦ h ◦
∗
pi · g˜ab ◦ h ◦
∗
pi, b, c ∈ 1, r
are the components of a (ρ, η)-connection (ρ, η)
∗
Γ˚ for the vector bundle
(
∗
E,
∗
pi,M
)
.
In addition, we have
(6.11.2.12) (ρ, η)
∗
Γ˚ bc = (ρ, η)
∗
Γbc +
1
4(g˜ec ◦ h ◦ pi) ·
∂Fb
∂pe
, ∀a, c ∈ 1, r.
Theorem 6.11.2.3 The integral curves of the canonical (ρ, η)-semispray associated
to
(
∗
E,
∗
F e,H
)
mechanical (ρ, η)-system and from locally invertible Bv-morphism (g, h)
are the autoparallel lifts with respect to (ρ, η)-connection (ρ, η)
∗
Γ.
Definition 6.11.2.4 The equations
(6.11.2.13)
dpb (t)
dt
+
(
gae ◦ h ◦
∗
pi · H˜eb · Ea (H, g, h)
)
◦
∗
u (c, c˙) ◦ (η ◦ h ◦ c (t)) = 0,
will be called the equations of Hamilton-Jacobi type associated to Hamilton mechanical
(ρ, η)-system
(
∗
E,
∗
F e,H
)
and from locally invertible Bv-morphism (g, h) .
Remark 6.11.2.1 The integral curves of the canonical (ρ, η)-semispray associated
to dual mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
and from locally invertible Bv-
morphism (g, h) are the (g, h)-lifts solutions for the equations of Hamilton-Jacobi type
(6.11.2.13).
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7 The (horizontal) Legendre (ρ, η, h)-equivalence
Let (E, pi,M) be a vector bundle.
We take
(
xi, ya
)
as canonical local coordinates on (E, pi,M) , where i ∈ 1,m and
a ∈ 1, r.
Consider (
xi, ya
)
−→
(
xi´
(
xi
)
, ya´
(
xi, ya
))
a change of coordinates on (E, pi,M). Then the coordinates ya change to ya´ by the rule:
(7.1) ya´ =M a´a y
a.
Let
(
∗
E,
∗
pi,M
)
be the dual vector bundle of (E, pi,M).
We take
(
xi, pa
)
as canonical local coordinates on
(
∗
E,
∗
pi,M
)
, where i ∈ 1,m and
a ∈ 1, r.
Consider (
xi, pa
)
−→
(
xi´
(
xi
)
, pa´
(
xi, pa
))
a change of coordinates on
(
∗
E,
∗
pi,M
)
. Then the coordinates pa change to pa´ by the
rule:
(7.1′) pa´ =M
a
a´ pa.
If (U, sU ) and
(
U,
∗
sU
)
are vector local (m+ r)-charts then
Maa´ (x) ·M
a´
b (x) = δ
a
b , ∀x ∈ U.
Let L be a differentiable Lagrangian defined on the total space of the vector bundle
(E, pi,M) .
If (U, sU ) is a vector local (m+ r)-chart for (E, pi,M), then we obtain the following
real functions defined on pi−1 (U):
(7.3)
Li
put
= ∂L
∂xi
Lib
put
= ∂
2L
∂xi∂yb
La
put
= ∂L
∂ya
Lab
put
= ∂
2L
∂ya∂yb
.
We build the fiber bundle morphism
E
ϕL
−−−−−−→
∗
E
pi ↓ ↓
∗
pi
M
IdM
−−−−−−−→ M
,
where ϕL is locally defined
(7.4) pi
−1 (U)
ϕL
−−−−−−→
∗
pi
−1
(U)
ux 7−→ Lb (ux) s
a (x)
,
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for any vector local (m+ r)-chart (U, sU ) of (E, pi,M) and for any vector local (m+ r)-
chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
.
Using the differentiable Lagrangian L, we build the differentiable Hamiltonian H,
locally defined by
(7.2′)
∗
pi
−1
(U)
H
−−−−−→ R
∗
ux = pas
a 7−→ paya − L (ux)
,
for any vector local (m+ r)-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, where
(
ya, a ∈ 1, r
)
are the
components solutions of the differentiable equations
pb = Lb (ux) , ux ∈ pi
−1 (U) .
If
(
U,
∗
sU
)
is a vector local (m+ r)-chart for
(
∗
E,
∗
pi,M
)
, then we obtain the following
real functions defined on
∗
pi
−1
(U):
(7.3′)
Hi =
∂H
∂xi
Hbi =
∂2H
∂xi∂pb
Ha = ∂H
∂pa
Hab = ∂
2H
∂pa∂pb
.
Using this Hamiltonian, we build the fiber bundle morphism
∗
E
ϕH
−−−−−−−→ E
∗
pi ↓ ↓ pi
M
IdM
−−−−−−−→ M
,
where ϕH is locally defined
(7.4′)
∗
pi
−1
(U)
ϕH
−−−−−−−→ pi−1 (U)
∗
ux 7−→ Ha
(
∗
ux
)
sa (x)
,
for any vector local (m+ r)-chart (U, sU ) of (E, pi,M) and for any vector local (m+ r)-
chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
.
Using the B-morphism (ϕL, IdM ), we build the B
v-morphism ((ρ, η)TϕL, ϕL) given
by the diagram
(7.5)
(ρ, η)TE
(ρ,η)TϕL
−−−−−−−−−→ (ρ, η)T
∗
E
(ρ, η) τE ↓ ↓ (ρ, η) τ ∗
E
E
ϕL
−−−−−−−−−→
∗
E
,
such that
(7.6)
Γ ((ρ, η)TϕL, ϕL)
(
Z˜α∂˜α
)
=
(
Z˜α ◦ ϕH
) ∗
∂˜α +
[(
ρiα◦h◦pi
)
Z˜αLib
]
◦ ϕH
·
∂˜
b
,
Γ ((ρ, η)TϕL, ϕL)
(
Y a
·
∂˜a
)
= (Y aLab) ◦ ϕH
·
∂˜
b
,
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for any Z˜α∂˜α + Y
a
·
∂˜a ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
The Bv-morphism ((ρ, η)TϕL, ϕL) will be called the (ρ, η)-tangent application of
the Legendre bundle morphism associated to the Lagrangian L.
Using the B-morphism (ϕH , IdM ), we build the B
v-morphism ((ρ, η)TϕH , ϕH)
given by the diagram
(7.5′)
(ρ, η)T
∗
E
(ρ,η)TϕH
−−−−−−−−−−→ (ρ, η)TE
(ρ, η) τ ∗
E
↓ ↓ (ρ, η) τE
E∗
ϕH
−−−−−−−−−→ E,
such that
(7.6′)
Γ ((ρ, η)TϕL, ϕL)
(
Z˜α
∗
∂˜α
)
=
(
Z˜α ◦ ϕL
)
∂˜α +
[(
ρiα◦h◦
∗
pi
)
Z˜αHbi
]
◦ ϕL
·
∂˜b,
Γ ((ρ, η)TϕL, ϕL)
(
Ya
·
∂˜
a
)
=
(
YaH
ab
)
◦ ϕL
·
∂˜b,
for any Z˜α
∗
∂˜α + Ya
·
∂˜
a
∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
The Bv-morphism ((ρ, η)TϕH , ϕH) will be called the (ρ, η)-tangent application of
the Legendre bundle morphism associated to the Hamiltonian H.
Let
(7.7)
(
∂
∂xi
, ∂
∂ya
)
put
=
(
∂i,
·
∂a
)
be the natural base for sections Lie algebra (Γ (TE, τE, E) ,+, ·, [, ]TE) .
Let
(7.7′)
(
∂
∂xi
, ∂
∂pa
)
put
=
( ∗
∂
∂xi
, ∂
∂pa
)
put
=
(
∗
∂i,
·
∂
a
)
be the natural base for sections Lie algebra
(
Γ
(
T
∗
E, τ ∗
E
,
∗
E
)
,+, ·, [, ]
T
∗
E
)
.
Using the diagram:
(7.8)
E
(
F, [, ]F,h , (ρ, η)
)
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
where
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid, we build the generalized
tangent bundle
(7.9) ((ρ, η)TE, (ρ, η) τE , E) .
The natural (ρ, η)-base of sections is denoted
(7.10)
(
∂
∂z˜α
, ∂
∂y˜a
)
put
=
(
∂˜α,
·
∂˜a
)
.
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Using the diagram:
(7.8′)
∗
E
(
F, [, ]F,h , (ρ, η)
)
∗
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
where
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid, we build the generalized
tangent bundle
(7.9′)
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
The natural (ρ, η)-base of sections is denoted
(7.10′)
(
∗
∂
∂z˜α
, ∂
∂p˜a
)
put
=
(
∗
∂˜α,
·
∂˜
a
)
.
7.1 The duality between mechanical systems
Let ((E, pi,M) , Fe, (ρ, η)Γ) be a mechanical (ρ, η)-system.
Let g ∈Man (E,E) such that (g, h) is a Bv-morphism locally invertible of (E, pi,M)
source and (E, pi,M) target, on components gab .
The Mod-endomorphism
(7.1.1)
Γ ((ρ, η)TE, (ρ, η) τE, E)
J(g,h)
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Z˜a∂˜a + Y
b
·
∂˜b 7−→
(
g˜ba ◦ h ◦ pi
)
Z˜a
·
∂˜b
is the almost tangent structure associated to Bv-morphism (g, h).
The vertical section
(7.1.2) C=ya
·
∂˜a
is the Liouville section.
Let
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
be a dual mechanical (ρ, η)-system.
Let g ∈ Man
(
∗
E,E
)
be such that (g, h) is a Bv-morphism locally invertible of(
∗
E,
∗
pi,M
)
source and (E, pi,M) target, on components gab.
The Mod-endomorphism
(7.1.1)′
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
J (g,h)
−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜a
∗
∂˜a + Yb
·
∂˜
b
7−→
(
g˜ba ◦ h ◦
∗
pi
)
Z˜a
·
∂˜
b
is the almost tangent structure associated to Bv-morphism (g, h).
The vertical section
(7.1.2)′ ∗C=pb
·
∂˜
b
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is the Liouville section.
Let
(7.1.3) S = yb (gab ◦ h ◦ pi)
∂
∂z˜a
− 2
(
Ga − 14F
a
)
∂
∂y˜a
be the (ρ, η)-semispray associated to mechanical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ)
and from locally invertible Bv-morphism (g, h) and let
(7.1.3)′
∗
S = pb
(
gab ◦ h ◦
∗
pi
) ∗
∂
∂z˜a
− 2
(
Ga −
1
4Fa
)
∂
∂p˜a
be the (ρ, η)-semispray associated to the mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
, Fe, (ρ, η)
∗
Γ
)
and from locally invertible Bv-morphism (g, h) .
Theorem 7.1.1 If
(7.1.4) Γ ((ρ, η)TϕL, ϕL) (S) =
∗
S,
then we obtain:
(7.1.5) yb (gab ◦ h ◦ pi) ◦ ϕH = pb
(
gab ◦ h ◦
∗
pi
)
and
(7.1.6)
2
(
Gb −
1
4Fb
)
= 2
[(
Ga − 14F
a
)
· Lab
]
◦ ϕH
−yc
{[(
gac · ρ
i
a
)
◦ h ◦ pi
]
· Lib
}
◦ ϕH .
Theorem 7.1.2 Dual, if
(7.1.4)′ Γ ((ρ, η)TϕH , ϕH)
(
∗
S
)
= S,
then we obtain:
(7.1.5)′ pb
(
gba ◦ h ◦
∗
pi
)
◦ ϕL = y
b (gab ◦ h ◦ pi)
and
(7.1.6)′
2
(
Ga − 14F
a
)
= 2
[(
Gb −
1
4Fb
)
·Hab
]
◦ ϕL
−pc
{[(
gac · ρia
)
◦ h ◦
∗
pi
]
·Hbi
}
◦ ϕL.
7.2 The duality between Lie algebroids structures
The generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
can be endowed with a Lie algebroid structure(
[, ](ρ,η)TE , (ρ˜, IdE)
)
.
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The Lie bracket [, ](ρ,η)TE is defined by
(7.2.1)
[(
Z˜α1
∂
∂z˜α
+ Y a1
∂
∂y˜a
)
,
(
Z˜
β
2
∂
∂z˜β
+ Y b2
∂
∂y˜b
)]
(ρ,η)TE
=
=
[
Z˜α1 Ta, Z˜
β
2 Tβ
]
pi∗(h∗F )
⊕
[(
ρiα ◦ h ◦ pi
)
Z˜α1
∂
∂xi
+ Y a1
∂
∂y˜a
,(
ρiβ ◦ h ◦ pi
)
Z˜
β
2
∂
∂xi
+ Y b2
∂
∂y˜b
]
TE
,
for any sections
(
Z˜α1
∂
∂z˜α
+ Y a1
∂
∂y˜a
)
and
(
Z˜
β
2
∂
∂z˜β
+ Y b2
∂
∂y˜b
)
.
The anchor map (ρ˜, IdE) is a B
v-morphism of ((ρ, η)TE, (ρ, η) τE , E) source and
(TE, τE , E) target, where
(5.2.2)
(ρ, η)TE
ρ˜
−→ TE(
Z˜α ∂
∂z˜α
+ Y a ∂
∂y˜a
)
(ux) 7−→
((
ρiα◦h◦pi
)
Z˜α ∂
∂xi
+Y a ∂
∂y˜a
)
(ux).
The generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
can be endowed with a Lie algebroid structure(
[, ]
(ρ,η)T
∗
E
,
(
∗
ρ˜, Id ∗
E
))
.
The Lie bracket [, ]
(ρ,η)T
∗
E
is defined by
(7.2.1)′
[(
Z˜α1
∗
∂
∂z˜α
+ Y1a
∂
∂p˜a
)
,
(
Z˜
β
2
∗
∂
∂z˜β
+ Y2b
∂
∂p˜b
)]
(ρ,η)T
∗
E
=
=
[
Z˜α1 Ta, Z˜
β
2 Tβ
]
∗
pi
∗
(h∗F )
⊕
[(
ρiα ◦ h ◦
∗
pi
)
Z˜α1
∂
∂xi
+ Y1a
∂
∂p˜a
,(
ρiβ ◦ h ◦
∗
pi
)
Z˜
β
2
∂
∂xi
+ Y2b
∂
∂p˜b
]
T
∗
E
,
for any sections
(
Z˜α1
∗
∂
∂z˜α
+ Y1a
∂
∂p˜a
)
and
(
Z˜
β
2
∗
∂
∂z˜β
+ Y2b
∂
∂p˜b
)
.
The anchor map
(
∗
ρ˜, Id ∗
E
)
is a Bv-morphism of
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
source and(
T
∗
E, τ ∗
E
,
∗
E
)
target, where
(5.2.2)′
(ρ, η)T
∗
E
∗
ρ˜
−→ T
∗
E(
Z˜α
∗
∂
∂z˜α
+ Ya
∂
∂p˜a
)
(
∗
ux)7−→
((
ρiα◦h◦
∗
pi
)
Z˜α
∗
∂
∂xi
+Ya
∂
∂p˜a
)
(
∗
ux).
Theorem 7.2.1 If the Bv-morphism ((ρ, η)TϕL, ϕL) is morphism of Lie algebroids,
then we obtain:
(7.2.3)
(
L
γ
αβ ◦ h ◦ pi
)
◦ ϕH = L
γ
αβ ◦ h ◦
∗
pi,
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(7.2.4)
[(Lγαβρ
k
γ)◦h◦pi·Lkb]◦ϕH =ρiα◦h◦
∗
pi·
∗
∂
∂xi
[(ρjβ◦h◦pi·Ljb)◦ϕH ]
−ρj
β
◦h◦
∗
pi·
∗
∂
∂xj
[(ρiα◦h◦pi·Lib)◦ϕH ]
+(ρiα◦h◦pi·Lia)◦ϕH · ∂∂pa [(ρ
j
β
◦h◦pi·Ljb)◦ϕH]
−(ρjβ◦h◦pi·Lja)◦ϕH ·
∂
∂pa
[(ρiα◦h◦pi·Lib)◦ϕH],
(7.2.5)
0 = ρiα◦h◦
∗
pi ·
∗
∂
∂xi
(Lba ◦ ϕH)
+
(
ρiα◦h◦pi · Lbc
)
◦ ϕH
∂
∂pc
(Lba ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
[(
ρiα◦h◦pi · Lia
)
◦ ϕH
]
and
(7.2.6)
0 = Lac ◦ ϕH ·
∂
∂pc
(Lbd ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
(Lad ◦ ϕH) .
Proof. Developing the following equalities
Γ ((ρ, η)TϕL, ϕL)
[
∂˜α, ∂˜β
]
(ρ,η)TE
=
[
Γ ((ρ, η)TϕL, ϕL) ∂˜α,Γ ((ρ, η)TϕL, ϕL) ∂˜β
]
(ρ,η)T
∗
E
,
Γ ((ρ, η)TϕL, ϕL)
[
∂˜α,
·
∂˜b
]
(ρ,η)TE
=
[
Γ ((ρ, η)TϕL, ϕL) ∂˜α,Γ ((ρ, η)TϕL, ϕL)
·
∂˜b
]
(ρ,η)T
∗
E
and
Γ ((ρ, η)TϕL, ϕL)
[ ·
∂˜a,
·
∂˜b
]
(ρ,η)TE
=
[
Γ ((ρ, η)TϕL, ϕL)
·
∂˜a,Γ ((ρ, η)TϕL, ϕL)
·
∂˜b
]
(ρ,η)T
∗
E
it results the conclusion of the theorem. q.e.d.
Corollary 7.2.1 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ), then we obtain:
(7.2.4)′ 0 =
∗
∂
∂xi
(Ljb ◦ ϕH)−
∗
∂
∂xj
(Lib ◦ ϕH)
+Lia ◦ ϕH ·
∂
∂pa
(Ljb ◦ ϕH)− Lja ◦ ϕH ·
∂
∂pa
(Lib ◦ ϕH)
(5.2.5)′ 0 =
∗
∂
∂xi
(Lba ◦ ϕH) + Lbc ◦ ϕH ·
∂
∂pc
(Lba ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
(Lia ◦ ϕH)
and
(7.2.6)′
0 = Lac ◦ ϕH ·
∂
∂pc
(Lbd ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
(Lad ◦ ϕH) .
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Theorem 7.2.2 Dual, if the the Bv-morphism ((ρ, η)TϕH , ϕH) is morphism of Lie
algebroids, then we obtain:
(7.2.7)
(
L
γ
αβ ◦ h ◦
∗
pi
)
◦ ϕL = L
γ
αβ ◦ h ◦ pi,
(7.2.8)
[
(Lγαβρ
k
γ)◦h◦
∗
pi·Hbk
]
◦ϕL =ρ
i
α◦h◦pi·
∂
∂xi
[(
ρ
j
β
◦h◦
∗
pi·Hbj
)
◦ϕL
]
−ρjβ◦h◦pi·
∂
∂xj
[(
ρiα◦h◦
∗
pi·Hbi
)
◦ϕL
]
+
(
ρiα◦h◦
∗
pi·Hci
)
◦ϕL·
∂
∂yc
[(
ρ
j
β◦h◦
∗
pi·Hbj
)
◦ϕL
]
−
(
ρ
j
β
◦h◦
∗
pi·Hcj
)
◦ϕL·
∂
∂yc
[(
ρiα◦h◦
∗
pi·Hbi
)
◦ϕL
]
,
(7.2.9)
0 = ρiα◦h◦pi ·
∂
∂xi
(
Hba ◦ ϕL
)
+
(
ρiα◦h◦
∗
pi ·Hbc
)
◦ ϕL
∂
∂yc
(
Hba ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
[(
ρiα◦h◦
∗
pi ·Hai
)
◦ ϕL
]
and
(7.2.10)
0 = Hac ◦ ϕL ·
∂
∂yc
(
Hbd ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
(
Had ◦ ϕL
)
.
Proof. Developing the following equalities
Γ ((ρ, η)TϕH , ϕH)
[∗
∂˜α,
∗
∂˜β
]
(ρ,η)T
∗
E
=
[
Γ ((ρ, η)TϕH , ϕH)
∗
∂˜α,Γ ((ρ, η)TϕH , ϕH)
∗
∂˜β
]
(ρ,η)TE
,
Γ ((ρ, η)TϕH , ϕH)
[
∗
∂˜α,
·
∂˜
b
]
(ρ,η)T
∗
E
=
[
Γ ((ρ, η)TϕH , ϕH)
∗
∂˜α,Γ ((ρ, η)TϕH , ϕH)
·
∂˜
b
]
(ρ,η)TE
and
Γ ((ρ, η)TϕH , ϕH)
[
·
∂˜
a
,
·
∂˜
b
]
(ρ,η)T
∗
E
=
[
Γ ((ρ, η)TϕH , ϕH)
·
∂˜
a
,Γ ((ρ, η)TϕH , ϕH)
·
∂˜
b
]
(ρ,η)TE
it results the conclusion of the theorem. q.e.d.
Corollary 7.2.2 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ), then we obtain:
(7.2.8)′
0 = ∂
∂xi
(
Hbj ◦ ϕL
)
− ∂
∂xj
(
Hbi ◦ ϕL
)
+Hci ◦ ϕL ·
∂
∂yc
(
Hbj ◦ ϕL
)
−Hcj ◦ ϕL ·
∂
∂yc
(
Hbi ◦ ϕL
)
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(7.2.9)′
0 = ∂
∂xi
(
Hba ◦ ϕL
)
+Hbc ◦ ϕL ·
∂
∂yc
(
Hba ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
(Hai ◦ ϕL)
and
(7.2.10)′
0 = Hac ◦ ϕL ·
∂
∂yc
(
Hbd ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
(
Had ◦ ϕL
)
.
Definition 7.2.1 If ((ρ, η)TϕL, ϕL) and ((ρ, η)TϕH , ϕH) are Lie algebroids mor-
phisms, then we will say that (E, pi,M) and
(
∗
E,
∗
pi,M
)
are Legendre (ρ, η, h)-equivalent.
We will write
(E, pi,M)
L
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
.
Theorem 7.2.3 If
(E, pi,M)
L
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
then, using the equalities (7.2.3) and (7.2.7) it results that for any vcetor local (m+ r)-
chart (U, sU ) of (E, pi,M) and for any vector local (m+ r)-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
we obtain:
(7.2.11) ϕH ◦ ϕL = Idpi−1(U)
and
(7.2.12) ϕL ◦ ϕH = Id∗
pi
−1
(U)
.
Therefore, locally, ϕL is diffeomorphism and ϕ
−1
L = ϕH .
7.3 The duality betwen adapted (ρ, η)-basis
If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M) , then the adapted (ρ, η)-
base of sections is
(7.3.1)
(
∂
∂z˜α
− (ρ, η) Γaα
∂
∂y˜a
, ∂
∂y˜a
)
put
=
(
δ
δz˜α
, ∂
∂y˜a
)
put
=
(
δ˜α,
·
∂˜a
)
.
If (ρ, η)
∗
Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
, then the adapted
(ρ, η)-base of sections is
(7.3.1)′
(
∗
∂
∂z˜α
+ (ρ, η)
∗
Γbα
∂
∂p˜b
, ∂
∂p˜a
)
put
=
(
∗
δ
δz˜α
, ∂
∂p˜a
)
put
=
(
∗
δ˜α,
·
∂˜
a
)
.
Theorem 7.3.1 If
Γ ((ρ, η)TϕL, ϕL)
(
δ˜α
)
=
∗
δ˜α,
then
(7.3.2) (ρ, η)
∗
Γbα =
[(
ρiα◦h◦pi
)
· Lib − (ρ, η) Γ
a
α · Lab
]
◦ ϕH .
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Proof. After some calculations, it results the conclusion of the theorem. q.e.d.
Corollary 7.3.1 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ), then the equality
Γ ((ρ, η)TϕL, ϕL)
(
δ˜k
)
=
∗
δ˜k,
implies the equality
(7.3.2)′
∗
Γbk = [Lkb − Γ
a
k · Lab] ◦ ϕH .
Theorem 7.3.2 Dual, if
Γ ((ρ, η)TϕH , ϕH)
(∗
δ˜α
)
= δ˜α,
then
(7.3.3) − (ρ, η) Γaα =
[(
ρiα◦h◦
∗
pi
)
·Hai + (ρ, η)
∗
Γbα ·H
ba
]
◦ ϕL.
Proof. After some calculations, it results the conclusion of the theorem. q.e.d.
Corollary 7.3.2 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ), then the equality
Γ ((ρ, η)TϕH , ϕH)
(∗
δ˜k
)
= δ˜k,
implies the equality
(7.3.3)′ −Γak =
[
Hak +
∗
Γbk ·H
ba
]
◦ ϕL.
Definition 7.3.2 If
(E, pi,M)
L
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
.
and
(7.3.4) Γ ((ρ, η)TϕL, ϕL)
(
δ˜α
)
=
∗
δ˜α,
(7.3.4)′ Γ ((ρ, η)TϕH , ϕH)
(∗
δ˜α
)
= δ˜α,
then we will say that (E, pi,M) and
(
∗
E,
∗
pi,M
)
are horizontal Legendre (ρ, η, h)-equivalent.
We will write
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
.
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The dual natural (ρ, η)-base of the natural (ρ, η)-base
(
∂˜α,
·
∂˜a
)
is denoted (dz˜α, dy˜a)
and the dual adapted (ρ, η)-base of the adapted (ρ, η)-base
(
δ˜α,
·
∂˜a
)
is denoted
(7.3.5) (dz˜α, δy˜a)
put
= (dz˜α, dy˜a + (ρ, η) Γaα · dz˜
α) .
The dual natural (ρ, η)-base of the natural (ρ, η)-base
(
∗
∂˜α,
·
∂˜
a
)
is denoted (dz˜α, dp˜a)
and the dual adapted (ρ, η)-base of the adapted (ρ, η)-base
(∗
δ˜α,
·
∂˜a
)
is denoted
(7.3.5)′ (dz˜α, δp˜a)
put
=
(
dz˜α, dp˜a − (ρ, η)
∗
Γaα · dz˜α
)
.
Theorem 7.3.3 The equality (7.3.4) is equivalent with the equality:
(7.3.6) Γ ((ρ, η)TϕL, ϕL)
∗ (δp˜a) = Lab · δy˜
b
and the equality (7.3.4)′ is equivalent with the equality:
(7.3.6)′ Γ ((ρ, η)TϕH , ϕH)
∗ (δy˜a) = Hab · δp˜b
Theorem 7.3.4 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
then we obtain:
(7.3.7) (ρ, η)
∗
Γbα =
[(
ρiα◦h◦pi
)
· Lib − (ρ, η) Γ
a
α · Lab
]
◦ ϕH
and
(7.3.7)′ − (ρ, η) Γaα =
[(
ρiα◦h◦
∗
pi
)
·Hai + (ρ, η)
∗
Γbα ·H
ba
]
◦ ϕL.
If the Lagrangian L is regular, then we will define the real local functions L˜ab such
that ∥∥∥L˜ab (ux)∥∥∥ = ‖Lab (ux)‖−1 , ∀ux ∈ pi−1 (U) .
If the Hamiltonian H is regular, then we will define the real local functions H˜ab such
that ∥∥∥H˜ab (∗ux)∥∥∥ = ∥∥∥Hab (∗ux)∥∥∥−1 , ∀∗ux ∈ ∗pi−1 (U) .
Remark 7.3.1 If the Lagrangian L is regular and
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
then, using the equalities (7.3.7) and (7.3.7)′, we obtain:
(7.3.8)
(
ρiα◦h◦pi
)
· Lib · L˜
ab = −
[(
ρiα◦h◦
∗
pi
)
·Hbi
]
◦ ϕL
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and
(7.3.9) L˜ab = Hab ◦ ϕL.
Therefore, the Hamiltonian H is regular and
(7.3.10) H˜ab = Lab ◦ ϕH .
It is known that the following equalities hold good
(7.3.11)
[
δ˜α, δ˜β
]
(ρ,η)TE
=
(
L
γ
αβ ◦ h ◦ pi
)
δ˜γ + (ρ, η, h)R
a
αβ
·
∂˜a,
and
(7.3.11)′
[∗
δ˜α,
∗
δ˜β
]
(ρ,η)T
∗
E
=
(
L
γ
αβ ◦ h ◦
∗
pi
) ∗
δ˜γ + (ρ, η, h)Rb αβ
·
∂˜
b
,
Theorem 7.3.5 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
then, we obtain:
(7.3.12) (ρ, η, h)Rb αβ =
[
(ρ, η, h)Ra αβ · Lab
]
◦ ϕH
and
(7.3.12)′ (ρ, η, h)Ra αβ =
[
(ρ, η, h)Rb αβ ·H
ba
]
◦ ϕL.
Theorem 7.3.6 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
then we obtain
(7.3.13)
(
∂(ρ,η)Γaα
∂yb
· Lac
)
◦ ϕH = Lba ◦ ϕH ·
∂(ρ,η)Γcα
∂pa
+
(
ρiα◦h◦
∗
pi
)
·
∗
∂
∂xi
(Lbc ◦ ϕH)
+ (ρ, η) Γaα ·
∂
∂pa
(Lbc ◦ ϕH)
and
(7.3.13)′
−
(
∂(ρ,η)Γaα
∂yb
· Lac
)
◦ ϕH = Lba ◦ ϕH ·
∂(ρ,η)Γcα
∂pa
+
(
ρiα◦h◦
∗
pi
)
·
∗
∂
∂xi
(Lbc ◦ ϕH)
+ (ρ, η) Γaα ·
∂
∂pa
(Lbc ◦ ϕH)
Proof. Developing the following equalities
Γ ((ρ, η)TϕL, ϕL)
([
δ˜α,
·
∂˜a
]
(ρ,η)TE
)
=
[
Γ ((ρ, η)TϕL, ϕL) δ˜α,Γ ((ρ, η)TϕL, ϕL)
·
∂˜a
]
(ρ,η)T
∗
E
200
and
Γ ((ρ, η)TϕH , ϕH)
[ ∗δ˜α, ·∂˜a
]
(ρ,η)T
∗
E

=
[
Γ ((ρ, η)TϕH , ϕH)
∗
δ˜α,Γ ((ρ, η)TϕH , ϕH)
·
∂˜a
]
(ρ,η)TE
it results the conclusion of the theorem. q.e.d.
7.4 The duality between distinguished linear (ρ, η)-connections
Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) and let
(7.4.1) (X,T )
(ρ,η)D
−−−−→ (ρ, η)DXT
be a covariant (ρ, η)-derivative for the tensor algebra of generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
which preserves the horizontal and vertical IDS by parallelism.
If (U, sU) is a vector local (m+ r)-chart for (E, pi,M) , then the real local functions(
(ρ, η)Hαβγ , (ρ, η)H
a
bγ , (ρ, η)V
α
βc, (ρ, η)V
a
bc
)
defined on pi−1 (U) and determined by the following equalities:
(7.4.2)
(ρ, η)Dδ˜γ δ˜β = (ρ, η)H
α
βγ δ˜α, (ρ, η)Dδ˜γ
·
∂˜b = (ρ, η)H
a
bγ
·
∂˜a
(ρ, η)D ·
∂˜c
δ˜β = (ρ, η)V
α
βc
δ˜α, (ρ, η)D ·
∂˜c
·
∂˜b = (ρ, η)V
a
bc
·
∂˜a
are the components of a distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let
(7.4.1)′ (X,T )
(ρ,η)
∗
D
−−−−→ (ρ, η)
∗
DXT
be a covariant (ρ, η)-derivative for the tensor algebra of generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
which preserves the horizontal and vertical IDS by parallelism.
If
(
U,
∗
sU
)
is a vector local (m+ r)-chart for
(
∗
E,
∗
pi,M
)
, then the real local functions(
(ρ, η)
∗
H
α
βγ , (ρ, η)
∗
H
a
bγ , (ρ, η)
∗
V
αc
β , (ρ, η)
∗
V
ac
b
)
defined on
∗
pi
−1
(U) and determined by the following equalities:
(7.4.2)′
(ρ, η)
∗
D∗
δ˜γ
∗
δ˜β = (ρ, η)
∗
H
α
βγ
∗
δ˜α, (ρ, η)
∗
D∗
δ˜γ
·
∂˜
a
= (ρ, η)
∗
H
a
bγ
·
∂˜
b
(ρ, η)
∗
D ·
∂˜
c
∗
δ˜β = (ρ, η)
∗
V
αc
β
∗
δ˜α, (ρ, η)
∗
D ·
∂˜
c
·
∂˜
b
= (ρ, η)
∗
V
bc
a
·
∂˜
a
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are the components of a distinguished linear (ρ, η)-connection(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
Theorem 7.4.1 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
and
Γ ((ρ, η)TϕL, ϕL) ((ρ, η)DXY ) = (ρ, η)
∗
DΓ((ρ,η)TϕL,ϕL)XΓ ((ρ, η)TϕL, ϕL)Y,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E), then we obtain:
(7.4.3) (ρ, η)Hαβγ ◦ ϕH = (ρ, η)
∗
H
α
βγ ,
(7.4.4)
(
(ρ, η)Habγ · Lac
)
◦ ϕH =
(
ρkγ◦h◦
∗
pi
)
·
∗
∂
∂xk
(Lbc ◦ ϕH)
+ (ρ, η)
∗
Γbγ ·
∂
∂pb
(Lbc ◦ ϕH)
− (ρ, η)
∗
H
a
bγ · (Lac ◦ ϕH) ,
(7.4.5) (ρ, η)V αβd ◦ ϕH = (ρ, η)
∗
V
αc
β · (Lcd ◦ ϕH)
and
(7.4.6)
((ρ, η)V abc · Lad) ◦ ϕH = (Lce ◦ ϕH) ·
∂
∂pe
(Lbd ◦ ϕH)
− (Lce ◦ ϕH) · (ρ, η)
∗
V
ef
d · (Lbf ◦ ϕH) .
Theorem 7.4.2 Dual, if
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
and
Γ ((ρ, η)TϕH , ϕH)
(
(ρ, η)
∗
DXY
)
= (ρ, η)DΓ((ρ,η)TϕH ,ϕH )XΓ ((ρ, η)TϕH , ϕH)Y,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, then we obtain:
(7.4.3)′ (ρ, η)
∗
H
α
βγ ◦ ϕL = (ρ, η)H
α
βγ ,
(7.4.4)′
(
(ρ, η)
∗
H
a
bγ ·H
bc
)
◦ ϕL =
(
ρkγ◦h◦pi
)
· ∂
∂xk
(Hac ◦ ϕL)
+ (ρ, η) Γbγ ·
∂
∂yb
(Hac ◦ ϕL)
− (ρ, η)Habγ ·
(
Hbc ◦ ϕL
)
,
(7.4.5)′ (ρ, η)
∗
V
αc
β ◦ ϕL = (ρ, η)V
α
βc ·
(
Hcd ◦ ϕL
)
and
(7.4.6)′
(
(ρ, η)
∗
V
bc
a ·H
ad
)
◦ ϕL = (H
ce ◦ ϕH) ·
∂
∂ye
(
Hbd ◦ ϕL
)
− (Hce ◦ ϕL) · (ρ, η)V
d
ef ·
(
Hbf ◦ ϕL
)
.
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Abstract
In this paper we introduce the notion of generalized Lie algebroid and we develop
a new formalism necessary to obtain a new solution for the Weistein’s Problem [61].
Many applications emphasize the importance and the utility of this new framework
determined by the introduction of generalized Lie algebroids.
We introduce and develop the exterior differential calculus for generalized Lie
algebroids and, in this general framework, we establish the structure equations of
Maurer-Cartan type. In particular, we obtain a new point of view over the exterior
differential calculus for Lie algebroids.
Using the (generalized) Lie algebroids theory, we build the Lie algebroid gene-
ralized tangent bundle and, using that, we obtain a new method by determining
the (linear) connections for fiber bundles, in general, and for vector bundles, in
particular.
Using the linear connections theory we develop the study of the geometry of
vector bundles. Moreover, using the connections theory, we develop the geometry
of total space of the generalized tangent bundle for a vector bundle.
We present a geometric description of metrizability for the total space of the Lie
algebroid generalized tangent bundle, where we extend the notions of generalized
Lagrange space, Lagrange space and Finsler space. Using the Lie algebroid gene-
ralized tangent bundle of a generalized Lie algebroid, we introduce and develop a
mechanical systems theory and we present a Lagrangian formalism for these me-
chanical systems. In particular, using the Lie algebroid generalized tangent bundle
of a Lie algebroid, we obtain a new solution for the Weinstein’s Problem.
A geometric description of metrizability for the total space of the Lie algebroid
generalized tangent bundle for dual vector bundle is presented. We extend the
notions of generalized Hamilton space, Hamilton space and Cartan space. Using
the Lie algebroid generalized tangent bundle of dual of a generalized Lie algebroid,
we introduce and develop the dual mechanical systems theory and we present a
Hamiltonian formalism for dual mechanical systems.
Finally, we introduce and develop the concept of (horizontal) Legendre equiva-
lence between a vector bundle and its dual vector bundle.
We remark that, if the morphisms used are identities morphisms, then we obtain
similar results to the classical results, but which are not classical results though.
2000 Mathematics Subject Classification: 00A69, 58A15, 53B05, 53B40,
58B34, 71B01, 53C05, 53C15, 53C60, 58E15, 70G45, 70H20, 70S05.
Keywords: vector bundle, (generalized) Lie algebroid, exterior differential calcu-
lus, (linear) connection, torsion, curvature, metrizability, parallel transport, dis-
tinguished linear connection, generalized Lagrange (Hamilton) space, Lagrange
(Hamilton) space, Finsler (Cartan) space, (dual) mechanical system, semispray,
spray, Lagrangian formalism, Hamiltonian formalism, Legendre transformation.
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3
1 Introduction
The motivation for our researches was the
Weinstein’s Problem:
Develop a Lagrangian formalism directly on the given Lie algebroid similar
to Klein’s formalism for ordinary Lagrangian Mechanics [25].
This problem was formulated by A. Weinstein in [61], where the author gave the
theory of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations
using the dual of a Lie algebroid and the Legendre transformation defined by a regular
Lagrangian.
In [28], P. Liberman showed that such a formalism is not possible if one consider
the tangent bundle of a Lie algebroid as space for developing the theory. Using the
prolongation of a Lie algebroid over a smooth map introduced by P.J. Higgins and
K. Mackenzie in [15], E. Martinez solved the Weinstein’s Problem in [61] (see also
[13], [27]).
Finding an other space for developing the theory, we discovered the generalized Lie
algebroids which are presented in Subsection 3.3.
Since any Lie algebroid can be regarded as a generalized Lie algebroid, we proposed
to obtain a new solution for theWeinstein’s Problem using the new notion of generalized
Lie algebroid.
To solve this problem it was necessary to introduce and develop a new formalism.
In order to develop our researches, new and interesting notions and results appeared,
which determined the apparition of new theories which are naturally integrated in our
paper. In particular, using identity morphisms, we obtain similar results with S. Vacaru
[59] (see also [56], [57], [58]) and L. Popescu (see: [45]-[49]).
So, in Subsection 3.2 we introduce and develop the exterior differential calculus
for generalized Lie algebroids and, using that, we establish the structure equations of
Maurer-Cartan type for generalized Lie algebroids. In particular, we obtain a new
point of view over the exterior differential calculus for Lie algebroids. We introduced
the notion of interior differential system of a generalized Lie algebroid in Paragraph
3.1.3 and we obtain a theorem of Cartan type. In addition, we introduced the notion
of exterior differential system of a generalized Lie algebroid and we characterized the
involutivity of an interior differential system in Subsection 3.3.
Inspired by the general framework of Yang-Mills theory, presented synthetically in
the following diagram:
(E, 〈, 〉E)
pi

(TM, [, ]TM ,
τM

(IdTM , IdM ), g)
M
IdM
//M
where:
1. (E, pi,M) is a vector bundle,
2. 〈, 〉E is an inner product for the module of sections Γ (E, pi,M) ,
3. ((IdTM , IdM ) , [, ]TM ) is the usual Lie algebroid structure for the tangent vector
bundle (TM, τM ,M) and
4
4. g ∈ Γ ((T ∗M, τ∗M ,M)⊗ (T
∗M, τ∗M ,M)) such that (M,g) is a Riemannian mani-
fold,
we build the Lie algebroid generalized tangent bundle in Subsection 3.3.
Using this in Subsection 3.4, we introduce and develop a (linear) connections theory
for fiber bundles, in general, and for vector bundles, in particular.
We can define the covariant derivatives with respect to sections of the generalized
Lie algebroid (
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In particular, if we use the generalized Lie algebroid structure(
[, ]TM,IdM , (IdTM , IdM )
)
for the tangent bundle (TM, τM ,M) in our theory, then the linear connections obtained
are similar with the classical linear connections for the vector bundle (E, pi,M), but not
classical linear connections.
It is known that in Yang-Mills theory the set
Cov0(E,pi,M)
of covariant derivatives for the vector bundle (E, pi,M) such that
X (〈u, v〉E) = 〈DX (u) , v〉E + 〈u,DX (v)〉E ,
for any X ∈ X (M) and u, v ∈ Γ (E, pi,M) , is very important, because the Yang-Mills
theory is a variational theory which use (cf. [6]) the Yang-Mills functional
Cov0(E,pi,M)
YM
−−→ R
DX 7−→
1
2
∫
M
∥∥RDX∥∥2 vg
where RDX is the curvature.
Using the linear connections theory, we succeed to extend at maximum the set
Cov0(E,pi,M) of Yang-Mills theory, because using all generalized Lie algebroid structures
for the tangent bundle (TM, τM ,M), we obtain all possible linear connections for the
vector bundle (E, pi,M).
We emphasize the importance and the utility of linear connections theory for vector
bundles in Chapter IV of our paper, where we present many applications. In particular,
we obtain similar results to the classical results, but which are not classical results
though.
After that we study the geometry of total space of the Lie algebroid generalized
tangent bundle for a vector bundle in Section 5 of our paper, where we emphasize the
importance and the utility of connections theory presented in Subsection 3.4.
The geometry of Lagrange spaces, introduced and studied in [24] and [35], was ex-
tensively examined in the last two decades by geometers and physicists from Romania,
Japan, Hungary, Canada, Germany, Italy, Russia and USA. Many international con-
ferences devoted to debate this subject, proceedings and monographs where published
[3], [4], [41], [42]. A large area of applicability of this geometry is suggested by the
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connections to Biology, Mechanics and Physics and also by its general setting as a
generalization of Finsler and Riemann geometries.
As the (generalized) Lagrange space has been certified as an excellent model for some
important problems in Relativity, Gauge Theory and Electromagnetism, in Subsections
5.8 and 5.9 we continue and we present a geometric description of metrizability for the
total space of the Lie algebroid generalized tangent bundle for a vector bundle. We
extend the notions of generalized Lagrange space, Lagrange space and Finsler space
and we define the Einstein equations in this general framework.
Subsection 5.11 is devoted to introduce and study of a new class of mechanical
systems called by us mechanical (ρ, η)-systems, generalized Lagrange mechanical (ρ, η)-
systems, Lagrange mechanical (ρ, η)-systems and Finsler mechanical (ρ, η)-systems.
For these mechanical systems we develop a theory of semisprays and sprays. We
develop a Lagrangian formalism for Lagrange mechanical systems.
We determine and we study the (ρ, η)-semispray associated to a regular Lagrangian L
and external force Fe which are applied on the total space of a generalized Lie algebroid
and we derive the equations of Euler-Lagrange type.
In particular, using the Lie algebroid generalized tangent bundle of a Lie algebroid,
we obtain a new solution for the Weinstein’s Problem different by the Martinez’s solu-
tion [61].
Moreover, if the Lie algebroid used is
((TM, τM ,M) , [, ]TM , (IdTM , IdM )) ,
then we obtain similar results to those presented by I. Bucataru and R. Miron in [7].
It is known that in 1918, immediately after the birth of general relativity, Weyl
proposed the first unified theory of gravitation and electromagnetism, by generalizing
the Riemannian space.
We are interested in finding the answer to the following question:
• Could we to extend the study of the Riemannian geometry from the usual Lie
algebroid
((TM, τM ,M) , [, ]TM , (IdTM , IdM )) ,
to an arbitrary (generalized) Lie algebroid and can we obtain a general framework
necessary to unify the theory of gravitation with the theory of electromagnetism?
The future will show how far our theory can be used in this direction.
Our researches continue in Section 6, where we study the geometry of total space
of the Lie algebroid generalized tangent bundle of a dual vector bundle and so, we
emphasize the importance and the utility of the generalized connections theory presented
in paragraph 3.4.1.
We present the adapted (ρ, η)-basis and adapted dual (ρ, η)-basis and remarkable
endomorphisms of (Γ((ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E),+, ·) module (projectors, almost product
structure, almost tangent structure, almost complex structure, (ρ, η)-tension endomor-
phism) and we present the (ρ, η)-torsion and the (ρ, η)-curvature of a (ρ, η)-connection
(ρ, η) Γ. We introduce and studied distinguished linear (ρ, η)-connections and we build
the (g, h)-lift of accelerations for a differentiable curve. Using the distinguished li-
near (ρ, η)-connections theory, we introduced and study the (ρ, η)-torsion, the (ρ, η)-
curvature and we present the formulas of Ricci type and the identities of Cartan and
Bianchi type.
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The concept of Hamilton space, introduced in [36], [40], was intensively studied in
[19], [20], [21], and it has been successful, as a geometric theory of the Hamiltonian func-
tion. The modern formulation of the geometry of Cartan spaces was given by R. Miron
([36], [38]) although some results where obtained by E´. Cartan [9] and A. Kawaguchi
[23] . Since the fundamental entity in Mechanics and Physics is the (generalized) Hamil-
ton space, in Subsections 4.8 and 4.9 we continue to present a geometric description of
metrizability for the total space of the Lie algebroid generalized tangent bundle of dual
vector bundle. We extend the notions of generalized Hamilton space, Hamilton space
and Cartan space and we define the Einstein equations in this general framework.
Subsection 4.11 is devoted to the introduction and the study of a new class of
mechanical systems, called by us dual mechanical (ρ, η)-systems, generalized Hamilton
mechanical (ρ, η)-systems, Hamilton mechanical (ρ, η)-systems and Cartan mechanical
(ρ, η)-systems. For dual mechanical systems we develop a theory of semisprays and
sprays. For Hamilton mechanical systems we develop a Hamiltonian formalism. We
determine and study the (ρ, η)-semispray associated to a regular Hamiltonian H and
external force
∗
F e, which are applied on the total space of the dual of a generalized
Lie algebroid and we derive the equations of Hamilton-Jacobi type. One remarks that,
if the morphisms used are identities, then similar results can be obtained by classical
results, but not classical ones.
The classical Legendre’s duality makes possible a natural connection between La-
grange and Hamilton spaces. It reveals new concepts and geometrical objects of Hamil-
ton spaces that are dual to those which are similar in Lagrange spaces. The geometrical
theory of Hamilton (Cartan) spaces was investigated from the Legendre duality point
of view in the papers [36], [38], [20], [21].
In our paper, we propose a new point of view over the Legendre duality. We intro-
duce and develop the notion of (horizontal) Legendre (ρ, η, h)-equivalence between an
arbitrary vector bundle and its dual. For this new theory it was necessary to build the
(ρ, η)-tangent application of the Legendre bundle morphism associated to a Lagrangian
or a Hamiltonian.
We consider that this new theory can be used in the develop of the Poisson Geometry
and Symplectic Geometry.
2 Preliminaries
In general, if C is a category, then we denoted by |C| the class of objects and we denoted
by
−→
C the class of arrows (morphisms). For any A,B∈ |C|, we denote by C (A,B) the
morphisms set of A source and B target.
Let Vect, Liealg, Mod,Man, B and Bv be the category of real vector spaces, Lie
algebras, modules, manifolds, fiber bundles and vector bundles respectively.
2.1 The category of Lie algebroids
We assume that N ∈ |Man| and let [, ]TN be the usual Lie bracket such that
(Γ (TN, τN , N) ,+, ·, [, ]TN ) ∈ |LieAlg| .
Definition 2.1.1 If (F, ν,N) ∈ |Bv| such that there exists
(ρ, IdN ) ∈ Bv ((F, ν,N) , (TN, τN , N))
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and an operation
Γ (F, ν,N)× Γ (F, ν,N)
[,]F
−−→ Γ (F, ν,N)
(u, v) 7−→ [u, v]F
with the following properties:
LA1. the equality holds good
[u, f · v]F = f [u, v]F + Γ (ρ, IdN ) (u) f · v,
for all u, v ∈ Γ (F, ν,N) and f ∈ F (N) ,
LA2. the 4-tuple
(Γ (F, ν,N) ,+, ·, [, ]F )
is a Lie F (N)-algebra,
LA3. the Mod-morphism Γ (ρ, IdN ) is a LieAlg-morphism of
(Γ (F, ν,N) ,+, ·, [, ]F )
source and
(Γ (TN, τN , N) ,+, ·, [, ]TN )
target,
then we will say that the triple
(2.1.1) ((F, ν,N) , [, ]F , (ρ, IdN ))
is a Lie algebroid.
The couple
([, ]F , (ρ, IdN ))
is called Lie algebroid structure.
Definition 2.1.2 We define the morphisms set of
((F, ν,N) , [, ]F , (ρ, IdN ))
source and ((
F ′, ν ′, N ′
)
, [, ]F ′ ,
(
ρ′, IdN ′
))
target as being the set
{(ϕ,ϕ0) ∈ B
v ((F, ν,N) , (F ′, ν ′, N ′))}
such that the Mod-morphism Γ (ϕ,ϕ0) is a LieAlg-morphism of
(Γ (F, ν,N) ,+, ·, [, ]F )
source and (
Γ
(
F ′, ν ′, N ′
)
,+, ·, [, ]F ′
)
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target.
Remark 2.1.1 Note that we can discuss about the category of Lie algebroids. This
category is denoted by LA.
If
((F, ν,N) , [, ]F , (ρ, IdN ))
is a Lie algebroid, then we assume that (F, ν,N) is a vector bundle with type fibre the
real vector space (Rp,+, ·) and structure group a Lie subgroup of (GL (p,R) , ·) .
We take (κ ı˜, zα) as canonical local coordinates on (F, ν,N), where ı˜∈1, n, α ∈ 1, p.
Consider (
κ ı˜, zα
)
−→
(
κ ı˜´, zα´
)
a change of coordinates on (F, ν,N). Then the coordinates zα change to zα´ by the rule:
(2.1.2) zα´ = Λα´αz
α.
The coefficients ρı˜α change to ρ
ı˜´
α´ by the rule:
(2.1.3) ρı˜´α´ = Λ
α
α´ρ
ı˜
α
∂κ ı˜´
∂κı˜
,
where
‖Λαα´‖ =
∥∥∥Λα´α∥∥∥−1 .
Locally, we obtain
(2.1.4) [tα, tβ]F
put
= Lγαβtγ .
The real local functions
L
γ
αβ , α, β, γ ∈ 1, p
will be called structure functions of the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN )) .
It is easy to prove that
L
γ
αβ = −L
γ
βα, ∀α, β, γ ∈ 1, p.
2.2 The pull-back Lie algebroid of a Lie algebroid
We consider the following diagram:
(2.2.1)
(F, [, ]F , (ρ, IdN ))
↓ ν
E
pi
−−−−−−−−−−−→ N
where (E, pi,M) is a fiber bundle and ((F, ν,N) , [, ]F , (ρ, IdN )) is a Lie algebroid.
We assume that (E, pi,M) has the type fibre a manifold of dimension r and structure
group a Lie group (G, ·) .
Proposition 2.2.1 Using the tangent Bv-morphism (Tpi, pi) of (TE, τE, E) source and
(TN, τN , N) target, we obtain that
(2.2.2)
∂f ◦ pi
∂xı˜
=
∂f
∂xı˜
◦ pi, ∀f ∈ F (N)
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and
(2.2.3)
∂f ◦ pi
∂ya
= 0, ∀f ∈ F (N) .
Let AFF be a representative of vector fibred (n+ p)-structure for the vector bundle
(F, ν,N) and let AFE be a representative of fibred (n+ r)-structure for the fiber bundle
(E, pi,N). Let (pi∗F, pi∗ν,E) be the pull-back vector bundle through pi.
If (U, ξU ) ∈ AFE and (V, sV ) ∈ AFF such that U ∩ V 6= φ, then we define the
application
pi∗ν−1(pi−1 (U∩V ))
s˜pi−1(U∩V )
−−−−−−−→ pi−1 (U∩V )×Rp(
u, Z˜ (u)
)
7−→
(
κ, t−1
V,pi(u)Z˜ (u)
)
.
Proposition 2.2.2 The set
A˜Fpi∗F
put
=
⋃
(U,ξU )∈AFE , (V,sV )∈AFF
U∩V 6=φ
{(
pi−1 (U∩V ) , s˜pi−1(U∩V )
)}
is a vector fibred (m+ r) + p-atlas for the vector bundle (pi∗F, pi∗ν,E) .
If
z = zαtα ∈ Γ (F, ν,N) ,
then, using the vector fibred (m+ r) + p-structure
[
A˜Fpi∗F
]
, we obtain the section
Z˜ = (zα ◦ pi) T˜α ∈ Γ (pi
∗F, pi∗ν,E)
such that
Z˜ (ux) = z (x) ,
for any ux ∈ pi−1 (U∩V ) .
The set
{
T˜α, α ∈ 1, p
}
is a base for the module of sections
(Γ (pi∗F, pi∗ν,E) ,+, ·) .
Let
(
pi∗F
ρ , IdE
)
be the Bv-morphism of
(pi∗F, pi∗ν,E)
source and
(TE, τE , E)
target, where
(2.2.4)
pi∗F
pi∗F
ρ
−−→ TE
Z˜αT˜α (ux) 7−→
(
Z˜α · ρı˜α ◦ pi
∂
∂xı˜
)
(ux)
We consider the operation
Γ (pi∗F, pi∗ν,E)× Γ (pi∗F, pi∗ν,E)
[,]pi∗F
−−−−−−−−→ Γ (pi∗F, pi∗ν,E)
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defined by
(2.2.5)
[
T˜α, T˜β
]
pi∗F
=
(
L
γ
αβ ◦ pi
)
T˜γ ,[
T˜α, f T˜β
]
pi∗F
= f
(
L
γ
αβ ◦ pi
)
T˜γ +
(
ρı˜α ◦ pi
) ∂f
∂xı˜
T˜β,[
fT˜α, T˜β
]
pi∗F
= −
[
T˜β, f T˜α
]
pi∗F
,
for any f ∈ F (E) .
Lemma 2.2.1 The following equality holds good[
U˜ , f V˜
]
pi∗F
= f
[
U˜ , V˜
]
pi∗F
+ Γ
(
pi∗F
ρ , IdE
)(
U˜
)
f · V˜ ,
for any U˜ , V˜ ∈ Γ (pi∗F, pi∗ν,E) and for any f ∈ F (E) .
Proof. We observe that for any α, β ∈ 1, p, we obtain[
T˜α, f T˜β
]
pi∗F
= f
[
T˜α, T˜β
]
pi∗F
+ Γ
(
h∗F
ρ , IdE
)
T˜α (f) , ∀f ∈ F (E) .
Using this equality and the definition of the operation [, ]pi∗F it results the conclusion
of the lemma. q.e.d.
Lemma 2.2.2 The F (E)-algebra
(Γ (pi∗F, pi∗ν,E) ,+, ·, [, ]pi∗F )
is a Lie F (E)-algebra.
Proof. Using the definition of the operation [, ]pi∗F it results that[
U˜ , V˜
]
pi∗F
= −
[
V˜ , U˜
]
pi∗F
,
for any U˜ , V˜ ∈ Γ (pi∗F, pi∗ν,E) . Therefore, we obtain
(1)
[
U˜ , U˜
]
pi∗F
= 0, ∀U˜ ∈ Γ (pi∗F, pi∗ν,E) .
Since
(Γ (F, ν,N) ,+, ·, [, ]F )
is a Lie F (N)-algebra, we obtain the equality:
∑
cyclic(α,β,γ)
(
LεβγL
δ
αε + ρ
ı˜
α
∂Lδβγ
∂κı˜
)
= 0.
Using (2.2.2), we obtain the equality:
∑
cyclic(α,β,γ)
((
Lεβγ ◦ pi
) (
Lδαε ◦ pi
)
+ ρı˜α ◦ pi
∂(Lδβγ◦pi)
∂κı˜
)
= 0.
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and multiplying with T˜δ, we obtain∑
cyclic(α,β,γ)
((
Lεβγ ◦ pi
) (
Lδαε ◦ pi
)
T˜δ + ρ
ı˜
α ◦ pi
∂(Lδβγ◦pi)
∂κı˜
T˜δ
)
= 0.
which is equivalent with
∑
cyclic(α,β,γ)
((
Lεβγ ◦ pi
) [
T˜α, T˜ε
]
pi∗F
+ ρı˜α ◦ pi
∂Lδβγ◦pi
∂κı˜
T˜δ
)
= 0.
Since this equality implies ∑
cyclic(α,β,γ)
[
T˜α,
(
Lεβγ◦pi
)
T˜ε
]
pi∗F
= 0,
it results that the following Jacobi identity is satisfied∑
cyclic(α,β,γ)
[
T˜α,
[
T˜β, T˜γ
]
pi∗F
]
pi∗F
= 0.
In general, for any U˜ , V˜ , Z˜ ∈ Γ (pi∗F, pi∗ν,E), we obtain the Jacobi identity:
(2)
[
U˜ ,
[
V˜ , Z˜
]
pi∗F
]
pi∗F
+
[
Z˜,
[
U˜ , V˜
]
pi∗F
]
pi∗F
+
[
V˜ ,
[
Z˜, U˜
]
pi∗F
]
pi∗F
= 0.
Using the affirmations (1) and (2) it results the conclusion of the lemma. q.e.d.
Lemma 2.2.3 The Mod-morphism
Γ
(
pi∗F
ρ , IdE
)
is a Liealg-morphism of
(Γ (pi∗F, pi∗ν,E) ,+, ·, [, ]pi∗F )
source and
(Γ(TE, τE ,E),+, ·, [, ]TE)
target.
Proof. As the Mod-morphism Γ(ρ, IdN) is a Liealg-morphism of
(Γ (F, ν,N) ,+, ·, [, ]F )
source and
(Γ(TN, τN ,N),+, ·, [, ]TN )
target, then we obtain
L
γ
αβρ
k˜
γ = ρ
ı˜
α
∂
(
ρk˜β
)
∂κı˜
− ρj˜β
∂
(
ρk˜α
)
∂κj˜
Using relations (2.2.2), we obtain:(
L
γ
αβ ◦ pi
)(
ρk˜γ ◦ pi
)
= ρı˜α ◦ pi
∂
(
ρk˜β◦pi
)
∂κı˜
− ρj˜β ◦ pi
∂
(
ρk˜α◦pi
)
∂κj˜
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Multiplying with ∂
∂κk˜
, we obtain the equality
(
L
γ
αβ ◦ pi
)(
ρk˜γ ◦ pi
)
∂
∂κk˜
= ρı˜α ◦ pi
∂
(
ρk˜β◦pi
)
∂κı˜
∂
∂κk˜
− ρj˜β ◦ pi
∂
(
ρk˜α◦pi
)
∂κj˜
∂
∂κk˜
which is equivalent with the equality
Γ
(
pi∗F
ρ , IdE
) [
T˜α, T˜β
]
pi∗F
=
[
Γ
(
pi∗F
ρ , IdE
)
T˜α,Γ
(
pi∗F
ρ , IdE
)
T˜β
]
TN
for any base sections T˜α, T˜β .
In general, we obtain the equality
Γ
(
pi∗F
ρ , IdE
) [
U˜ , V˜
]
pi∗F
=
[
Γ
(
pi∗F
ρ , IdE
)
U˜ ,Γ
(
pi∗F
ρ , IdE
)
V˜
]
TN
,
for any U˜ , V˜ ∈ Γ (h∗F, h∗ν,M) . q.e.d.
Using Lemmas 2.2.1, 2.2.2 and 2.2.3, we obtain the following
Theorem 2.2.1 The couple (
[, ]pi∗F ,
(
pi∗F
ρ , IdE
))
is a Lie algebroid structure for the vector bundle (pi∗F, pi∗ν,E) .
This Lie algebroid will be called the pull-back Lie algebroid of the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN )) .
3 Generalized Lie algebroids, exterior differential calculus
and (linear) connections
3.1 The category of generalized Lie algebroids
We assume that N ∈ |Man| and let [, ]TN be the usual Lie bracket such that
(Γ (TN, τN , N) ,+, ·, [, ]TN ) ∈ |LieAlg| .
Let h ∈Man (M,N) be a surjective application.
Definition 3.1.1 If (F, ν,N) ∈ |Bv| such that there exists
(ρ, η) ∈ Bv ((F, ν,N) , (TM, τM ,M))
and an operation
Γ (F, ν,N)× Γ (F, ν,N)
[,]F,h
−−−→ Γ (F, ν,N)
(u, v) 7−→ [u, v]F,h
with the following properties:
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GLA1. the equality holds good
[u, f · v]F,h = f [u, v]F,h + Γ (Th ◦ ρ, h ◦ η) (u) f · v,
for all u, v ∈ Γ (F, ν,N) and f ∈ F (N) .
GLA2. the 4-tuple (
Γ (F, ν,N) ,+, ·, [, ]F,h
)
is a Lie F (N)-algebra,
GLA3. the Mod-morphism Γ (Th ◦ ρ, h ◦ η) is a LieAlg-morphism of(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and
(Γ (TN, τN , N) ,+, ·, [, ]TN )
target,
then we will say that the triple
(3.1.1)
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
The couple (
[, ]F,h , (ρ, η)
)
will be called generalized Lie algebroid structure.
Definition 3.1.2 We define the morphisms set of(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and ((
F ′, ν ′, N ′
)
, [, ]F ′,h′ ,
(
ρ′, η′
))
target as being the set
{(ϕ,ϕ0) ∈ B
v ((F, ν,N) , (F ′, ν ′, N ′))}
such that the Mod-morphism Γ (ϕ,ϕ0) is a LieAlg-morphism of(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and (
Γ
(
F ′, ν ′, N ′
)
,+, ·, [, ]F ′,h′
)
target.
Remark 3.1.1 Note that we discuss about the category of generalized Lie algebroids.
This category will be denoted by GLA.
In the following we will build some examples of generalized Lie algebroids.
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We assume that ((F, ν,N) , [, ]F , (ρ, IdN )) is a Lie algebroid and let h ∈Man (N,N)
be a surjective application.
Let AFF be a representative of vector fibred (n+ p)-structure for the vector bundle
(F, ν,N) and let AFTN be a representative of vector fibred (n+ n)-structure for the
vector bundle (TN, τN , N).
If (U, ξU ) ∈ AFTN and (V, sV ) ∈ AFF such that U ∩ h
−1 (V ) 6= φ, then we define
the application
τ−1N (U∩h
−1(V )))
ξ¯U∩h−1(V )
−−−−−−−→
(
U∩h−1(V )
)
×Rn
(κ, u (κ)) 7−→
(
κ, ξ−1U,κu (κ)
)
.
Proposition 3.1.1 The set
AFTN
put
=
⋃
(U,ξU )∈AFTN , (V,sV )∈AFF
U∩h−1(V )6=φ
{(
U ∩ h−1 (V ) , ξ¯U∩h−1(V )
)}
is a vector fibred n+ n-atlas for the vector bundle (TN, τN , N) .
If
X = X ı˜ ∂
∂κı˜
∈ Γ (TN, τN , N)
then, using the vector fibred n+ n-structure
[
AFTN
]
, we obtain the section
X¯ = X¯ ı˜ ◦ h ∂
∂κ¯ı˜
∈ Γ (TN, τN , N) ,
such that
X¯ (κ¯) = X (h (κ¯)) ,
for any κ¯ ∈ U ∩ h−1 (V ) .
The set
{
∂
∂κ¯ı˜
, ı˜ ∈ 1, n
}
is a base for the F (N)-module (Γ (TN, τN , N) ,+, ·) .
We consider the operation
Γ (F, ν,N)× Γ (F, ν,N)
[,]F,h
−−−−−−−→ Γ (F, ν,N)
defined by
[tα, tβ ]F,h =
(
L
γ
αβ ◦ h
)
tγ ,
[tα, f tβ]F,h = f
(
L
γ
αβ ◦ h
)
tγ + ρ
ı˜
α ◦ h
∂f
∂κ¯ ı˜
tβ,
[ftα, tβ ]F,h = − [tβ, f tα]F,h ,
for any f ∈ F (N) .
Lemma 3.1.1 The following equality holds good
[z, fv]F,h = f [z, v]F,h + Γ (Th ◦ ρ, h) (z) f · v,
for any z, v ∈ Γ (F, ν,N) and f ∈ F (N) .
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Proof. We obtain easily that
[tα, f tβ]F,h = [tα, tβ]F,h + Γ (Th ◦ ρ, h) (tα) f · tβ
for any ∀f ∈ F (N) .
Using this equality and the definition of the operation [, ]F,h it results the conclusion
of the lemma. q.e.d.
Lemma 3.1.2 The F (N)-algebra(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
is a Lie F (N)-algebra.
Proof. Using the definition of the operation [, ]F,h it results that
[u, v]F,h = − [v, u]F,h ,
for any u, v ∈ Γ (F, ν,N) . Therefore, we obtain
(1) [u, u]F,h = 0, ∀u ∈ Γ (F, ν,N) .
Since (Γ (F, ν,N) ,+, ·, [, ]F ) is a Lie F (N)-algebra, it results that∑
cyclic(α,β,γ)
(
LεβγL
δ
αε + ρ
ı˜
α
∂Lδβγ
∂κı˜
)
= 0.
Therefore,
∑
cyclic(α,β,γ)
((
Lεβγ ◦ h
) (
Lδαε ◦ h
)
+ ρı˜α ◦ h
∂(Lδβγ◦h)
∂κ¯ı˜
)
= 0.
Multiplying with tδ, we obtain the equality∑
cyclic(α,β,γ)
((
Lεβγ ◦ h
) (
Lδαε ◦ h
)
tδ + ρ
ı˜
α ◦ h
∂(Lδβγ◦h)
∂κ¯ı˜
tδ
)
= 0
which is equivalent with the following equality:
∑
cyclic(α,β,γ)
((
Lεβγ ◦ h
)
[tα, tε]F,h + ρ
ı˜
α ◦ h
∂(Lδβγ◦h)
∂κ¯ı˜
tδ
)
= 0.
Therefore, we obtain the Jacobi identity∑
cyclic(α,β,γ)
[
tα, [tβ, tγ ]F,h
]
F,h
= 0.
For any u, v, w ∈ Γ (F, ν,N), we obtain the Jacobi identity
(2)
[
u, [v,w]F,h
]
F,h
+
[
v, [w, u]F,h
]
F,h
+
[
w, [u, v]F,h
]
F,h
= 0,
Using (1) and (2) it results the conclusion of lemma. q.e.d.
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Lemma 3.1.3 The Mod-morphism Γ (Th ◦ ρ, h) is a Liealg-morphism of(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and
(Γ(TN, τN ,N),+, ·, [, ]TN )
target.
Proof. As the Mod-morphism Γ (ρ, IdN ) is a LieAlg-morphisms of
(Γ (F, ν,N) ,+, ·, [, ]F )
source and
(Γ (TN, τN , N) ,+, ·, [, ]TN )
target, then we obtain
L
γ
αβρ
k˜
γ = ρ
ı˜
α
∂ρk˜β
∂κı˜
− ρj˜β
∂ρk˜α
∂κj˜
.
Therefore, we obtain(
L
γ
αβ ◦ h
)(
ρk˜γ ◦ h
)
= ρı˜α ◦ h
∂ρk˜β◦h
∂κ¯ı˜
− ρj˜β ◦ h
∂ρk˜α◦h
∂κ¯j˜
.
Moreover, we obtain(
L
γ
αβ ◦ h
)(
ρk˜γ ◦ h
)
∂
∂κ¯k˜
= ρı˜α ◦ h
∂ρk˜β◦h
∂κ¯ı˜
∂
∂κ¯k˜
− ρj˜β ◦ h
∂ρk˜α◦h
∂κ¯j˜
∂
∂κ¯k˜
.
After some calculations, we obtain that
Γ (Th ◦ ρ, h) [tα, tβ]F,h = [Γ (Th ◦ ρ, h) tα,Γ (Th ◦ ρ, h) tβ]TN .
We obtain easily that
Γ (Th ◦ ρ, h) [u, v]F,h = [Γ (Th ◦ ρ, h) u,Γ (Th ◦ ρ, h) v]TN ,
for any u, v ∈ Γ (F, ν,N) . q.e.d.
Using Lemmas 3.1.1, 3.1.2 and 3.1.3 we obtain the following
Theorem 3.1.1 (example of generalized Lie algebroid) The couple(
[, ]F,h , (ρ, IdN )
)
is a generalized Lie algebroid structure for the vector bundle (F, ν,N) .
Definition 3.1.3 The generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, IdN )
)
given by the previous theorem, will be called the generalized Lie algebroid associated to
the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN ))
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and to the surjective application
h ∈Man (N,N) .
In particular, if h = IdN , then the generalized Lie algebroid(
(F, ν,N) , [, ]F,IdN , (ρ, IdN )
)
will be called the generalized Lie algebroid associated to the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN )) .
Note that any Lie algebroid can be regarded as a generalized Lie algebroid.
Theorem 3.1.2 (example of generalized Lie algebroid) Let M ∈ |Manm| and g, h ∈
IsoMan (M) .
Let [, ]TM be the usual Lie bracket such that
(Γ (TM, τM ,M) ,+, ·, [, ]TM ) ∈ |LieAlg| .
Using the tangent Bv-morphism (Tg, g) and the operation
Γ (TM, τM ,M) × Γ (TM, τM ,M)
[,]TM,h
−−−−−−−−−→ Γ (TM, τM ,M)
(u, v) 7−→ [u, v]TM,h
where
[u, v]TM,h = Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
([Γ (T (h ◦ g) , h ◦ g) u,Γ (T (h ◦ g) , h ◦ g) v]TM ) ,
for any u, v ∈ Γ (TM, τM ,M), then we obtain that(
(TM, τM ,M) , [u, v]TM,h , (Tg, g)
)
is a generalized Lie algebroid.
Proof: As the operation [, ]TM,h is biadditive, then we obtain that(
Γ (TM, τM ,M) ,+, ·, [, ]TM,h
)
∈ |Alg| .
Using the definition of the operation [, ]TM,h we obtain that
Γ (T (h ◦ g) , h ◦ g)
(
[u, v]TM,h
)
= [Γ (T (h ◦ g) , h ◦ g) u,Γ (T (h ◦ g) , h ◦ g) v]TM
for any u, v ∈ Γ (TM, τM ,M) .
1) Therefore, Γ (T (h ◦ g) , h ◦ g) is a Alg-morphism of(
Γ (TM, τM ,M) ,+, ·, [, ]TM,h
)
source and
(Γ (TM, τM ,M) ,+, ·, [, ]TM )
target.
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For any u, v ∈ Γ (TM, τM ,M) and f ∈ F (M) we obtain that
[u, fv]TM,h = Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
([Γ (T (h ◦ g) , h ◦ g) u,Γ (T (h ◦ g) , h ◦ g) fv]TM )
= Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
(f · [Γ (T (h ◦ g) , h ◦ g) u,Γ (T (h ◦ g) , h ◦ g) v]TM )
+Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
(Γ (T (h ◦ g) , h ◦ g) u) (f) · Γ (T (h ◦ g) , h ◦ g) v
= f · Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
[Γ (T (h ◦ g) , h ◦ g) u,Γ (T (h ◦ g) , h ◦ g) v]TM
+(Γ (T (h ◦ g) , h ◦ g) u) (f) · v
2) Therefore, we obtain that
[u, fv]TM,h = f · [u, v]TM,h + (Γ (T (h ◦ g) , h ◦ g) u) (f) · v
for any u, v ∈ Γ (TM, τM ,M) and f ∈ F (M) .
We remark that
Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)
(0) = 0.
As
(Γ (TM, τM ,M) ,+, ·, [, ]TM ) ∈ |LieAlg|
and
[u,[v,z]TM,h]TM,h =Γ(T (h◦g)
−1,(h◦g)−1)[Γ(T (h◦g),h◦g)u,Γ(T (h◦g),h◦g)[v,z]TM,h]TM
=Γ(T (h◦g)−1,(h◦g)−1)[Γ(T (h◦g),h◦g)u,[Γ(T (h◦g),h◦g)v,Γ(T (h◦g),h◦g)z]TM ]TM
for any u, v, z ∈ Γ (TM, τM ,M) , it results that
[u, u]TM,h = 0
for any u ∈ Γ (TM, τM ,M) and[
u, [v, z]TM,h
]
TM,h
+
[
z, [u, v]TM,h
]
TM,h
+
[
v, [z, u]TM,h
]
TM,h
= 0,
for any u, v, z ∈ Γ (TM, τM ,M) .
3) Therefore, we have that(
Γ (TM, τM ,M) ,+, ·, [, ]TM,h
)
∈ |LieAlg| .
Using the affirmations 1), 2) and 3) it results the conclusion of the theorem.
Remark 3.1.2 For any Man-isomorphisms g and h we obtain new and interesting
generalized Lie algebroid structures for the tangent vector bundle (TM, τM ,M) .
For any base
{
tα, α ∈ 1,m
}
of the module of sections (Γ (TM, τM ,M) ,+, ·) we
obtain the structure functions
L
γ
αβ =
(
θiα
∂θ
j
β
∂xi
− θiβ
∂θjα
∂xi
)
θ˜
γ
j , α, β, γ ∈ 1,m
where
θiα, i, α ∈ 1,m
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are real local functions such that
Γ (T (h ◦ g) , h ◦ g) (tα) = θ
i
α
∂
∂xi
and
θ˜
γ
j , i, γ ∈ 1,m
are real local functions such that
Γ
(
T (h ◦ g)−1 , (h ◦ g)−1
)( ∂
∂xj
)
= θ˜
γ
j tγ .
In particular, using arbitrary basis for the module of sections and arbitrary isometries
(symmetries, translations, rotations,...) we obtain a lot of generalized Lie algebroid
structures for the tangent vector bundle (TΣ, τΣ,Σ) and we can study its geometry
using our theory which is develop in the next.
3.1.1 Structure functions for generalized Lie algebroids
Let (
(F, ν,N) , [, ]F,h , (ρ, η)
)
be a generalized Lie algebroid given by the diagram:
(3.1.1.1)
(
F, [, ]F,h , (ρ, η)
)
↓ ν
M
h
−−−−−−−−−−−→ N
We assume that (F, ν,N) is a vector bundle with type fibre the real vector space
(Rp,+, ·) and structure group a Lie subgroup of (GL (p,R) , ·) .
We take
(
xi, yi
)
as canonical local coordinates on (TM, τM ,M) , where i ∈ 1,m.
Consider (
xi, yi
)
−→
(
xi´
(
xi
)
, yi´
(
xi, yi
))
a change of coordinates on (TM, τM ,M). Then the coordinates y
i change to yi´ by the
rule:
(3.1.1.2) yi´ = ∂x
i´
∂xi
yi.
We take (κ ı˜, zα) as canonical local coordinates on (F, ν,N), where ı˜∈1, n, α ∈ 1, p.
Consider (
κ ı˜, zα
)
−→
(
κ ı˜´, zα´
)
a change of coordinates on (F, ν,N). Then the coordinates zα change to zα´ by the rule:
(3.1.3) zα´ = Λα´αz
α.
We assume that (θ, µ)
put
= (Th ◦ ρ, h ◦ η).
If zαtα ∈ Γ (F, ν,N) is arbitrary, then
(3.1.1.4)
Γ (Th ◦ ρ, h ◦ η) (zαtα) f (h ◦ η (κ)) =
=
(
θı˜αz
α ∂f
∂κ ı˜
)
(h ◦ η (κ)) =
((
ρiα ◦ h
)
(zα ◦ h)
∂f ◦ h
∂xi
)
(η (κ)) ,
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for any f ∈ F (N) and κ ∈ N.
The coefficients ρiα respectively θ
ı˜
α change to ρ
i´
α´ respectively θ
ı˜´
α´ by the rule:
(3.1.1.5) ρi´α´ = Λ
α
α´ρ
i
α
∂xi´
∂xi
,
respectively
(3.1.1.6) θ ı˜´α´ = Λ
α
α´θ
ı˜
α
∂κ ı˜´
∂κ ı˜
,
where
‖Λαα´‖ =
∥∥∥Λα´α∥∥∥−1 .
Locally, we set
(3.1.1.7) [tα, tβ]F
put
= Lγαβtγ .
We easily obtain that
L
γ
αβ = −L
γ
βα, ∀α, β, γ ∈ 1, p.
The real local functions {
L
γ
αβ , α, β, γ ∈ 1, p
}
will be called the structure functions of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Theorem 3.1.1.1 The following equalities hold good:
(3.1.1.8) ρiα ◦ h
∂f ◦ h
∂xi
=
(
θı˜α
∂f
∂κ ı˜
)
◦ h,∀f ∈ F (N) .
and
(3.1.1.9)
(
L
γ
αβ ◦ h
)(
ρkγ ◦ h
)
=
(
ρiα ◦ h
) ∂ (ρkβ ◦ h)
∂xi
−
(
ρ
j
β ◦ h
) ∂ (ρkα ◦ h)
∂xj
.
Proof. Using the relation (3.1.1.4), we obtain the equality (3.1.1.8) . Since
Γ (Th ◦ ρ, h ◦ η) [tα, tβ ]F (f)
= [Γ ((Th, h) ◦ (ρ, η)) tα,Γ ((Th, h) ◦ (ρ, η)) tβ]F (f)
= Γ (Th, h)
(
[Γ (ρ, η) tα,Γ (ρ, η) tβ]TM
)
(f) , ∀f ∈ F (N) ,
it results that(
L
γ
αβ ◦ h
) (
ρkγ ◦ h
)
∂f◦h
∂xk
=
((
ρiα ◦ h
) ∂(ρkβ◦h)
∂xi
−
(
ρ
j
β ◦ h
)
∂(ρkα◦h)
∂xj
)
∂f◦h
∂xk
,
for any f ∈ F (N) . q.e.d.
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3.1.2 The pull-back Lie algebroid of a generalized Lie algebroid
Let (
(F, ν,N) , [, ]F,h , (ρ, η)
)
be a generalized Lie algebroid given by the diagram (3.1.1.1).
Let AFF be a representative of vector fibred (n+ p)-structure for the vector bundle
(F, ν,N) and let AFTM be a representative of vector fibred (m+m)-structure for the
vector bundle (TM, τM ,M).
Let (h∗F, h∗ν,M) be the pull-back vector bundle through h.
If (U, ξU ) ∈ AFTM and (V, sV ) ∈ AFF such that U ∩ h
−1 (V ) 6= φ, then we define
the application
h∗ν−1(U∩h−1(V )))
s¯U∩h−1(V )
−−−−−−−→
(
U∩h−1(V )
)
×Rp
(κ, z (h (κ))) 7−→
(
κ, t−1
V,h(κ)z (h (κ))
)
.
Proposition 3.1.2.1 The set
AFF
put
=
⋃
(U,ξU )∈AFTM , (V,sV )∈AFF
U∩h−1(V ) 6=φ
{(
U ∩ h−1 (V ) , s¯U∩h−1(V )
)}
is a vector fibred m+ p-atlas for the vector bundle (h∗F, h∗ν,M) .
If
z = zαtα ∈ Γ (F, ν,N) ,
then, using the vector fibred m+ p-structure
[
AFF
]
, we obtain the section
Z = (zα ◦ h)Tα ∈ Γ (h
∗F, h∗ν,M)
such that
Z (x) = z (h (x)) ,
for any x ∈ U ∩ h−1 (V ) .
The set
{
Tα, α ∈ 1, p
}
is a base for the module of sections
(Γ (h∗F, h∗ν,M) ,+, ·) .
Let
(
h∗F
ρ , IdM
)
be the Bv-morphism of
(h∗F, h∗ν,M)
source and
(TM, τM ,M)
target, where
(3.1.2.1)
h∗F
h∗F
ρ
−−→ TM
ZαTα (x) 7−→
(
Zα · ρiα ◦ h
) ∂
∂xi
(x)
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We consider the operation
Γ (h∗F, h∗ν,M)× Γ (h∗F, h∗ν,M)
[,]h∗F
−−−−−−−−→ Γ (h∗F, h∗ν,M)
defined by
(3.1.2.2)
[Tα, Tβ ]h∗F =
(
L
γ
αβ ◦ h
)
Tγ ,
[Tα, fTβ]h∗F = f
(
L
γ
αβ ◦ h
)
Tγ +
(
ρiα ◦ h
) ∂f
∂xi
Tβ,
[fTα, Tβ]h∗F = − [Tβ, fTα]h∗F ,
for any f ∈ F (M) .
Lemma 3.1.2.1 The following equality holds good
[U, fV ]h∗F = f [U, V ]h∗F + Γ
(
h∗F
ρ , IdM
)
(U) f · V,
for any U, V ∈ Γ (h∗F, h∗ν,M) and for any f ∈ F (M) .
Proof. We observe that for any α, β ∈ 1, p, we obtain
[Tα, fTβ]h∗F = f [Tα, Tβ ]h∗F + Γ
(
h∗F
ρ , IdM
)
(Tα) f · Tβ , ∀f ∈ F (N) .
Using this equality and the definition of the operation [, ]h∗F it results the conclusion
of the lemma. q.e.d.
Lemma 3.1.2.1 The F (M)-algebra
(Γ (h∗F, h∗ν,M) ,+, ·, [, ]h∗F )
is a Lie F (M)-algebra.
Proof. Using the definition of the operation [, ]h∗F it results that
[U, V ]h∗F = − [V,U ]h∗F ,
for any U, V ∈ Γ (h∗F, h∗ν,M) . Therefore, we obtain
(1) [U,U ]h∗F = 0, ∀U ∈ Γ (h
∗F, h∗ν,M) .
Since (Γ (F, ν,M) ,+, ·, [, ]F ) is a Lie F (M)-algebra, we obtain the equality:
∑
cyclic(α,β,γ)
(
LεβγL
δ
αε + θ
ı˜
α
∂Lδβγ
∂κ ı˜
)
= 0.
Using (3.1.1.9), we obtain the equality:
∑
cyclic(α,β,γ)
(Lεβγ ◦ h) (Lδαε ◦ h)+ ρiα ◦ h∂
(
Lδβγ ◦ h
)
∂xi
 = 0.
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and multiplying with Tδ, we obtain
∑
cyclic(α,β,γ)
(Lεβγ ◦ h) (Lδαε ◦ h)Tδ + ρiα ◦ h∂
(
Lδβγ ◦ h
)
∂xi
Tδ
 = 0.
which is equivalent with
(2)
∑
cyclic(α,β,γ)
((
Lεβγ ◦ h
)
[Tα, Tε]h∗F + ρ
i
α ◦ h
∂Lδβγ ◦ h
∂xi
Tδ
)
= 0.
Since this equality implies ∑
cyclic(α,β,γ)
[
Tα,
(
Lεβγ◦h
)
Tε
]
h∗F
= 0,
it results that it is satisfied the Jacobi identity∑
cyclic(α,β,γ)
[
Tα, [Tβ , Tγ ]h∗F
]
h∗F
= 0.
In general, for any U, V, Z ∈ Γ (h∗F, h∗ν,M), we obtain the Jacobi identity:
(2) [U, [V,Z]h∗F ]h∗F + [Z, [U, V ]h∗F ]h∗F + [V, [Z,U ]h∗F ]h∗F = 0.
Using affirmations (1) and (2), we get the conclusion of the lemma. q.e.d.
Lemma 3.1.2.3 The Mod-morphism
Γ
(
h∗F
ρ , IdM
)
is a Liealg-morphism of
(Γ (h∗F, h∗ν,M) ,+, ·, [, ]h∗F )
source and
(Γ(TM, τM ,M),+, ·, [, ]TM )
target.
Proof. Using relations (3.1.1.9), we obtain:
(
L
γ
αβ ◦ h
)(
ρkγ ◦ h
) ∂
∂xk
=
(
ρiα ◦ h
) ∂ (ρkβ ◦ h)
∂xi
∂
∂xk
−
(
ρ
j
β ◦ h
) ∂ (ρkα ◦ h)
∂xj
∂
∂xk
,
Therefore,
Γ
(
h∗F
ρ , IdM
)
[Tα, Tβ]
h∗F
=
[
Γ
(
h∗F
ρ , IdM
)
Tα,Γ
(
h∗F
ρ , IdM
)
Tβ
]
TM
,
for any base sections Tα, Tβ .
In general, we obtain the equality
Γ
(
h∗F
ρ , IdM
)
[U, V ]
h∗F
=
[
Γ
(
h∗F
ρ , IdM
)
U,Γ
(
h∗F
ρ , IdM
)
U
]
TM
,
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for any U, V ∈ Γ (h∗F, h∗ν,M) . q.e.d.
Using Lemmas 3.1.2.1, 3.1.2.2 and 3.1.2.3, we obtain the following
Theorem 3.1.2.1 The couple (
[, ]h∗F ,
(
h∗F
ρ , IdM
))
is a Lie algebroid structure for the vector bundle (h∗F, h∗ν,M) .
This Lie algebroid will be called the pull-back Lie algebroid of the generalized Lie
algebroid (
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
3.1.3 Interior Differential Systems
We consider a generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
given by the dia-
grams:
F
ρ
−−−→ TM
Th
−−−−→ TN
↓ ν ↓ τM ↓ τN
M
h
−−−→ N
η
−−−→ M
h
−−−→ N
Let
(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
be the pull-back Lie algebroid.
Definition 3.1.3.1 Any vector subbundle (E, pi,M) of the vector bundle (h∗F, h∗ν,M)
will be called interior differential system (IDS) of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In particular, if h = IdN = η, then any vector subbundle (E, pi,N) of the vec-
tor bundle (F, ν,N) will be called interior differential system of the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN )) .
Remark 3.1.3.1 If (E, pi,M) is an IDS of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
,
then (Γ (E, pi,M) ,+, ·) is aF (M)-submodule of the F (M)-module (Γ (h∗F, h∗ν,M) ,+, ·) .
In addition, if
Γ
(
E⊥, pi⊥,M
)
put
=
{
Ω ∈ Γ
(
∗
h∗F,
∗
h∗ν,M
)
: Ω (S) = 0, ∀S ∈ Γ (E, pi,M)
}
,
then
(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
is F (M)-submodule of the F (M)-module
(
Γ
(
∗
h∗F,
∗
h∗ν,M
)
,+, ·
)
.
We obtain a vector subbundle
(
E⊥, pi⊥,M
)
of the vector bundle
(
∗
h∗F,
∗
h∗ν,M
)
which will be called the annihilator vector subbundle for the IDS (E, pi,M) .
Proposition 3.1.3.1 Let (E, pi,M) be an IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
If dimF(M)Γ (E, pi,M) = r ≤ p = dimF(M)Γ (h
∗F, h∗ν,M), then dimF(M)Γ
(
E⊥, pi⊥,M
)
=
p− r.
Therefore, if Γ (E, pi,M) = 〈S1, ..., Sr〉, then it exists Θr+1, ...,Θp ∈ Γ
(
∗
h∗F,
∗
h∗ν,M
)
linearly independent such that Γ
(
E⊥, pi⊥,M
)
=
〈
Θr+1, ...,Θp
〉
.
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Conversely, if Γ
(
E⊥, pi⊥,M
)
=
〈
Θr+1, ...,Θp
〉
, then it exists S1, ..., Sr ∈ Γ (E, pi,M)
linearly independent such that Γ (E, pi,M) = 〈S1, ..., Sr〉 .
Definition 3.1.3.2 The IDS (E, pi,M) of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
will be called involutive if
[S, T ]h∗F ∈ Γ (E, pi,M) , ∀S, T ∈ Γ (E, pi,M) .
Proposition 3.1.3.2 Let (E, pi,M) be an IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
If {S1, ..., Sr} is a base for the F (M)-submodule (Γ (E, pi,M) ,+, ·) then (E, pi,M)
is involutive if and only if
[Sa, Sb]h∗F ∈ Γ (E, pi,M) , ∀a, b ∈ 1, r.
3.2 Exterior differential calculus for generalized Lie algebroids
We propose an exterior differential calculus in the general framework of generalized Lie
algebroids. As any Lie algebroid can be regarded as a generalized Lie algebroid, in
particular, we obtain a new point of view over the exterior differential calculus for Lie
algebroids.
Let (
(F, ν,N) , [, ]F,h , (ρ, η)
)
be a generalized Lie algebroid given by the diagram (3.1.1.1) .
Definition 3.2.1 For any q ∈ N we denote by (Σq, ◦) the permutations group of the
set {1, 2, ..., q} .
Definition 3.2.2 We denoted by Λq (F, ν,N) the set of q-linear applications
Γ (F, ν,N)q
ω
−−−→ F (N)
(z1, ..., zq) 7−→ ω (z1, ..., zq)
such that
ω
(
zσ(1), ..., zσ(q)
)
= sgn (σ) · ω (z1, ..., zq)
for any z1, ..., zq ∈ Γ (F, ν,N) and for any σ ∈ Σq.
The elements of Λq (F, ν,N) will be called differential forms of degree q or differential
q-forms.
Remark 3.2.1 If ω ∈ Λq (F, ν,N), then ω (z1, ..., z, ..., z, ...zq ) = 0. Therefore, if ω ∈
Λq (F, ν,N), then
ω (z1, ..., zi, ..., zj , ...zq) = −ω (z1, ..., zj , ..., zi, ...zq) .
Theorem 3.2.1 If q ∈ N , then (Λq (F, ν,N) ,+, ·) is a F (N)-module.
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Definition 3.2.3 If ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N), then the (q + r)-form ω ∧ θ
defined by
ω ∧ θ (z1, ..., zq+r) =
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)ω
(
zσ(1), ..., zσ(q)
)
θ
(
zσ(q+1), ..., zσ(q+r)
)
=
1
q!r!
∑
σ∈Σq+r
sgn (σ)ω
(
zσ(1), ..., zσ(q)
)
θ
(
zσ(q+1), ..., zσ(q+r)
)
,
for any z1, ..., zq+r ∈ Γ (F, ν,N) , will be called the exterior product of the forms ω and θ.
Using the previous definition, we obtain
Theorem 3.2.2 The following affirmations hold good:
1. If ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N), then
(3.2.1) ω ∧ θ = (−1)q·r θ ∧ ω.
2. For any ω ∈ Λq (F, ν,N), θ ∈ Λr (F, ν,N) and η ∈ Λs (F, ν,N) we obtain
(3.2.2) (ω ∧ θ) ∧ η = ω ∧ (θ ∧ η) .
3. For any ω, θ ∈ Λq (F, ν,N) and η ∈ Λs (F, ν,N) we obtain
(3.2.3) (ω + θ) ∧ η = ω ∧ η + θ ∧ η.
4. For any ω ∈ Λq (F, ν,N) and θ, η ∈ Λs (F, ν,N) we obtain
(3.2.4) ω ∧ (θ + η) = ω ∧ θ + ω ∧ η.
5. For any f ∈ F (N), ω ∈ Λq (F, ν,N) and θ ∈ Λs (F, ν,N) we obtain
(3.2.5) (f · ω) ∧ θ = f · (ω ∧ θ) = ω ∧ (f · θ) .
Theorem 3.2.3 If
Λ (F, ν,N) = ⊕
q≥0
Λq (F, ν,N) ,
then
(Λ (F, ν,N) ,+, ·,∧)
is a F (N)-algebra. This algebra will be called the exterior differential algebra of the
vector bundle (F, ν,N) .
Remark 3.2.2 If
{
tα, α ∈ 1, p
}
is the coframe associated to the frame
{
tα, α ∈ 1, p
}
of the vector bundle (F, ν,N) in the vector local (n+ p)-chart U , then
tα1 ∧ ... ∧ tαq
(
zα1 tα, ..., z
α
q tα
)
= 1
q! det
∥∥∥∥∥∥
zα11 ... z
αq
1
... ... ...
zα1q ... z
αq
q
∥∥∥∥∥∥ ,
for any q ∈ 1, p.
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Remark 3.2.3 If
{
tα, α ∈ 1, p
}
is the coframe associated to the frame
{
tα, α ∈ 1, p
}
of the vector bundle (F, ν,N) in the vector local (n+ p)-chart U , then, for any q ∈ 1, p
we define Cqp exterior differential forms of the type
tα1 ∧ ... ∧ tαq
such that 1 ≤ α1 < ... < αq ≤ p.
The set
{tα1 ∧ ... ∧ tαq , 1 ≤ α1 < ... < αq ≤ p}
is a base for the F (N)-module
(Λq (F, ν,N) ,+, ·) .
Therefore, if ω ∈ Λq (F, ν,N), then
ω = ωα1...αqt
α1 ∧ ... ∧ tαq .
In particular, if ω is an exterior differential p-form ω, then we can written
ω = a · t1 ∧ ... ∧ tp,
where a ∈ F (N) .
Definition 3.2.4 If
ω = ωα1...αqt
α1 ∧ ... ∧ tαq ∈ Λq (F, ν,N)
such that
ωα1...αq ∈ C
r (N) ,
for any 1 ≤ α1 < ... < αq ≤ p, then we will say that the q-form ω is differentiable of
Cr-class.
Definition 3.2.5 For any z ∈ Γ (F, ν,N), the F (N)-multilinear application
Λ (F, ν,N)
Lz
−−−−−→ Λ (F, ν,N) ,
defined by
Lz (f) = Γ (Th ◦ ρ, h ◦ η) z (f) , ∀f ∈ F (N)
and
Lzω (z1, ..., zq) = Γ (Th ◦ ρ, h ◦ η) z (ω ((z1, ..., zq)))
−
q∑
i=1
ω
((
z1, ..., [z, zi]F,h , ..., zq
))
,
for any ω ∈ Λq (F, ν,N) and z1, ..., zq ∈ Γ (F, ν,N) , will be called the covariant Lie
derivative with respect to the section z.
Theorem 3.2.4 If z ∈ Γ (F, ν,N) , ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N), then
(3.2.6) Lz (ω ∧ θ) = Lzω ∧ θ + ω ∧ Lzθ.
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Proof. Let z1, ..., zq+r ∈ Γ (F, ν,N) be arbitrary. Since
Lz (ω ∧ θ) (z1, ..., zq+r) = Γ (Th ◦ ρ, h ◦ η) z ((ω ∧ θ) (z1, ..., zq+r))
−
q+r∑
i=1
(ω ∧ θ)
((
z1, ..., [z, zi]F,h , ..., zq+r
))
= Γ (Th ◦ ρ, h ◦ η) z
 ∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
·θ
(
zσ(q+1), ..., zσ(q+r)
))
−
q+r∑
i=1
(ω ∧ θ)
((
z1, ..., [z, zi]F,h , ..., zq+r
))
=
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · Γ (Th ◦ ρ, h ◦ η) z
(
ω
(
zσ(1), ..., zσ(q)
))
·θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
·Γ (Th ◦ ρ, h ◦ η) z
(
θ
(
zσ(q+1), ..., zσ(q+r)
))
−
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)
·
q∑
i=1
ω
(
zσ(1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q+r)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
−
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)
q+r∑
i=q+1
ω
(
zσ(1), ..., zσ(q)
)
·θ
(
zσ(q+1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q+r)
)
=
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)Lzω
(
zσ(1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q+r)
)
·θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)
q+r∑
i=q+1
ω
(
zσ(1), ..., zσ(q)
)
·Lzθ
(
zσ(q+1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q+r)
)
= (Lzω ∧ θ + ω ∧ Lzθ) (z1, ..., zq+r)
it results the conclusion of the theorem. q.e.d.
Definition 3.2.6 For any z ∈ Γ (F, ν,N), the F (N)-multilinear application
Λ (F, ν,N)
iz
−−−→ Λ (F, ν,N)
Λq (F, ν,N) ∋ ω 7−→ izω ∈ Λq−1 (F, ν,N) ,
where
izω (z2, ..., zq) = ω (z, z2, ..., zq) ,
for any z2, ..., zq ∈ Γ (F, ν,N), will be called the interior product associated to the
section z.
For any f ∈ F (N), we define izf = 0.
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Remark 3.2.4 If z ∈ Γ (F, ν,N) , ω ∈ Λp (F, ν,N) and U is an open subset of N such
that z|U = 0 or ω|U = 0, then (izω)|U = 0.
Theorem 3.2.5 If z ∈ Γ (F, ν,N), then for any ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N)
we obtain
(3.2.7) iz (ω ∧ θ) = izω ∧ θ + (−1)
q ω ∧ izθ.
Proof. Let z1, ..., zq+r ∈ Γ (F, ν,N) be arbitrary. We observe that
iz1 (ω ∧ θ) (z2, ..., zq+r) = (ω ∧ θ) (z1, z2, ..., zq+r)
=
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
=
∑
1=σ(1)<σ(2)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
z1, zσ(2), ..., zσ(q)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
1=σ(q+1)<σ(q+2)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
· θ
(
z1, zσ(q+2), ..., zσ(q+r)
)
=
∑
σ(2)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · iz1ω
(
zσ(2), ..., zσ(q)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
σ(q+2)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
· iz1θ
(
zσ(q+2), ..., zσ(q+r)
)
.
In the second sum, we have the permutation
σ =
(
1 ... q q + 1 q + 2 ... q + r
σ (1) ... σ (q) 1 σ (q + 2) ... σ (q + r)
)
.
We observe that σ = τ ◦ τ ′, where
τ =
(
1 2 ... q + 1 q + 2 ... q + r
1 σ (1) ... σ (q) σ (q + 2) ... σ (q + r)
)
and
τ ′ =
(
1 2 ... q q + 1 q + 2 ... q + r
2 3 ... q + 1 1 q + 2 ... q + r
)
.
Since τ (2) < ... < τ (q + 1) and τ ′ has q inversions, it results that
sgn (σ) = (−1)q · sgn (τ) .
Therefore,
iz1 (ω ∧ θ) (z2, ..., zq+r) = (iz1ω ∧ θ) (z2, ..., zq+r)
+ (−1)q
∑
τ(2)<...<τ(q)
τ(q+2)<...<τ(q+r)
sgn (τ) · ω
(
zτ (2), ..., zτ (q)
)
· iz1θ
(
zτ(q+2), ..., zτ (q+r)
)
= (iz1ω ∧ θ) (z2, ..., zq+r) + (−1)
q (ω ∧ iz1θ) (z2, ..., zq+r) .
q.e.d.
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Theorem 3.2.6 For any z, v ∈ Γ (F, ν,N) we obtain
(3.2.8) Lv ◦ iz − iz ◦ Lv = i[z,v]F,h.
Proof. Let ω ∈ Λq (F, ν,N) be arbitrary. Since
iz (Lvω) (z2, ...zq) = Lvω (z, z2, ...zq)
= Γ (Th ◦ ρ, h ◦ η) v (ω (z, z2, ..., zq))− ω
(
[v, z]F,h , z2, ..., zq
)
−
q∑
i=2
ω
((
z, z2, ..., [v, zi]F,h , ..., zq
))
= Γ (Th ◦ ρ, h ◦ η) v (izω (z2, ..., zq))−
q∑
i=2
izω
(
z2, ..., [v, zi]F,h , ..., zq
)
−i[v,z]F (z2, ..., zq) =
(
Lv (izω)− i[v,z]F,h
)
(z2, ..., zq) ,
for any z2, ..., zq ∈ Γ (F, ν,N) it result the conclusion of the theorem. q.e.d.
Definition 3.2.7 If f ∈ F (N) and z ∈ Γ (F, ν,N) , then we define
dF f (z) = Γ (Th ◦ ρ, h ◦ η) (z) f.
Theorem 3.2.7 The F (N)-multilinear application
Λq (F, ν,N)
dF
−−−→ Λq+1 (F, ν,N)
ω 7−→ dω
defined by
dFω (z0, z1, ..., zq) =
q∑
i=0
(−1)i Γ (Th ◦ ρ, h ◦ η) zi (ω ((z0, z1, ..., zˆi, ..., zq)))
+
∑
i<j
(−1)i+j ω
((
[zi, zj ]F,h , z0, z1, ..., zˆi, ..., zˆj , ..., zq
))
,
for any z0, z1, ..., zq ∈ Γ (F, ν,N) , is unique with the following property:
(3.2.9) Lz = d
F ◦ iz + iz ◦ dF , ∀z ∈ Γ (F, ν,N) .
This F (N)-multilinear application will be called the exterior differentiation operator for
the exterior differential algebra of the generalized Lie algebroid ((F, ν,N), [, ]F,h, (ρ, η)).
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Proof. We verify the property (3.2.9) Since(
iz0 ◦ d
F
)
ω (z1, ..., zq) = dω (z0, z1, ..., zq)
=
q∑
i=0
(−1)i Γ (Th ◦ ρ, h ◦ η) zi (ω (z0, z1, ..., zˆi, ..., zq))
+
∑
0≤i<j
(−1)i+j ω
(
[zi, zj ]F,h , z0, z1, ..., zˆi, ..., zˆj , ..., zq
)
= Γ (Th ◦ ρ, h ◦ η) z0 (ω (z1, ..., zq))
+
q∑
i=1
(−1)i Γ (Th ◦ ρ, h ◦ η) zi (ω (z0, z1, ..., zˆi, ..., zq))
+
q∑
i=1
(−1)i ω
(
[z0, zi]F,h , z1, ..., zˆi, ..., zq
)
+
∑
1≤i<j
(−1)i+j ω
(
[zi, zj ]F,h , z0, z1, ..., zˆi, ..., zˆj , ..., zq
)
= Γ (Th ◦ ρ, h ◦ η) z0 (ω (z1, ..., zq))
−
q∑
i=1
ω
(
z1, ..., [z0, zi]F,h , ..., zq
)
−
q∑
i=1
(−1)i−1 Γ (Th ◦ ρ, h ◦ η) zi (iz0ω ((z1, ..., zˆi, ..., zq)))
−
∑
1≤i<j
(−1)i+j−2 iz0ω
((
[zi, zj ]F,h , z1, ..., zˆi, ..., zˆj , ..., zq
))
=
(
Lz0 − d
F ◦ iz0
)
ω (z1, ..., zq) ,
for any z0, z1, ..., zq ∈ Γ (F, ν,N) it results that the property (3.2.9) is satisfied.
In the following, we verify the uniqueness of the operator dF .
Let d′F be an another exterior differentiation operator satisfying the property (3.2.9) .
Let S =
{
q ∈ N : dFω = d′Fω, ∀ω ∈ Λq (F, ν,N)
}
be.
Let z ∈ Γ (F, ν,N) be arbitrary.
We observe that (3.2.9) is equivalent with
(1) iz ◦
(
dF − d′F
)
+
(
dF − d′F
)
◦ iz = 0.
Since izf = 0, for any f ∈ F (N) , it results that((
dF − d′F
)
f
)
(z) = 0, ∀f ∈ F (N) .
Therefore, we obtain that
(2) 0 ∈ S.
In the following, we prove that
(3) q ∈ S =⇒ q + 1 ∈ S
Let ω ∈ Λp+1 (F, ν,N) be arbitrary. Since izω ∈ Λq (F, ν,N), using the equality (1),
it results that
iz ◦
(
dF − d′F
)
ω = 0.
We obtain that,
((
dF − d′F
)
ω
)
(z0, z1, ..., zq) = 0, for any z1, ..., zq ∈ Γ (F, ν,N) . There-
fore dFω = d′Fω, namely q + 1 ∈ S.
Using the Peano’s Axiom and the affirmations (2) and (3) it results that S = N.
Therefore, the uniqueness is verified. q.e.d.
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Note that if ω = ωα1...αqt
α1 ∧ ... ∧ tαq ∈ Λq (F, ν,N), then
dFω
(
tα0 , tα1 , ..., tαq
)
=
q∑
i=0
(−1)i θk˜αi
∂ωα0,...,α̂i...αq
∂κk˜
+
∑
i<j
(−1)i+j Lααiαj · ωα,α0,...,α̂i,...,α̂j ,...,αq .
Therefore, we obtain
(3.2.10)
dFω =
(
q∑
i=0
(−1)i θk˜αi
∂ωα0,...,α̂i...αq
∂κk˜
+
∑
i<j
(−1)i+j Lααiαj · ωα,α0,...,α̂i,...,α̂j ,...,αq
)
tα0 ∧ tα1 ∧ ... ∧ tαq .
Remark 3.2.4 If dF is the exterior differentiation operator for the generalized Lie
algebroid (
(F, ν,N) , [, ]F,h , (ρ, η)
)
,
ω ∈ Λq (F, ν,N) and U is an open subset of N such that ω|U = 0, then
(
dFω
)
|U
= 0.
Theorem 3.2.8 The exterior differentiation operator dF given by the previous theorem
has the following properties:
1. For any ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N) we obtain
(3.2.11) dF (ω ∧ θ) = dFω ∧ θ + (−1)q ω ∧ dF θ.
2. For any z ∈ Γ (F, ν,N) we obtain
(3.2.12) Lz ◦ dF = dF ◦ Lz.
3. dF ◦ dF = 0.
Proof.
1. Let S =
{
q ∈ N : dF (ω ∧ θ) = dFω ∧ θ + (−1)q ω ∧ dF θ, ∀ω ∈ Λq (F, ν,N)
}
be. Since
dF (f ∧ θ) (z, v) = dF (f · θ) (z, v)
= Γ (Th ◦ ρ, h ◦ η) z (fω (v))− Γ (Th ◦ ρ, h ◦ η) v (fω (z))− fω
(
[z, v]F,h
)
= Γ (Th ◦ ρ, h ◦ η) z (f) · ω (v) + f · Γ (Th ◦ ρ, h ◦ η) z (ω (v))
−Γ (Th ◦ ρ, h ◦ η) v (f) · ω (z)− f · Γ (Th ◦ ρ, h ◦ η) v (ω (z))− fω
(
[z, v]F,h
)
= dF f (z) · ω (v)− dF f (v) · ω (z) + f · dFω (z, v)
=
(
dF f ∧ ω
)
(z, v) + (−1)0 f · dFω (z, v)
=
(
dF f ∧ ω
)
(z, v) + (−1)0
(
f ∧ dFω
)
(z, v) , ∀z, v ∈ Γ (F, ν,N) ,
it results that
(1.1) 0 ∈ S.
In the following we prove that
(1.2) q ∈ S =⇒ q + 1 ∈ S.
33
Without restricting the generality, we consider that θ ∈ Λr (F, ν,N) . Since
dF (ω ∧ θ) (z0, z1, ..., zq+r) = iz0 ◦ d
F (ω ∧ θ) (z1, ..., zq+r)
= Lz0 (ω ∧ θ) (z1, ..., zq+r)− d
F ◦ iz0 (ω ∧ θ) (z1, ..., zq+r)
= (Lz0ω ∧ θ + ω ∧ Lz0θ) (z1, ..., zq+r)
−
[
dF ◦ (iz0ω ∧ θ + (−1)
q ω ∧ iz0θ)
]
(z1, ..., zq+r)
=
(
Lz0ω ∧ θ + ω ∧ Lz0θ −
(
dF ◦ iz0ω
)
∧ θ
)
(z1, ..., zq+r)
−
(
(−1)q−1 iz0ω ∧ d
F θ + (−1)q dFω ∧ iz0θ
)
(z1, ..., zq+r)
− (−1)2q ω ∧ dF ◦ iz0θ (z1, ..., zq+r)
=
((
Lz0ω − d
F ◦ iz0ω
)
∧ θ
)
(z1, ..., zq+r)
+ω ∧
(
Lz0θ − d
F ◦ iz0θ
)
(z1, ..., zq+r)
+
(
(−1)q iz0ω ∧ d
F θ − (−1)q dFω ∧ iz0θ
)
(z1, ..., zq+r)
=
[((
iz0 ◦ d
F
)
ω
)
∧ θ + (−1)q+1 dFω ∧ iz0θ
]
(z1, ..., zq+r)
+
[
ω ∧
((
iz0 ◦ d
F
)
θ
)
+ (−1)q iz0ω ∧ d
F θ
]
(z1, ..., zq+r)
=
[
iz0
(
dFω ∧ θ
)
+ (−1)q iz0
(
ω ∧ dF θ
)]
(z1, ..., zq+r)
=
[
dFω ∧ θ + (−1)q ω ∧ dF θ
]
(z1, ..., zq+r) ,
for any z0, z1, ..., zq+r ∈ Γ (F, ν,N), it results (1.2) .
Using the Peano’s Axiom and the affirmations (1.1) and (1.2) it results that S = N.
Therefore, it results the conclusion of affirmation 1.
2. Let z ∈ Γ (F, ν,N) be arbitrary.
Let S =
{
q ∈ N :
(
Lz ◦ dF
)
ω =
(
dF ◦ Lz
)
ω, ∀ω ∈ Λq (F, ν,N)
}
be.
Let f ∈ F (N) be arbitrary. Since(
dF ◦ Lz
)
f (v) = iv ◦
(
dF ◦ Lz
)
f =
(
iv ◦ dF
)
◦ Lzf
= (Lv ◦ Lz) f −
((
dF ◦ iv
)
◦ Lz
)
f
= (Lv ◦ Lz) f − L[z,v]F,hf + d
F ◦ i[z,v]F,hf − d
F ◦ Lz (ivf)
= (Lv ◦ Lz) f − L[z,v]F,hf + d
F ◦ i[z,v]F,hf − 0
= (Lv ◦ Lz) f − L[z,v]F,hf + d
F ◦ i[z,v]F,hf − Lz ◦ d
F (ivf)
= (Lz ◦ iv)
(
dF f
)
− L[z,v]F,hf + d
F ◦ i[z,v]F,hf
= (iv ◦ Lz)
(
dF f
)
+ L[z,v]F,hf − L[z,v]F,hf
= iv ◦
(
Lz ◦ dF
)
f =
(
Lz ◦ dF
)
f (v) , ∀v ∈ Γ (F, ν,N) ,
it results that
(2.1) 0 ∈ S.
In the following we prove that
(2.2) q ∈ S =⇒ q + 1 ∈ S.
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Let ω ∈ Λq (F, ν,N) be arbitrary. Since(
dF ◦ Lz
)
ω (z0, z1, ..., zq) = iz0 ◦
(
dF ◦ Lz
)
ω (z1, ..., zq)
=
(
iz0 ◦ d
F
)
◦ Lzω (z1, ..., zq)
=
[
(Lz0 ◦ Lz)ω −
((
dF ◦ iz0
)
◦ Lz
)
ω
]
(z1, ..., zq)
=
[
(Lz0 ◦ Lz)ω − L[z,z0]F,hω
]
(z1, ..., zq)
+
[
dF ◦ i[z,z0]F,hω − d
F ◦ Lz (iz0ω)
]
(z1, ..., zq)
ip.
=
[
(Lz0 ◦ Lz)ω − L[z,z0]F,hω
]
(z1, ..., zq)
+
[
dF ◦ i[z,z0]F,hω − Lz ◦ d
F (iz0ω)
]
(z1, ..., zq)
=
[
(Lz ◦ iz0)
(
dFω
)
− L[z,z0]F,hω + d
F ◦ i[z,z0]F,hω
]
(z1, ..., zq)
=
[
(iz0 ◦ Lz)
(
dFω
)
+ L[z,z0]F,hω − L[z,z0]F,hω
]
(z1, ..., zq)
= iz0 ◦
(
Lz ◦ dF
)
ω (z1, ..., zq)
=
(
Lz ◦ dF
)
ω (z0, z1, ..., zq) , ∀z0, z1, ..., zq ∈ Γ (F, ν,N) ,
it results (2.2) .
Using the Peano’s Axiom and the affirmations (2.1) and (2.2) it results that S = N.
Therefore, it results the conclusion of affirmation 2.
3. It is remarked that
iz ◦
(
dF ◦ dF
)
=
(
iz ◦ dF
)
◦ dF = Lz ◦ dF −
(
dF ◦ iz
)
◦ dF
= Lz ◦ dF − dF ◦ Lz + dF ◦
(
dF ◦ iz
)
=
(
dF ◦ dF
)
◦ iz,
for any z ∈ Γ (F, ν,N) .
Let ω ∈ Λq (F, ν,N) be arbitrary. Since(
dF ◦ dF
)
ω (z1, ..., zq+2) = izq+2 ◦ ... ◦ iz1 ◦
(
dF ◦ dF
)
ω = ...
= izq+2 ◦
(
dF ◦ dF
)
◦ izq+1 (ω (z1, ..., zq))
= izq+2 ◦
(
dF ◦ dF
)
(0) = 0, ∀z1, ..., zq+2 ∈ Γ (F, ν,N) ,
it results the conclusion of affirmation 3. q.e.d.
Theorem 3.2.9 If ((F, ν,N), [, ]F,h, (ρ, η)) is a generalized Lie algebroid and d
F
is the exterior differentiation operator for the exterior differential F(N)-algebra
(Λ(F, ν,N),+, ·,∧), then we obtain the structure equations of Maurer-Cartan type
(C1) dF tα = −
1
2
Lαβγt
β ∧ tγ , α ∈ 1, p
and
(C2) dFκ ı˜ = θ
ı˜
αt
α, ı˜ ∈ 1, n,
where
{
tα, α ∈ 1, p
}
is the coframe of the vector bundle (F, ν,N) .
This equations will be called the structure equations of Maurer-Cartan type associated
to the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
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Proof. Let α ∈ 1, p be arbitrary. Since
dF tα (tβ, tγ) = −L
α
βγ , ∀β, γ ∈ 1, p
it results that
(1) d
F tα = −
∑
β<γ
Lαβγt
β ∧ tγ .
Since Lαβγ = −L
α
γβ and t
β ∧ tγ = −tγ ∧ tβ, for nay β, γ ∈ 1, p, it results that
(2)
∑
β<γ
Lαβγt
β ∧ tγ =
1
2
Lαβγt
β ∧ tγ
Using the equalities (1) and (2) it results the structure equation (C1).
Let ı˜ ∈ 1, n be arbitrarily. Since
dFκ ı˜ (tα) = θ
ı˜
α, ∀α ∈ 1, p
it results the structure equation (C2). q.e.d.
Corollary 3.2.1 If
(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
is the pull-back Lie algebroid
associated to the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
and dh
∗F is the ex-
terior differentiation operator for the exterior differential F (M)-algebra
(Λ (h∗F, h∗ν,M) ,+, ·,∧), then we obtain the following structure equations of Maurer-
Cartan type
(C′1) d
h∗FTα = −
1
2
(
Lαβγ ◦ h
)
T β ∧ T γ , α ∈ 1, p
and
(C′2) d
h∗Fxi =
(
ρiα ◦ h
)
Tα, i ∈ 1,m.
This equations will be called the structure equations of Maurer-Cartan type associated
to the pull-back Lie algebroid(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
.
Theorem 3.2.10 (of Cartan type) Let (E, pi,M) be an IDS of the generalized Lie
algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
. If
{
Θr+1, ...,Θp
}
is a base for the F (M)-submodule(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
, then the IDS (E, pi,M) is involutive if and only if it exists
Ωαβ ∈ Λ
1 (h∗F, h∗ν,M) , α, β ∈ r + 1, p
such that
dh
∗FΘα = Σβ∈r+1,pΩ
α
β ∧Θ
β ∈ I
(
Γ
(
E⊥, pi⊥,M
))
.
Proof: Let {S1, ..., Sr} be a base for the F (M)-submodule (Γ (E, pi,M) ,+, ·)
Let {Sr+1, ..., Sp} ∈ Γ (h∗F, h∗ν,M) such that
{S1, ..., Sr, Sr+1, ..., Sp}
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is a base for the F (M)-module
(Γ (h∗F, h∗ν,M) ,+, ·) .
Let Θ1, ...,Θr ∈ Γ
(
∗
h∗F,
∗
h∗ν,M
)
such that
{
Θ1, ...,Θr,Θr+1, ...,Θp
}
is a base for the F (M)-module(
Γ
(
∗
h∗F,
∗
h∗ν,M
)
,+, ·
)
.
For any a, b ∈ 1, r and α, β ∈ r + 1, p, we have the equalities:
Θa (Sb) = δ
a
b
Θa (Sβ) = 0
Θα (Sb) = 0
Θα (Sβ) = δ
α
β
We remark that the set of the 2-forms{
Θa ∧Θb,Θa ∧Θβ,Θα ∧Θβ, a, b ∈ 1, r ∧ α, β ∈ r + 1, p
}
is a base for the F (M)-module(
Λ2 (h∗F, h∗ν,M) ,+, ·
)
.
Therefore, we have
(1) dh
∗FΘα = Σb<cA
α
bcΘ
b ∧Θc +Σb,γB
α
bγΘ
b ∧Θγ +Σβ<γC
α
βγΘ
β ∧Θγ ,
where, Aαbc, B
α
bγ and C
α
βγ , a, b, c ∈ 1, r ∧ α, β, γ ∈ r + 1, p are real local functions such
that Aαbc = −A
α
cb and C
α
βγ = −C
α
γβ.
Using the formula
(2)
dh
∗FΘα (Sb, Sc) = Γ
(
h∗F
ρ , IdM
)
Sb (Θ
α (Sc))−Γ
(
h∗F
ρ , IdM
)
Sc (Θ
α (Sb))−Θ
α ([Sb, Sc]h∗F ) ,
we obtain that
(3) Aαbc = −Θ
α ([Sb, Sc]h∗F ) , ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
We admit that (E, pi,M) is an involutive IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
As
[Sb, Sc]h∗F ∈ Γ (E, pi,M) , ∀b, c ∈ 1, r
it results that
Θα ([Sb, Sc]h∗F ) = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
Therefore,
Aαbc = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
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and we obtain
dh
∗FΘα = Σb,γB
α
bγΘ
b ∧Θγ + 12C
α
βγΘ
β ∧Θγ
=
(
BαbγΘ
b + 12C
α
βγΘ
β
)
∧Θγ .
As
Ωαγ
put
= BαbγΘ
b +
1
2
CαβγΘ
β ∈ Λ1 (h∗F, h∗ν,M) , ∀α, β ∈ r + 1, p
it results the first implication.
Conversely, we admit that it exists
Ωαβ ∈ Λ
1 (h∗F, h∗ν,M) , α, β ∈ r + 1, p
such that
(4) dh
∗FΘα = Σβ∈r+1,pΩ
α
β ∧Θ
β, ∀α ∈ r + 1, p.
Using the affirmations (1) , (2) and (4) we obtain that
Aαbc = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
Using the affirmation (3), we obtain
Θα ([Sb, Sc]h∗F ) = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
Therefore,
[Sb, Sc]h∗F ∈ Γ (E, pi,M) , ∀b, c ∈ 1, r.
Using the Proposition 3.1.3.2, we obtain the second implication. q.e.d.
Let
(
(F ′, ν ′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
be an another generalized Lie algebroid.
Definition 3.2.8 For any morphism (ϕ,ϕ0) of
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and(
(F ′, ν ′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
target we define the application
Λq (F ′, ν ′, N ′)
(ϕ,ϕ0)
∗
−−−−−−→ Λq (F, ν,N)
ω′ 7−→ (ϕ,ϕ0)
∗ ω′
,
where
((ϕ,ϕ0)
∗ ω′) (z1, ..., zq) = ω
′ (Γ (ϕ,ϕ0) (z1) , ...,Γ (ϕ,ϕ0) (zq)) ,
for any z1, ..., zq ∈ Γ (F, ν,N) .
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Remark 3.2.5 It is remarked that theBv-morphism (Th ◦ ρ, h ◦ η) is aGLA-morphism of(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and (
(TN, τN , N) , [, ]TN,IdN , (IdTN , IdN )
)
target.
Moreover, for any ı˜ ∈ 1, n, we obtain
(Th ◦ ρ, h ◦ η)∗
(
dκ ı˜
)
= dFκ ı˜,
where d is the exterior differentiation operator associated to the exterior differential Lie
F (N)-algebra
(Λ (TN, τN , N) ,+, ·,∧) .
Theorem 3.2.11 If (ϕ,ϕ0) is a morphism of(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and ((
F ′, ν ′, N ′
)
, [, ]F ′,h′ ,
(
ρ′, η′
))
target, then the following affirmations are satisfied:
1. For any ω′ ∈ Λq (F ′, ν ′, N ′) and θ′ ∈ Λr (F ′, ν ′, N ′) we obtain
(3.2.13) (ϕ,ϕ0)
∗ (ω′ ∧ θ′) = (ϕ,ϕ0)∗ ω′ ∧ (ϕ,ϕ0)∗ θ′.
2. For any z ∈ Γ (F, ν,N) and ω′ ∈ Λq (F ′, ν ′, N ′) we obtain
(3.2.14) iz ((ϕ,ϕ0)
∗ ω′) = (ϕ,ϕ0)
∗ (iϕ(z)ω′) .
3. If N = N ′ and
(Th ◦ ρ, h ◦ η) =
(
Th′ ◦ ρ′, h′ ◦ η′
)
◦ (ϕ,ϕ0) ,
then we obtain
(3.2.15) (ϕ,ϕ0)
∗ ◦ dF
′
= dF ◦ (ϕ,ϕ0)
∗ .
Proof.
1. Let ω′ ∈ Λq (F ′, ν ′, N ′) and θ′ ∈ Λr (F ′, ν ′, N ′) be arbitrary. Since
(ϕ,ϕ0)
∗ (ω′ ∧ θ′) (z1, ..., zq+r) = (ω′ ∧ θ′) (Γ (ϕ,ϕ0) z1, ...,Γ (ϕ,ϕ0) zq+r)
=
1
(q + r)!
∑
σ∈Σq+r
sgn (σ) · ω′ (Γ (ϕ,ϕ0) z1, ...,Γ (ϕ,ϕ0) zq)
·θ′ (Γ (ϕ,ϕ0) zq+1, ...,Γ (ϕ,ϕ0) zq+r)
=
1
(q + r)!
∑
σ∈Σq+r
sgn (σ) · (ϕ,ϕ0)
∗ ω′ (z1, ..., zq) (ϕ,ϕ0)
∗ θ′ (zq+1, ..., zq+r)
=
(
(ϕ,ϕ0)
∗ ω′ ∧ (ϕ,ϕ0)
∗ θ′
)
(z1, ..., zq+r) ,
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for any z1, ..., zq+r ∈ Γ (F, ν,N), it results the conclusion of affirmation 1.
2. Let z ∈ Γ (F, ν,N) and ω′ ∈ Λq (F ′, ν ′, N ′) be arbitrary. Since
iz ((ϕ,ϕ0)
∗ ω′) (z2, ..., zq) = ω
′ (Γ (ϕ,ϕ0) z,Γ (ϕ,ϕ0) z2, ...,Γ (ϕ,ϕ0) zq)
= iΓ(ϕ,ϕ0)zω
′ (Γ (ϕ,ϕ0) z2, ...,Γ (ϕ,ϕ0) zq)
= (ϕ,ϕ0)
∗ (iΓ(ϕ,ϕ0)zω′) (z2, ..., zq) ,
for any z2, ..., zq ∈ Γ (F, ν,N), it results the conclusion of affirmation 2.
3. Let ω′ ∈ Λq (F ′, ν ′, N ′) and z0, ..., zq ∈ Γ (F, ν,N) be arbitrary. Since(
(ϕ,ϕ0)
∗ dF
′
ω′
)
(z0, ..., zq) =
(
dF
′
ω′
)
(Γ (ϕ,ϕ0) z0, ...,Γ (ϕ,ϕ0) zq)
=
q∑
i=0
(−1)i Γ (Th′ ◦ ρ′, h′ ◦ η′) (Γ (ϕ,ϕ0) zi)
·ω′
((
Γ (ϕ,ϕ0) z0,Γ (ϕ,ϕ0) z1, ...,
̂Γ (ϕ,ϕ0) zi, ...,Γ (ϕ,ϕ0) zq
))
+
∑
0≤i<j
(−1)i+j · ω′
(
Γ (ϕ,ϕ0) [zi, zj ]F ,Γ (ϕ,ϕ0) z0,Γ (ϕ,ϕ0) z1, ...,
· ̂Γ (ϕ,ϕ0) zi, ...,
̂Γ (ϕ,ϕ0) zj , ...,Γ (ϕ,ϕ0) zq
)
and
dF ((ϕ,ϕ0)
∗ ω′) (z0, ..., zq)
=
q∑
i=0
(−1)i Γ (Th ◦ ρ, h ◦ η) (zi) · ((ϕ,ϕ0)
∗ ω′) (z0, ..., ẑi, ..., zq)
+
∑
0≤i<j
(−1)i+j · ((ϕ,ϕ0)
∗ ω′)
(
[zi, zj ]F,h , z0, ..., ẑi, ..., ẑj , ..., zq
)
=
q∑
i=0
(−1)i Γ (Th ◦ ρ, h ◦ η) (zi) · ω′
(
Γ (ϕ,ϕ0) z0, ...,
̂Γ (ϕ,ϕ0) zi, ...,Γ (ϕ,ϕ0) zq
)
+
∑
0≤i<j
(−1)i+j · ω′
(
Γ (ϕ,ϕ0) [zi, zj ]F,h ,Γ (ϕ,ϕ0) z0,Γ (ϕ,ϕ0) z1, ...,
̂Γ (ϕ,ϕ0) zi, ...,
̂Γ (ϕ,ϕ0) zj , ...,Γ (ϕ,ϕ0) zq
)
it results the conclusion of affirmation 3. q.e.d.
Definition 3.2.9 For any q ∈ 1, n we define
Zq (F, ν,N) = {ω ∈ Λq (F, ν,N) : dω = 0} ,
the set of closed differential exterior q-forms and
Bq (F, ν,N) =
{
ω ∈ Λq (F, ν,N) : ∃η ∈ Λq−1 (F, ν,N) | dη = ω
}
,
the set of exact differential exterior q-forms.
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3.2.1 Exterior Differential Systems
We consider a generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
given by the dia-
grams:
F
ρ
−−−→ TM
Th
−−−−→ TN
↓ ν ↓ τM ↓ τN
M
h
−−−→ N
η
−−−→ M
h
−−−→ N
Let
(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
be the pull-back Lie algebroid.
Definition 3.2.1.1 Any ideal (I,+, ·) of the exterior differential algebra of the
pull-back Lie algebroid
(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
closed under differentiation
operator dh
∗F , namely dh
∗FI ⊆ I, will be called differential ideal of the generalized Lie
algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In particular, if h = IdN = η, then any ideal (I,+, ·) of the exterior differen-
tial algebra of the Lie algebroid ((F, ν,N) , [, ]F , (ρ, IdM )) closed under differentiation
operator dF , namely dFI ⊆ I, will be called differential ideal of the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdM )) .
Definition 3.2.1.2 Let (I,+, ·) be a differential ideal of the generalized Lie alge-
broid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
or of the Lie algebroid ((F, ν,N) , [, ]F , (ρ, IdM )) respectively.
If it exists an IDS (E, pi,M) such that for all k ∈ N∗ and ω ∈ I∩Λk (h∗F, h∗ν,M) we
have ω (u1, ..., uk) = 0, for any u1, ..., uk ∈ Γ (E, pi,M) , then we will say that (I,+, ·) is
an exterior differential system (EDS) of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In particular, if h = IdN = η and it exists an IDS (E, pi,M) such that for all k ∈ N∗
and ω ∈ I∩Λk (F, ν,M) we have ω (u1, ..., uk) = 0, for any u1, ..., uk ∈ Γ (E, pi,M) , then
we will say that (I,+, ·) is an exterior differential system (EDS) of the Lie algebroid
((F, ν,N) , [, ]F , (ρ, IdN )) .
Theorem 3.2.1.1 The IDS (E, pi,M) of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is involutive, if and only if the ideal generated by the F (M)-submodule
(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
is an EDS of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Proof: Let (E, pi,M) be an involutive IDS of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Let
{
Θr+1, ...,Θp
}
be a base for the F (M)-submodule
(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
.
We know that
I
(
Γ
(
E⊥, pi⊥,M
))
= ∪q∈N {Ωα ∧Θ
α, {Ωr+1, ...,Ωp} ⊂ Λ
q (h∗F, h∗ν,M)} .
Let
S =
{
q ∈ N : dh
∗F (Ωα ∧Θ
α) ∈ I
(
Γ
(
E⊥, pi⊥,M
))
, ∀ {Ωr+1, ...,Ωp} ⊂ Λ
q (h∗F, h∗ν,M)
}
.
Let {Ωr+1, ...,Ωp} ⊂ Λ0 (h∗F, h∗ν,M) be arbitrary.
Using the Theorem 3.2.10, we obtain
dh
∗F (Ωα ∧Θα) = dh
∗FΩα ∧Θα + (−1)
0 Ωα ∧ dh
∗FΘα
=
(
dh
∗FΩα +Ωβ · Ω
β
α
)
∧Θα.
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As
dh
∗FΩβ +Ωα · Ω
α
β ∈ Λ
1 (h∗F, h∗ν,M)
it results that
dh
∗F
(
Ωβ ∧Θ
β
)
∈ I
(
Γ
(
E⊥, pi⊥,M
))
Therefore,
(1) 0 ∈ S.
In the following, we prove that
(2) q ∈ S =⇒ q + 1 ∈ S.
Let {Ωr+1, ...,Ωp} ⊂ Λq+1 (h∗F, h∗ν,M) be arbitrary.
Using the Theorem 3.2.10, we obtain
dh
∗F (Ωα ∧Θα) = dh
∗FΩα ∧Θα + (−1)
q+1 Ωβ ∧ d
h∗FΘβ
=
(
dh
∗FΩα + (−1)
q+1 Ωβ ∧ Ω
β
α
)
∧Θα.
As
dh
∗FΩα + (−1)
q+1 Ωβ ∧Ω
β
α ∈ Λ
q+2 (h∗F, h∗ν,M)
it results that
dh
∗F
(
Ωβ ∧Θ
β
)
∈ I
(
Γ
(
E⊥, pi⊥,M
))
Therefore,
q + 1 ∈ S.
Using the Peano’s Axiom and the affirmations (1) and (2) , it results that S = N.
Therefore,
dh
∗FI
(
Γ
(
E⊥, pi⊥,M
))
⊆ I
(
Γ
(
E⊥, pi⊥,M
))
.
Conversely, let (E, pi,M) be an IDS of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
such that the F (M)-submodule
(
I
(
Γ
(
E⊥, pi⊥,M
))
,+, ·
)
is an EDS of the generalized
Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
. We have:
(3) dh
∗FI
(
Γ
(
E⊥, pi⊥,M
))
⊆ I
(
Γ
(
E⊥, pi⊥,M
))
.
Let
{
Θr+1, ...,Θp
}
be a base for the F (M)-submodule
(
Γ
(
E⊥, pi⊥,M
)
,+, ·
)
.
Using the affirmation (3), it results that it exists
Ωαβ ∈ Λ
1 (h∗F, h∗ν,M) , α, β ∈ r + 1, p
such that
dh
∗FΘα = Σβ∈r+1,pΩ
α
β ∧Θ
β ∈ I
(
Γ
(
E⊥, pi⊥,M
))
.
Using the Theorem 3.2.10, it results that (E, pi,M) is an involutive IDS of the
generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
. q.e.d.
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3.3 The generalized tangent bundle
We consider the following diagram:
(3.3.1)
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) is a fiber bundle and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie
algebroid.
We assume that the r-dimensional manifold V is the type fibre and the Lie group
(G, ·) is the structure group for the fiber bundle (E, pi,M) .
We take
(
xi, ya
)
as canonical local coordinates on (E, pi,M) , where i ∈ 1,m and
a ∈ 1, r.
Let (
xi, ya
)
−→
(
xi´
(
xi
)
, ya´
(
xi, ya
))
be a change of coordinates on (E, pi,M). Then the coordinates ya change to ya´ by the
rule:
(3.3.2) ya´ =
∂ya´
∂ya
ya.
In particular, if (E, pi,M) is vector bundle, then the coordinates ya change to ya´ by the
rule:
(3.3.2′) ya´ =M a´a y
a.
Let
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
)
be the pull-back Lie algebroid of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Let
(pi∗ (h∗F ) , pi∗ (h∗ν) , E) , [, ]pi∗(h∗F ) ,
(
pi∗(h∗F )
ρ , IdE
)
be the pull-back Lie algebroid of the Lie algebroid
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
)
.
If
z = zαtα ∈ Γ (F, ν,N) ,
then, using the vector fibred (m+ r) + p-structure
[
A˜Fpi∗(h∗F )
]
, we obtain the section
Z˜ = (zα ◦ h ◦ pi) T˜α ∈ Γ (pi
∗ (h∗F ) , pi∗ (h∗ν) , E)
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such that
Z˜ (ux) = z (h (x)) ,
for any ux ∈ pi−1
(
U∩h−1V
)
.
The set
{
T˜α, α ∈ 1, p
}
is a base for the module of sections
(Γ (pi∗ (h∗F ) , pi∗ (h∗ν) , E) ,+, ·) .
Since tα´ = Λ
α
α´tα, it results that
(3.3.3) T˜α´ = Λ
α
α´ ◦ (h ◦ pi) T˜α.
Therefore,
(3.3.4)
∥∥Λα´α ◦ (h ◦ pi)∥∥
is the matrix of coordinate transformation on (pi∗ (h∗F ) , pi∗ (h∗ν) , E) .
Let
(
pi∗(h∗F )
ρ , IdE
)
be theBv-morphism of (pi∗ (h∗F ) , pi∗ (h∗ν) , E) source and (TE, τE , E)
target, where
(3.3.5)
pi∗ (h∗F )
pi∗(h∗F )
ρ
−−−−−→ TE
Z˜αT˜α (ux) 7−→ Z˜α ·
(
ρiα ◦ h ◦ pi
)
·
∂
∂xi
(ux) .
Using the operation
Γ (pi∗ (h∗F ) , pi∗ (h∗ν) , E)2
[,]pi∗(h∗F )
−−−−−−−−−−−→ Γ (pi∗ (h∗F ) , pi∗ (h∗ν) , E)
defined by
(3.3.6)
[
T˜α, T˜β
]
pi∗(h∗F )
=
(
L
γ
αβ ◦ h ◦ pi
)
T˜γ ,[
T˜α, f T˜β
]
pi∗(h∗F )
= f
(
L
γ
αβ ◦ h ◦ pi
)
T˜γ +
(
ρiα ◦ h ◦ pi
) ∂f
∂xi
T˜β,[
fT˜α, T˜β
]
pi∗(h∗F )
= −
[
T˜β, f T˜α
]
pi∗(h∗F )
,
for any f ∈ F (E) , we obtain the following
Theorem 3.3.1 The couple (
[, ]pi∗(h∗F ) ,
(
pi∗(h∗F )
ρ , IdE
))
is a Lie algebroid structure for the vector bundle (pi∗ (h∗F ) , pi∗ (h∗ν) , E) .
It is known that the tangent bundle (TE, τE , E) is a vector bundle with type fibre
the real space (Rm+r,+, ·) and structure group the Lie group GL (m+ r,R) .
Theorem 3.3.2 The set
(3.3.7) pi
∗ (h∗F )⊕ TE =
⋃
u∈E
pi∗ (h∗F )u ⊕ (TE)u
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is the total space of a vector bundle with the base E, canonical projection denoted
⊕
pi, type fibre the real space
(
Rp+(m+r),+, ·
)
and structure group, a Lie subgroup of
(GL (p+ (m+ r) ,R) , ·) .
Let (
∂
∂xi
,
∂
∂ya
)
be the natural base for the sections Lie algebra (Γ (TE, τE , E) ,+, ·, [, ]TE) .
Remark 3.3.1 The sections
(3.3.8)
(
T˜α,
(
∂
∂xi
,
∂
∂ya
))
determined the bases for the F (M) module
(
Γ
(
pi∗ (h∗F )⊕ TE,
⊕
pi,E
)
,+, ·
)
.
The matrix of coordinate transformation on(
pi∗ (h∗F )⊕ TE,
⊕
pi,E
)
at a change of fibred charts is
(3.3.9)
∥∥∥∥∥∥∥∥∥∥∥∥
Λα´α ◦ h ◦ pi 0 0
0
∂xi´
∂xi
◦ pi 0
0
∂ya´
∂xi
∂ya´
∂ya
∥∥∥∥∥∥∥∥∥∥∥∥
.
In particular, if (E, pi,M) is a vector bundle, then we consider that the local coordinates
on (E, pi,M) is changed by:(
xi, ya
)
−→
(
xi´
(
xi
)
, ya´ =M a´a
(
xi
)
ya
)
.
Then the matrix of coordinate transformation on(
pi∗ (h∗F )∗ F ⊕ TE,
⊕
pi,E
)
at a change of fibred charts is
(3.3.10)
∥∥∥∥∥∥∥∥∥∥∥
Λα´α ◦ h ◦ pi 0 0
0
∂xi´
∂xi
◦ pi 0
0
∂M a´a ◦ pi
∂xi
ya M a´a ◦ pi
∥∥∥∥∥∥∥∥∥∥∥
.
For any sections
Z˜αT˜α ∈ Γ (pi∗ (h∗F ) , pi∗ (h∗F ) , E)
and
Y a
∂
∂ya
∈ Γ (V TE, τE, E)
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we construct the section
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
=: Z˜α
(
T˜α ⊕
(
ρiα ◦ h ◦ pi
) ∂
∂xi
)
+ Y a
(
0pi∗(h∗F ) ⊕
∂
∂ya
)
= Z˜αT˜α ⊕
(
Z˜α
(
ρiα ◦ h ◦ pi
) ∂
∂xi
+ Y a
∂
∂ya
)
∈ Γ
(
pi∗ (h∗F )⊕ TE,
⊕
pi,E
)
.
Since we have
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
= 0
m
Z˜αT˜α = 0 ∧ Z˜α
(
ρiα ◦ h ◦ pi
) ∂
∂xi
+ Y a
∂
∂ya
= 0,
it implies Z˜α = 0, α ∈ 1, p and Y a = 0, a ∈ 1, r.
Therefore the sections
∂
∂z˜1
, ...,
∂
∂z˜p
,
∂
∂y˜1
, ...,
∂
∂y˜r
are linearly independent.
We consider the vector subbundle ((ρ, η)TE, (ρ, η) τE, E) of the vector bundle(
pi∗ (h∗F )⊕ TE,
⊕
pi,E
)
, for which the F (E)-module of sections is the F (E)-submodule
of
(
Γ
(
pi∗ (h∗F )⊕ TE,
⊕
pi,E
)
,+, ·
)
, generated by the family of sections
(
∂
∂z˜α
,
∂
∂y˜a
)
.
The base sections
(3.3.11)
(
∂
∂z˜α
,
∂
∂y˜a
)
put
=
(
∂˜α,
·
∂˜a
)
will be called the natural (ρ, η)-base.
The matrix of coordinate transformation on ((ρ, η)TE, (ρ, η) τE, E) at a change of
fibred charts is
(3.3.12)
∥∥∥∥∥∥
Λα´α ◦ h ◦ pi 0(
ρiα ◦ h ◦ pi
) ∂ya´
∂xi
∂ya´
∂ya
∥∥∥∥∥∥ .
In particular, if (E, pi,M) is a vector bundle, then the matrix of coordinate transforma-
tion on ((ρ, η)TE, (ρ, η) τE, E) at a change of fibred charts is
(3.3.13)
∥∥∥∥∥∥
Λα´α ◦ h ◦ pi 0(
ρia ◦ h ◦ pi
) ∂M a´b ◦ pi
∂xi
yb M a´a ◦ pi
∥∥∥∥∥∥ .
Next, we consider the operation
Γ ((ρ, η)TE, (ρ, η) τE, E)
2
[,](ρ,η)TE
−−−−−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
defined by
(3.3.14)
[(
Z˜α1
∂
∂z˜α
+ Y a1
∂
∂y˜a
)
,
(
Z˜
β
2
∂
∂z˜β
+ Y b2
∂
∂y˜b
)]
(ρ,η)TE
=
[
Z˜α1 T˜a, Z˜
β
2 T˜β
]
pi∗(h∗F )
⊕
[(
ρiα ◦ h ◦ pi
)
Z˜α1
∂
∂xi
+ Y a1
∂
∂ya
,(
ρiβ ◦ h ◦ pi
)
Z˜
β
2
∂
∂xi
+ Y b2
∂
∂yb
]
TE
,
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for any
(
Z˜α1
∂
∂z˜α
+ Y a1
∂
∂y˜a
)
and
(
Z˜
β
2
∂
∂z˜β
+ Y b2
∂
∂y˜b
)
.
Let (ρ˜, IdE) be the B
v-morphism of ((ρ, η)TE, (ρ, η) τE, E) source and (TE, τE, E)
target, where
(3.3.15)
(ρ, η)TE
ρ˜
−−−→TE(
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
)
(ux)7−→
(
Z˜α
(
ρiα◦h◦pi
) ∂
∂xi
+Y a
∂
∂ya
)
(ux).
Lemma 3.3.1 The operation [, ](ρ,η)TE is a Lie bracket, namely it satisfies
(3.3.16)
[
U˜ , f Z˜
]
(ρ,η)TE
= f
[
U˜ , Z˜
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
U˜
)
(f) Z˜
for any U˜ , Z˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) and f ∈ F (E).
Proof. For any f ∈ F (E), we obtain:
(1)
[
∂
∂z˜α
, f
∂
∂z˜β
]
(ρ,η)TE
= [Tα, fTβ]pi∗(h∗F ) ⊕
[
ρiα ◦ h ◦ pi
∂
∂xi
, f ·
(
ρ
j
β ◦ h ◦ pi
) ∂
∂xj
]
TE
=
(
f
[
T˜α, T˜β
]
pi∗(h∗F )
+ Γ
(
pi∗(h∗F )
ρ , IdE
)(
T˜α
)
f · T˜β
)
⊕
(
f
[
ρiα ◦ h ◦ pi
∂
∂xi
, ρ
j
β ◦ h ◦ pi
∂
∂xj
]
TE
+ Γ (IdTE , IdE)
(
ρiα ◦ h ◦ pi
∂
∂xi
)
f · ρjβ ◦ h ◦ pi
∂
∂xj
)
= f
([
T˜α, T˜β
]
pi∗(h∗F )
⊕
[
ρiα ◦ h ◦ pi
∂
∂xi
, ρ
j
β ◦ h ◦ pi
∂
∂xj
]
TE
)
+ρiα ◦ h ◦ pi
∂f
∂xi
(
T˜β ⊕ ρ
j
β ◦ h ◦ pi
∂
∂xj
)
= f
[
∂
∂z˜α
,
∂
∂z˜β
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
∂
∂z˜α
)
f ·
∂
∂z˜β
;
(2)
[
∂
∂z˜α
, f
∂
∂y˜b
]
(ρ,η)TE
=
[
T˜α, 0
]
pi∗(h∗F )
⊕
[
ρiα ◦ h ◦ pi
∂
∂xi
, f
∂
∂yb
]
TE
= 0pi∗(h∗F ) ⊕
(
f
[
ρiα ◦ h ◦ pi
∂
∂xi
,
∂
∂yb
]
TE
+ ρiα ◦ h ◦ pi
∂f
∂xi
∂
∂yb
)
= 0pi∗(h∗F ) ⊕
(
−f
∂
(
ρiα ◦ h ◦ pi
)
∂yb
∂
∂xi
+ ρiα ◦ h ◦ pi
∂f
∂xi
∂
∂yb
)
(2.2.3)
= 0pi∗(h∗F ) ⊕
(
0TE + ρ
i
α ◦ h ◦ pi
∂f
∂xi
∂
∂yb
)
= 0pi∗(h∗F ) ⊕
(
ρiα ◦ h ◦ pi
) ∂f
∂xi
∂
∂yb
=
(
ρiα ◦ h ◦ pi
) ∂f
∂xi
(
0pi∗(h∗F ) ⊕
∂
∂yb
)
= f
[
∂
∂z˜α
,
∂
∂y˜b
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
∂
∂z˜α
)
f
∂
∂y˜b
;
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(3)
[
∂
∂y˜a
, f
∂
∂z˜β
]
(ρ,η)TE
=
[
0, T˜β
]
pi∗(h∗F )
⊕
[
∂
∂ya
, f
(
ρ
j
β ◦ h ◦ pi
)
∂
∂xj
]
TE
= 0pi∗(h∗F )⊕
(
f
[
∂
∂ya
,
(
ρ
j
β◦h◦pi
) ∂
∂xj
]
TE
+
∂f
∂ya
(
ρ
j
β◦h◦pi
) ∂
∂xj
)
= 0pi∗(h∗F ) ⊕
(
f
(
ρ
j
β ◦ h ◦ pi
) [ ∂
∂ya
,
∂
∂xj
]
TE
+f
∂
(
ρ
j
β ◦ h ◦ pi
)
∂ya
∂
∂xj
+
∂f
∂ya
(
ρ
j
β ◦ h ◦ pi
) ∂
∂xj

(2.2.3)
= 0pi∗(h∗F ) ⊕
(
0TE + 0TE +
∂f
∂ya
(
ρ
j
β ◦ h ◦ pi
) ∂
∂xj
)
= f
[
∂
∂y˜a
,
∂
∂z˜β
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
∂
∂y˜a
)
f
∂
∂z˜β
;
(4)
[
∂
∂y˜a
, f
∂
∂y˜b
]
(ρ,η)TE
= [0, 0]pi∗(h∗F ) ⊕
[
∂
∂ya
, f ∂
∂yb
]
TE
= 0pi∗(h∗F ) ⊕
(
f
[
∂
∂ya
,
∂
∂yb
]
TE
+
∂f
∂ya
∂
∂yb
)
= 0pi∗(h∗F ) ⊕
(
0TE +
∂f
∂ya
∂
∂yb
)
=
(
0pi∗(h∗F ) ⊕
∂f
∂ya
∂
∂yb
)
=
∂f
∂ya
∂
∂y˜b
= f
[
∂
∂y˜a
,
∂
∂y˜b
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
∂
∂y˜a
)
f ·
∂
∂y˜b
.
In general, after some calculations, we obtain
(5)
[
U˜ , f Z˜
]
(ρ,η)TE
= f
[
U˜ , Z˜
]
(ρ,η)TE
+ Γ (ρ˜, IdE)
(
U˜
)
(f) Z˜
for any U˜ , Z˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) and f ∈ F (E) . q.e.d.
Lemma 3.3.2 For any U˜ , V˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) , we have:
(3.3.17)
[
U˜ , V˜
]
(ρ,η)TE
= −
[
V˜ , U˜
]
(ρ,η)TE
.
In particular, we obtain:
(3.3.18)
[
U˜ , U˜
]
(ρ,η)TE
= 0(ρ,η)TE , ∀U˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Proof. Using relations (3.1.1.9) and (3.1.2.2), we obtain
(1)
(
L
γ
αβ ◦ h ◦ pi
) (
ρkγ ◦ h ◦ pi
)
=
(
ρiα ◦ h ◦ pi
) ∂ (ρkβ ◦ h ◦ pi)
∂xi
−
(
ρ
j
β ◦ h ◦ pi
) ∂ (ρkα ◦ h ◦ pi)
∂xj
.
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Using relation (1), we obtain
(2)
[
∂
∂z˜α
,
∂
∂z˜β
]
(ρ,η)TE
=
=
([
T˜α, T˜β
]
pi∗(h∗F )
⊕
[
ρiα ◦ h ◦ pi
∂
∂xi
, ρ
j
β ◦ h ◦ pi
∂
∂xj
]
TE
)
= Lγαβ◦ (h◦pi) T˜γ⊕
ρiα◦h◦pi∂
(
ρkβ◦h◦pi
)
∂xi
− ρjβ◦h◦pi
∂
(
ρkα◦h◦pi
)
∂xj
 ∂
∂xk
= Lγαβ ◦ (h ◦ pi)
(
T˜γ ⊕ ρ
k
γ ◦ h ◦ pi
∂
∂xk
)
= Lγαβ ◦ (h ◦ pi)
∂
∂z˜γ
.
Moreover, we obtain
(3)
[
∂
∂z˜α
,
∂
∂y˜b
]
(ρ,η)TE
=
[
T˜α, 0
]
pi∗(h∗F )
⊕
[
ρiα ◦ h ◦ pi
∂
∂xi
, ∂
∂yb
]
TE
= 0pi∗(h∗F ) ⊕
−∂
(
ρiα ◦ h ◦ pi
)
∂yb
∂
∂xi
= 0pi∗(h∗F ) ⊕ 0TE ;
(4)
[
∂
∂y˜a
,
∂
∂z˜β
]
(ρ,η)TE
=
[
0, T˜β
]
pi∗(h∗F )
⊕
[
∂
∂ya
, ρ
j
β ◦ h ◦ pi
∂
∂xj
]
TE
= 0pi∗(h∗F ) ⊕
∂
(
ρ
j
β ◦ h ◦ pi
)
∂ya
∂
∂xj
= 0pi∗(h∗F ) ⊕ 0TE ;
(5)
[
∂
∂y˜a
,
∂
∂y˜b
]
(ρ,η)TE
= [0, 0]pi∗(h∗F )⊕
[
∂
∂ya
,
∂
∂yb
]
TE
=0pi∗(h∗F )⊕0TE .
Using relations (2) , (3) , (4) and (5), we obtain:
(6)
[
∂
∂z˜α
,
∂
∂z˜β
]
(ρ,η)TE
= −
[
∂
∂z˜β
,
∂
∂z˜α
]
(ρ,η)TE
,[
∂
∂z˜α
,
∂
∂y˜b
]
(ρ,η)TE
= −
[
∂
∂y˜b
,
∂
∂z˜α
]
(ρ,η)TE
,[
∂
∂y˜a
,
∂
∂z˜β
]
(ρ,η)TE
= −
[
∂
∂z˜β
,
∂
∂y˜a
]
(ρ,η)TE
,[
∂
∂y˜a
,
∂
∂y˜b
]
(ρ,η)TE
= −
[
∂
∂y˜b
,
∂
∂y˜a
]
(ρ,η)TE
.
In general, for any U˜ , V˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) , we have:
(7)
[
U˜ , V˜
]
(ρ,η)TE
= −
[
V˜ , U˜
]
(ρ,η)TE
.
Since equality (7) implies
2
[
U˜ , U˜
]
(ρ,η)TE
= 0(ρ,η)TE , ∀U˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) ,
we obtain: [
U˜ , U˜
]
(ρ,η)TE
= 0(ρ,η)TE, ∀U˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
49
q.e.d.
Lemma 3.3.3 We have the Jacobi identity:
(3.3.19)
[
U˜ ,
[
V˜ , Z˜
]
(ρ,η)TE
]
(ρ,η)TE
+
[
Z˜,
[
U˜ , V˜
]
(ρ,η)TE
]
(ρ,η)TE
+
[
V˜ ,
[
Z˜, U˜
]
(ρ,η)TE
]
(ρ,η)TE
= 0(ρ,η)TE.
for any U˜ , V˜ , Z˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) .
Proof. After some calculations, using the sections of natural (ρ, η)-base, we obtain the
following Jacobi identities:
(1)
[
∂
∂z˜α
,
[
∂
∂z˜β
,
∂
∂z˜γ
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂z˜β
,
[
∂
∂z˜γ
,
∂
∂z˜α
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂z˜γ
,
[
∂
∂z˜α
,
∂
∂z˜β
]
(ρ,η)TE
]
(ρ,η)TE
= 0(ρ,η)TE,
(2)
[
∂
∂y˜a
,
[
∂
∂y˜b
,
∂
∂z˜γ
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂y˜b
,
[
∂
∂z˜γ
,
∂
∂y˜a
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂z˜γ
,
[
∂
∂y˜a
,
∂
∂y˜b
]
(ρ,η)TE
]
(ρ,η)TE
= 0(ρ,η)TE ,
(3)
[
∂
∂y˜a
,
[
∂
∂y˜b
,
∂
∂y˜c
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂y˜b
,
[
∂
∂y˜c
,
∂
∂y˜a
]
(ρ,η)TE
]
(ρ,η)TE
+
[
∂
∂y˜c
,
[
∂
∂y˜a
,
∂
∂y˜b
]
(ρ,η)TE
]
(ρ,η)TE
= 0(ρ,η)TE .
After some calculations, we obtain the Jacobi identity[
U˜ ,
[
V˜ , Z˜
]
(ρ,η)TE
]
(ρ,η)TE
+
[
Z˜,
[
U˜ , V˜
]
(ρ,η)TE
]
(ρ,η)TE
+
[
V˜ ,
[
Z˜, U˜
]
(ρ,η)TE
]
(ρ,η)TE
= 0(ρ,η)TE,
for any U˜ , V˜ , Z˜ ∈ Γ (((ρ, η)TE, (ρ, η) τE, E)) q.e.d.
Lemma 3.3.4 The Mod-morphism
Γ (ρ˜, IdE)
is a Liealg-morphism of(
Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·, [, ](ρ,η)TE
)
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source and
(Γ (TE, τE , E) ,+, ·, [, ]TE)
target.
Proof. Indeed, we have:
(1)
[
Γ (ρ˜, IdE)
∂
∂z˜α
,Γ (ρ˜, IdE)
∂
∂z˜β
]
TE
=
[(
ρiα ◦ h ◦ pi
)
∂
∂xi
,
(
ρ
j
β ◦ h ◦ pi
)
∂
∂xj
]
TE
=
((
ρiα ◦ h ◦ pi
) ∂(ρkβ◦h◦pi)
∂xi
−
(
ρ
j
β ◦ h ◦ pi
)
∂(ρkα◦h◦pi)
∂xj
)
∂
∂xk
(2.2.2)
=
(3.1.1.9)
(
L
γ
αβ◦h◦pi
) (
ρkγ◦h◦pi
)
∂
∂xk
=
(
L
γ
αβ◦h◦pi
)
Γ (ρ˜, IdE)
∂
∂z˜γ
= Γ (ρ˜, IdE)
[
∂
∂z˜α
, ∂
∂z˜β
]
(ρ,η)TE
,
(2)
[
Γ (ρ˜, IdE)
∂
∂z˜α
,Γ (ρ˜, IdE)
∂
∂y˜b
]
TE
=
[(
ρiα ◦ h ◦ pi
)
∂
∂xi
, ∂
∂yb
]
TE
= −
∂(ρiα◦h◦pi)
∂yb
∂
∂xi
= 0TE = Γ (ρ˜, IdE)
(
0(ρ,η)TE
)
= Γ (ρ˜, IdE)
[
∂
∂z˜α
, ∂
∂y˜b
]
(ρ,η)TE
,
(3)
[
Γ (ρ˜, IdE)
∂
∂y˜a
,Γ (ρ˜, IdE)
∂
∂z˜β
]
TE
=
[
∂
∂ya
,
(
ρ
j
β◦h◦pi
)
∂
∂xj
]
TE
=
∂(ρjβ◦h◦pi)
∂ya
∂
∂xj
= 0TE = Γ (ρ˜, IdE)
(
0(ρ,η)TE
)
= Γ (ρ˜, IdE)
[
∂
∂z˜α
, ∂
∂y˜b
]
(ρ,η)TE
and
(4)
[
Γ (ρ˜, IdE)
∂
∂y˜a
,Γ (ρ˜, IdE)
∂
∂y˜b
]
TE
=
[
∂
∂ya
, ∂
∂yb
]
TE
= 0TE = Γ (ρ˜, IdE)
(
0(ρ,η)TE
)
= Γ (ρ˜, IdE)
[
∂
∂y˜a
, ∂
∂y˜b
]
(ρ,η)TE
.
In general, for any U˜ , Z˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) , we obtain:[
Γ (ρ˜, IdE) (U˜ ),Γ (ρ˜, IdE) (Z˜)
]
TE
= Γ (ρ˜, IdE)
([
U˜ , Z˜
]
(ρ,η)TE
)
.
q.e.d.
Using Lemmas 3.3.1, 3.3.2, 3.3.3 and 3.3.4, we obtain the following
Theorem 3.3.4 The couple (
[, ](ρ,η)TE , (ρ˜, IdE)
)
is a Lie algebroid structure for the vector bundle
((ρ, η)TE, (ρ, η) τE , E) .
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Remark 3.3.2 In particular, if h = IdM and [, ]TM is the usual Lie bracket, it results
that the Lie algebroid(
((IdTM , IdM )TE, (IdTM , IdM ) τE , E) , [, ](IdTM ,IdM )TE ,
(
I˜dTM , IdE
))
is isomorphic with the usual Lie algebroid
((TE, τE, E) , [, ]TE , (IdTE , IdE)) .
This is a reason for which the Lie algebroid(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
will be called the Lie algebroid generalized tangent bundle.
The vector bundle ((ρ, η)TE, (ρ, η) τE, E) will be called the generalized tangent bun-
dle.
3.3.1 The generalized tangent bundle of dual vector bundle
Let (E, pi,M) be a vector bundle. We build the generalized tangent bundle of dual
vector bundle
(
∗
E,
∗
pi,M
)
using the diagram:
(3.3.1.1)
∗
E
(
F, [, ]F,h , (ρ, η)
)
∗
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
where
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
We take
(
xi, pa
)
as canonical local coordinates on
(
∗
E,
∗
pi,M
)
, where i ∈ 1,m and
a ∈ 1, r.
Consider (
xi, pa
)
−→
(
xi´
(
xi
)
, pa´
(
xi, pa
))
a change of coordinates on
(
∗
E,
∗
pi,M
)
. Then the coordinates pa change to pa´ by the
rule:
(3.3.1.2) pa´ =M
a
a´ pa.
Let (
∂
∂xi
,
∂
∂pa
)
be the natural base for the sections Lie algebra
(
Γ
(
T
∗
E, τ ∗
E
,
∗
E
)
,+, ·, [, ]
T
∗
E
)
.
The sections
(3.3.1.3)
(
T˜α,
(
∂
∂xi
,
∂
∂pa
))
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determine a base for the module Γ
(
∗
pi
∗
(h∗F )⊕ T
∗
E,
⊕
∗
pi,
∗
E
)
.
The matrix of coordinate transformation on(
∗
pi
∗
(h∗F )⊕ T
∗
E,
⊕
∗
pi,
∗
E
)
at a change of fibred charts is
(3.3.1.4)
∥∥∥∥∥∥∥∥∥∥∥
Λα´α ◦ h ◦
∗
pi 0 0
0
∂xi´
∂xi
◦
∗
pi 0
0
∂Maa´ ◦
∗
pi
∂xi
pa M
a
a´ ◦
∗
pi
∥∥∥∥∥∥∥∥∥∥∥
.
For any sections
Z˜αT˜α ∈ Γ
(
∗
pi
∗
(h∗F ) ,
∗
pi
∗
(h∗ν) ,
∗
E
)
and
Ya
∂
∂pa
∈ Γ
(
V T
∗
E, τ ∗
E
,
∗
E
)
,
we construct the section
Z˜α
∂
∂z˜α
+ Ya
∂
∂p˜a
=: Z˜α
(
Tα ⊕
(
ρiα ◦ h ◦
∗
pi
) ∂
∂xi
)
+ Ya
(
0∗
pi
∗
(h∗F )
⊕
∂
∂pa
)
= Z˜αT˜α ⊕
(
Z˜α
(
ρiα ◦ h ◦
∗
pi
) ∂
∂xi
+ Ya
∂
∂pa
)
∈ Γ
(
∗
pi
∗
(h∗F )⊕ T
∗
E,
⊕
∗
pi,
∗
E
)
.
Since we have
Z˜α
∂
∂z˜α
+ Ya
∂
∂p˜a
= 0∗
pi
∗
(h∗F )⊕T
∗
E
m
Z˜αT˜α = 0∗
pi
∗
(h∗F )
∧ Z˜α
(
ρiα ◦ h ◦
∗
pi
) ∂
∂xi
+ Ya
∂
∂pa
= 0
T
∗
E
,
it implies Z˜α = 0, α ∈ 1, p and Ya = 0, a ∈ 1, r.
Therefore, the sections
∂
∂z˜1
, ...,
∂
∂z˜p
,
∂
∂p˜1
, ...,
∂
∂p˜r
are linearly independent.
We consider the vector subbundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
of vector bundle (
∗
pi
∗
(h∗F )⊕ T
∗
E,
⊕
∗
pi,
∗
E
)
,
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for which the F
(
∗
E
)
-module of sections is the F
(
∗
E
)
-submodule of
(
Γ
(
∗
pi
∗
(h∗F )⊕ T
∗
E,
⊕
∗
pi,
∗
E
)
,+, ·
)
,
generated by the family of sections
(
∂
∂z˜α
,
∂
∂p˜a
)
.
The base sections
(3.3.1.5)
(
∂
∂z˜α
,
∂
∂p˜a
)
put
=
(
∂˜α,
·
∂˜
a
)
will be called the natural (ρ, η)-base.
The matrix of coordinate transformation on
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
at a change of
fibred charts is
(3.3.1.6)
∥∥∥∥∥∥∥
Λα´α ◦ h ◦
∗
pi 0(
ρiα ◦ h ◦
∗
pi
) ∂M ba´ ◦ ∗pi
∂xi
pb M
a
a´ ◦
∗
pi
∥∥∥∥∥∥∥ .
We consider the operation [, ]
(ρ,η)T
∗
E
defined by
(3.3.1.7)
[(
Z˜α1
∂
∂z˜α
+ Y1a
∂
∂p˜a
)
,
(
Z˜
β
2
∂
∂z˜β
+ Y2b
∂
∂p˜b
)]
(ρ,η)T
∗
E
=
=
[
Z˜α1 T˜a, Z˜
β
2 T˜β
]
∗
pi
∗
(h∗F )
⊕
[(
ρiα ◦ h ◦ pi
∗
)
Z˜α1
∂
∂xi
+ Y1a
∂
∂pa
,(
ρiβ ◦ h ◦ pi
∗
)
Z˜
β
2
∂
∂xi
+ Y2b
∂
∂pb
]
T
∗
E
,
for any sections
(
Z˜α1
∂
∂z˜α
+ Y1a
∂
∂p˜a
)
and
(
Z˜
β
2
∂
∂z˜β
+ Y2b
∂
∂p˜b
)
.
Let
(
∗
ρ˜, Id ∗
E
)
be theBv-morphism of
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
source and
(
T
∗
E, τ ∗
E
,
∗
E
)
target, where
(3.3.1.8)
(ρ, η)T
∗
E
ρ˜∗
−−−→T
∗
E(
Z˜α
∂
∂z˜α
+ Ya
∂
∂p˜a
)
(
∗
ux)7−→
(
Z˜α
(
ρiα◦h◦
∗
pi
) ∂
∂xi
+Ya
∂
∂pa
)
(
∗
ux)
The Lie algebroid generalized tangent bundle of the dual vector bundle
(
∗
E,
∗
pi,M
)
will be denoted ((
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, [, ]
(ρ,η)T
∗
E
,
(
∗
ρ˜, Id ∗
E
))
.
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3.4 (Linear) (ρ, η)-connections
The theory of (linear) connections constitutes undoubtedly one of most beautiful and
most important chapter of differential geometry, which has been widely explored in the
literature (see [8, 11, 14, 26, 31, 41, 42, 45, 46, 47, 50, 51, 59, 60, 62, 63]).
In the following, we consider the diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |B| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
be the Lie algebroid generalized tangent bundle of fiber bundle (E, pi,M).
We consider the Bv-morphism
((ρ, η)pi!, IdE)
given by the commutative diagram
(3.4.1)
(ρ, η)TE
(ρ,η)pi!
//
(ρ,η)τE

pi∗ (h∗F )
pr1

E
idE
// E
Using the components, this is defined as:
(3.4.2) (ρ, η)pi!
((
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
)
(ux)
)
=
(
Z˜αT˜α
)
(ux) ,
for any
(
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
)
∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
We define the tangent (ρ, η)-application as being a Bv-morphism
(3.4.3) ((ρ, η)Tpi, h ◦ pi) = (pr2, h ◦ pi) ◦ ((ρ, η) pi!, IdE)
of ((ρ, η)TE, (ρ, η) τE , E) source and (F, ν,N) target.
Definition 3.4.1 The kernel of the tangent (ρ, η)-application
((ρ, η)Tpi, h ◦ pi)
is written as
(V (ρ, η)TE, (ρ, η) τE, E)
and will be called the vertical subbundle.
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The set
{
∂
∂y˜a
, a ∈ 1, r
}
is a base for the F (E)-module
(Γ (V (ρ, η)TE, (ρ, η) τE, E) ,+, ·) .
Proposition 3.4.1 The short sequence of vector bundles
(3.4.4)
0

 i
//

V (ρ, η)TE


 i
// (ρ, η)TE
(ρ,η)pi!
//

pi∗
(
h∗F
)
//

0

E
IdE
// E
IdE
// E
IdE
// E
IdE
// E
is exact.
Definition 3.4.2 A Man-morphism (ρ, η) Γ of (ρ, η)TE source and V (ρ, η)TE target
defined by
(3.4.5) (ρ, η) Γ
(
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
)
(ux) =
(
Y a + (ρ, η) ΓaαZ˜
α
) ∂
∂y˜a
(ux) ,
such that the Bv-morphism ((ρ, η) Γ, IdE) is a split to the left in the previous exact
sequence, will be called (ρ, η)-connection for the fiber bundle (E, pi,M).
The differentiable real local functions (ρ, η) Γaα will be called the components of
(ρ, η)-connection (ρ, η) Γ.
The (ρ, IdM )-connection for the fiber bundle (E, pi,M) will be called ρ-connection
for the fiber bundle (E, pi,M) and will be denoted ρΓ.
The (IdTM , IdM )-connection for the fiber bundle (E, pi,M) will be called connection
for the fiber bundle (E, pi,M) and will be denoted Γ.
Definition 3.4.3 If (ρ, η) Γ is a (ρ, η)-connection for the fiber bundle (E, pi,M), then
the kernel of the Bv-morphism ((ρ, η) Γ, IdE) is written as
(H (ρ, η)TE, (ρ, η) τE, E)
and will be called the horizontal vector subbundle.
Definition 3.4.4 If (E, pi,M) ∈ |B|, then the B-morphism (Π, pi) defined by the com-
mutative diagram
(3.4.6)
V (ρ, η)TE
Π
//
(ρ,η)τE

E
pi

E
pi
//M
such that the components of the image of vector Y a ∂
∂y˜a
(ux) are the real numbers
Y 1 (ux) , ..., Y
r (ux) will be called the canonical projection B-morphism.
Example 3.4.1 If (E, pi,M) ∈ |Bv|, then the Bv-morphism (Π, pi) defined by the
commutative diagram (3.4.6), where Π is defined by
(3.4.7) Π
(
Y a
∂
∂y˜a
(ux)
)
= Y a (ux) sa (x) ,
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is canonical projection Bv-morphism.
The set
{
sa, a ∈ 1, r
}
is the base of F (M)-module of sections (Γ (E, pi,M) ,+, ·) .
Theorem 3.4.1 If (ρ, η) Γ is a (ρ, η)-connection for the fiber bundle (E, pi,M) , then
its components satisfy the law of transformation
(3.4.8) (ρ, η) Γa´γ´ =
∂ya´
∂ya
[
ρiγ ◦ (h ◦ pi)
∂ya
∂xi
+ (ρ, η) Γaγ
]
Λγγ´ ◦ (h ◦ pi) .
If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M) , then its components
satisfy the law of transformation
(3.4.8′) (ρ, η) Γa´γ´=M
a´
a ◦pi
[
ρiγ◦ (h◦pi)
∂Mab´ ◦ pi
∂xi
yb´+(ρ, η)Γaγ
]
Λγγ´◦ (h◦pi) .
If ρΓ is a ρ-connection for the vector bundle (E, pi,M) and h = IdM , then relations
(3.4.8′) become
(3.4.8′′) ρΓa´γ´ =M
a´
a ◦ pi
[
ρiγ ◦ pi
∂Mab´ ◦ pi
∂xi
yb´ + ρΓaγ
]
Λγγ´ ◦ pi.
In particular, if (ρ, η) = (IdTM , IdM ), then the relations (3.4.8
′′) become
(3.4.8′′′) Γi´k´ =
∂xi´
∂xi
◦ pi
[
∂
∂xk
(
∂xi
∂xj´
◦ pi
)
yj´ + Γik
]
∂xk
∂xk´
◦ pi.
Proof. Let (Π, pi) be the canonical projection B-morphism.
Obviously, the components of
Π ◦ (ρ, η) Γ
(
Z˜ α´
∂
∂z˜α´
+ Y a´
∂
∂y˜a´
)
(ux)
are the real numbers (
Y a´ + (ρ, η) Γa´γ´Z˜
γ´
)
(ux) .
Since (
Z˜ α´
∂
∂z˜α´
+ Y a´
∂
∂y˜a´
)
(ux) = Z˜
α´Λαα´ ◦ h ◦ pi
∂
∂z˜α
(ux)
+
(
Z˜ α´ρi´α´ ◦ h ◦ pi
∂ya
∂xi´
+
∂ya
∂ya´
Y a´
)
∂
∂y˜a
(ux) ,
it results that the components of
Π ◦ (ρ, η) Γ
(
Z˜ α´
∂
∂z˜α´
+ Y a´
∂
∂y˜a´
)
(ux)
are the real numbers(
Z˜ α´ρi´α´ ◦ h ◦ pi
∂ya
∂xi´
+
∂ya
∂ya´
Y a´ + (ρ, η) ΓaαZ˜
α´Λαα´ ◦ h ◦ pi
)
(ux)
∂ya´
∂ya
,
where ∥∥∥∥∂ya∂ya´
∥∥∥∥ = ∥∥∥∥∂ya´∂ya
∥∥∥∥−1 .
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Therefore, we have:(
Z˜ α´ρi´α´ ◦ h ◦ pi
∂ya
∂xi´
+
∂ya
∂ya´
Y a´ + (ρ, η) ΓaαZ˜
α´Λαα´ ◦ h ◦ pi
)
∂ya´
∂ya
= Y a´ + (ρ, η) Γa´α´Z˜
α´.
After some calculations we obtain:
(ρ, η) Γa´α´ =
∂ya´
∂ya
(
ρiα ◦ (h ◦ pi)
∂ya
∂xi
+ (ρ, η) Γaα
)
Λαα´ ◦ h ◦ pi. q.e.d.
Remark 3.4.1 If we have a set of real local functions (ρ, η) Γaγ which satisfies the
relations of passing (3.4.8) , then we have a (ρ, η)-connection (ρ, η) Γ for the fiber bundle
(E, pi,M) .
Example 3.4.1 If Γ is a classical connection for the vector bundle (E, pi,M) on com-
ponents Γak, then the differentiable real local functions
(ρ, η) Γaγ =
(
ρkγ ◦ h ◦ pi
)
Γak
are the components of a (ρ, η)-connection (ρ, η) Γ for the vector bundle (E, pi,M) which
will be called the (ρ, η)-connection associated to the connection Γ.
Definition 3.4.5 If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M), then
for any
z = zαtα ∈ Γ (F, ν,N)
the application
(3.4.9) Γ (E, pi,M)
(ρ,η)Dv
−−−−−→ Γ (E, pi,M)
u = uasa 7−→ (ρ, η)Dzu
where
(ρ, η)Dzu = z
α ◦ h
(
ρiα ◦ h
∂ua
∂xi
+ (ρ, η) Γaα ◦ u
)
sa
will be called the covariant (ρ, η)-derivative associated to (ρ, η)-connection (ρ, η) Γ with
respect to the section z.
If h = IdM and η = IdM , then we obtain the covariant ρ-derivative associated to
ρ-connection ρΓ with respect to the section z.
In addition, if ρ = IdTM , then we obtain the covariant derivative associated to
connection Γ with respect to the vector field z.
Remark 3.4.2 If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M), then
the operator
Γ (F, ν,N)× Γ (E, pi,M)
(ρ,η)D
−−−−→ Γ (E, pi,M)
(z, u) 7−→ (ρ, η)Dzu
satisfies the following properties:
(i) (ρ, η)D is R-bilinear;
(ii) (ρ, η)Df1z1+f2z2u = f1 (ρ, η)Dz1u+ f2 (ρ, η)Dz2u;
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(iii) if u ∈ Γ (E, pi,M) is null on a nonempty subset of M, then (ρ, η)Dzu is null on
the same nonempty subset, for any z ∈ Γ (F, ν,N) .
Definition 3.4.6 We will say that the (ρ, η)-connection (ρ, η) Γ is homogeneous or
linear if the local real functions (ρ, η) Γaγ are homogeneous or linear on the fibre of the
fiber bundle (E, pi,M).
Remark 3.4.3 If (ρ, η) Γ is a linear (ρ, η)-connection for the fiber bundle (E, pi,M),
then for each local vector (m+ r)-chart (U, sU) and for each local vector (n+ p)-chart
(V, tV ) such that U ∩h−1 (V ) 6= φ, it exists the differentiable real functions ρΓabγ defined
on U ∩ h−1 (V ) such that
(3.4.10) (ρ, η) Γaγ ◦ u = (ρ, η) Γ
a
bγ · u
b,∀u = ubsb ∈ Γ (E, pi,M) .
The differentiable real local functions (ρ, η) Γabα will be called the Christoffel coeffi-
cients of linear (ρ, η)-connection (ρ, η) Γ.
Theorem 3.4.2 If (ρ, η) Γ is a linear (ρ, η)-connection for the fiber bundle (E, pi,M) ,
then its components satisfy the law of transformation
(3.4.11) (ρ, η)Γa´b´γ´=
∂ya´
∂ya
[
ρkγ◦h
∂
∂xk
(
∂ya
∂yb´
)
+(ρ, η) Γabγ
∂yb
∂yb´
]
Λγγ´◦h.
If (ρ, η) Γ is a linear (ρ, η)-connection for the vector bundle (E, pi,M) , then its
components satisfy the law of transformation
(3.4.11′) (ρ, η)Γa´b´γ´=M
a´
a
[
ρkγ◦h
∂Mab´
∂xk
+(ρ, η)ΓabγM
b
b´
]
Λγγ´◦h.
If ρΓ is a ρ-connection for the vector bundle (E, pi,M) and h = IdM , then the
relations (3.4.11′) become
(3.4.11′′) ρΓa´b´γ´ =M
a´
a
[
ρkγ
∂Mab´
∂xk
+ ρΓabγM
b
b´
]
Λγγ´ .
In particular, if (ρ, η) = (IdTM , IdM ), then the relations (3.4.11
′′) become
(3.4.11′′′) Γi´j´k´ =
∂xi´
∂xi
[
∂
∂xk
(
∂xi
∂xj´
)
+ Γijk
∂xj
∂xj´
]
∂xk
∂xk´
.
Definition 3.4.7 We say that the (linear) (ρ, η)-connection (ρ, η) Γ for the fiber bundle
(E, pi,M) is differentiable of Cr class, if its components are differentiable of Cr class.
Definition 3.4.8 If (ρ, η) Γ is a linear (ρ, η)-connection for the vector bundle (E, pi,M),
then for any
z = zαtα ∈ Γ (F, ν,N)
the application
(3.4.12) Γ (E, pi,M)
(ρ,η)Dz
−−−−−→ Γ (E, pi,M)
u=uasa 7−→ (ρ, η)Dzu
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defined by
(ρ, η)Dzu=z
α◦h
(
ρiα◦h
∂ua
∂xi
+(ρ, η)Γabα · u
b
)
sa,
will be called the covariant (ρ, η)-derivative associated to linear (ρ, η)-connection (ρ, η) Γ
with respect to the section z.
If h = IdM and η = IdM , then we obtain the covariant ρ-derivative associated to
linear ρ-connection ρΓ with respect to the section z.
In addition, if ρ = IdTM , then we obtain the covariant derivative associated to linear
connection Γ with respect to the vector field z.
3.4.1 (Linear) (ρ, η)-connections for dual of vector bundles
Let (E, pi,M) be a vector bundle.
We consider the following diagram:
(3.4.1.1)
∗
E
(
F, [, ]F,h , (ρ, η)
)
∗
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
where
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let ((
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, [, ]
(ρ,η)T
∗
E
,
(
∗
ρ˜, Id ∗
E
))
be the Lie algebroid generalized tangent bundle of the vector bundle
(
∗
E,
∗
pi,M
)
.
We consider the Bv-morphism
(
(ρ, η)
∗
pi!, Id ∗
E
)
given by the commutative diagram
(3.4.1.2)
(ρ, η)T
∗
E
(ρ,η)
∗
pi!
//
(ρ,η)τ ∗
E

∗
pi
∗
(h∗F )
pr1

∗
E
id∗
E
// ∗
E
Using the components, this is defined as:
(3.4.1.3) (ρ, η)
∗
pi!
(
Z˜α
∂
∂z˜α
+ Ya
∂
∂p˜a
)(
∗
ux
)
=
(
Z˜αT˜α
)(
∗
ux
)
,
for any Z˜α
∂
∂z˜α
+ Ya
∂
∂p˜a
∈
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
We define the tangent (ρ, η)-application as being a Bv-morphism
(3.4.1.4)
(
(ρ, η)T
∗
pi, h ◦
∗
pi
)
=
(
pr2, h ◦
∗
pi
)
◦
(
(ρ, η)
∗
pi!, Id ∗
E
)
of
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
source and (F, ν,N) target.
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Definition 3.4.1.1 The kernel of the tangent (ρ, η)-application(
(ρ, η)T
∗
pi, h ◦
∗
pi
)
is written as (
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
and will be called the vertical subbundle.
The set
{
∂
∂p˜a
, a ∈ 1, r
}
is a base for the F
(
∗
E
)
-module
(
Γ
(
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
.
Proposition 3.4.1.1 The short sequence of vector bundles
0

 i
//

V (ρ, η)T
∗
E


 i
//
(ρ, η)T
∗
E
(ρ,η)
∗
pi!
//

∗
pi
∗
(h∗F ) //

0

∗
E
Id∗
E
// ∗
E
Id∗
E
// ∗
E
Id∗
E
// ∗
E
Id∗
E
// ∗
E
is exact.
Definition 3.4.1.2 A Man-morphism (ρ, η)
∗
Γ of (ρ, η)T
∗
E source and V (ρ, η)T
∗
E tar-
get defined by
(3.4.1.5) (ρ, η) Γ
(
Z˜α
∂
∂z˜α
+ Yb
∂
∂p˜b
)(
∗
ux
)
=
(
Yb − (ρ, η)
∗
ΓbαZ˜
α
)
∂
∂p˜b
(
∗
ux
)
,
such that the Bv-morphism
(
(ρ, η)
∗
Γ, Id ∗
E
)
is a split to the left in the previous exact
sequence, will be called (ρ, η)-connection for the dual vector bundle
(
∗
E,
∗
pi,M
)
.
The differentiable real local functions (ρ, η)
∗
Γbα will be called the components of
(ρ, η)-connection (ρ, η)
∗
Γ.
The (ρ, IdM )-connection for the dual vector bundle
(
∗
E,
∗
pi,M
)
will be called ρ-
connection for the dual vector bundle
(
∗
E,
∗
pi,M
)
and will be denoted ρ
∗
Γ.
The (IdTM , IdM )-connection for the dual vector bundle
(
∗
E,
∗
pi,M
)
will be called
connection for the dual vector bundle
(
∗
E,
∗
pi,M
)
and will be denoted
∗
Γ.
Let
{
sa, a ∈ 1, r
}
be the dual base of the base
{
sa, a ∈ 1, r
}
.
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The Bv-morphism
(
∗
Π,
∗
pi
)
defined by the commutative diagram
(3.4.1.6)
V (ρ, η)T
∗
E
∗
Π
//
(ρ,η)τ ∗
E

∗
E
∗
pi

∗
E
∗
pi
//M
,
where,
∗
Π is defined by
(3.4.1.7)
∗
Π
(
Ya
∂
∂p˜a
(
∗
ux
))
= Ya
(
∗
ux
)
sa
(
∗
pi
(
∗
ux
))
,
is canonical projection Bv-morphism.
Theorem 3.4.1.1 If (ρ, η)
∗
Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
,
then its components satisfy the law of transformation
(3.4.1.8) (ρ, η)
∗
Γb´γ´ =M
b
b´ ◦
∗
pi
[
−ρiγ ◦ h ◦
∗
pi ·
∂M a´b ◦
∗
pi
∂xi
pa´ + (ρ, η)
∗
Γbγ
]
Λγγ´ ◦
(
h ◦
∗
pi
)
.
In particular, if h = IdM , then the relations (3.4.1.8) become
(3.4.1.8′) (ρ, η)
∗
Γb´γ´ =M
b
b´ ◦
∗
pi
[
−ρiγ ◦
∗
pi ·
∂M a´b ◦
∗
pi
∂xi
pa´ + (ρ, η)
∗
Γbγ
]
Λγγ´ ◦
∗
pi.
In particular, if (ρ, η) = (IdTM , IdM ), then the relations (3.4.1.8
′) become
(3.4.1.8′′)
∗
Γj´k´ =
∂xj
∂xj´
◦
∗
pi
[
−
∂
∂xi
(
∂xi´
∂xj
◦
∗
pi
)
pi´ +
∗
Γjk
]
∂xk
∂xk´
◦
∗
pi.
Proof. Let
(
∗
Π,
∗
pi
)
be the canonical projection B-morphism.
Obviously, the components of
Π∗ ◦ (ρ, η)
∗
Γ
(
Z˜ α´
∂
∂z˜α´
+ Yb´
∂
∂p˜b´
)(
∗
ux
)
are the real numbers (
Yb´ − (ρ, η)
∗
Γb´γ´Z˜
γ´
)(
∗
ux
)
.
Since (
Z˜ α´
∂
∂z˜α´
+ Yb´
∂
∂p˜b´
)(
∗
ux
)
= Z˜ α´Λαα´ ◦ h ◦
∗
pi
∂
∂z˜α
(
∗
ux
)
+
(
Z˜ α´ρi´α´ ◦ h ◦
∗
pi
∂M a´b ◦pi
∂xi´
pa´ +M
b´
bYb´
)
∂
∂p˜b
(
∗
ux
)
,
it results that the components of
Π∗ ◦ (ρ, η)
∗
Γ
(
Z˜ α´
∂
∂z˜α´
+ Yb´
∂
∂p˜b´
)(
∗
ux
)
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are the real numbers(
Z˜ α´ρi´α´ ◦ h ◦
∗
pi
∂M a´b ◦
∗
pi
∂xi´
pa´ +M
b´
b ◦
∗
piYb´ − (ρ, η)
∗
ΓbαZ˜
α´Λαα´ ◦ h ◦
∗
pi
)
M bb´ ◦
∗
pi
(
∗
ux
)
,
where
∥∥M bb´∥∥ = ∥∥M b´b∥∥−1 .
Therefore, we have:(
Z˜ α´ρi´α´ ◦ h ◦
∗
pi
∂M a´b ◦
∗
pi
∂xi´
pa´ +M
b´
b ◦
∗
piYb´ − (ρ, η)
∗
ΓbαZ˜
α´Λαα´ ◦ h ◦
∗
pi
)
M bb´ ◦
∗
pi
= Yb´ − (ρ, η)
∗
Γb´α´Z˜
α´.
After some calculations we obtain:
(ρ, η)
∗
Γb´α´ =M
b
b´ ◦
∗
pi
(
−ρiα ◦ h ◦
∗
pi ·
∂M a´b ◦
∗
pi
∂xi
pa´ + (ρ, η)
∗
Γbα
)
Λαα´ ◦ h ◦
∗
pi. q.e.d.
Remark 3.4.1.1 If we have a set of real local functions (ρ, η)
∗
Γbγ which satisfies the
relations of passing (3.4.1.8) , then we have a (ρ, η)-connection (ρ, η)
∗
Γ for the fiber
bundle
(
∗
E,
∗
pi,M
)
.
Example 3.4.1.1 If
∗
Γ is a classical connection for the vector bundle
(
∗
E,
∗
pi,M
)
on
components
∗
Γbk, then the differentiable real local functions
(ρ, η)
∗
Γbγ =
(
ρkγ ◦ h ◦
∗
pi
) ∗
Γbk
are the components of a (ρ, η)-connection (ρ, η)
∗
Γ for the vector bundle
(
∗
E,
∗
pi,M
)
which
will be called the (ρ, η)-connection associated to the connection
∗
Γ.
Definition 3.4.1.3 If (ρ, η)
∗
Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
,
then for any
z = zαtα ∈ Γ (F, ν,N)
the application
(3.4.1.9)
Γ
(
∗
E,
∗
pi,M
)
(ρ,η)Dz
−−−−−→ Γ
(
∗
E,
∗
pi,M
)
∗
u = uas
a 7−→ (ρ, η)Dz
∗
u
defined by
(ρ, η)Dz
∗
u = zα ◦ h
(
ρiα ◦ h
∂ub
∂xi
− (ρ, η)
∗
Γbα ◦
∗
u
)
sb,
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will be called the covariant (ρ, η)-derivative associated to (ρ, η)-connection (ρ, η)
∗
Γ with
respect to the section z.
If h = IdM and η = IdM , then we obtain the covariant ρ-derivative associated to
ρ-connection ρ
∗
Γ with respect to the section z.
In addition, if ρ = IdTM , then we obtain the covariant derivative associated to
connection
∗
Γ with respect to the vector field z.
Definition 3.4.1.4 We will say that the (ρ, η)-connection (ρ, η)
∗
Γ is homogeneous or
linear if the local real functions (ρ, η)
∗
Γbγ are homogeneous or linear on the fibre of
vector bundle
(
∗
E,
∗
pi,M
)
respectively.
Remark 3.4.1.2 If (ρ, η)
∗
Γ is a linear (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
,
then for each local vector (m+ r)-chart
(
U,
∗
sU
)
and for each local vector (n+ p)-chart
(V, tV ) such that U ∩ h−1 (V ) 6= φ, there exists the differentiable real functions ρΓabγ
defined on U ∩ h−1 (V ) such that
(3.4.1.10) (ρ, η)
∗
Γbγ ◦
∗
u = (ρ, η) Γabγ · ua,
for any
∗
u = uas
a ∈ Γ
(
∗
E,
∗
pi,M
)
.
The differentiable real local functions (ρ, η) Γabα will be called the Christoffel coeffi-
cients of linear (ρ, η)-connection (ρ, η) Γ.
Theorem 3.4.1.2 If (ρ, η) Γ is a linear (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
,
then its components satisfy the law of transformation
(3.4.1.11) (ρ, η) Γa´b´γ´ =M
b
b´
[
−ρiγ ◦ h
∂M a´b
∂xi
+ (ρ, η) ΓabγM
a´
a
]
Λγγ´ ◦ h.
In particular, if (ρ, η) = (IdTM , IdM ) and h = IdM , then the relations (3.4.1.11)
become
(3.4.1.11′) Γi´j´k´ =
∂xj
∂xj´
[
−
∂
∂xi
(
∂xi´
∂xj
)
+ Γijk
∂xi´
∂xi
]
∂xk
∂xk´
.
Remark 3.4.1.3 Since
∂M a´b
∂xi
M bb´ +
∂M bb´
∂xi
M a´b = 0,
it results that the relations (3.4.11) are equivalent with the relations (3.4.1.11′).
Definition 3.4.1.5 If (ρ, η) Γ is a linear (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
,
then for any
z = zαtα ∈ Γ (F, ν,N)
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the application
(3.4.1.12)
Γ
(
∗
E,
∗
pi,M
)
(ρ,η)Dz
−−−−−→ Γ
(
∗
E,
∗
pi,M
)
∗
u=uas
a 7−→ (ρ, η)Dz
∗
u
defined by
(ρ, η)Dz
∗
u=zα◦h
(
ρiα◦h
∂ub
∂xi
−(ρ, η)Γabα · ua
)
sb
will be called the covariant (ρ, η)-derivative associated to linear (ρ, η)-connection (ρ, η) Γ
with respect to the section z.
If h = IdM and η = IdM , then we obtain the covariant ρ-derivative associated to
linear ρ-connection ρΓ with respect to the section z.
In addition, if ρ = IdTM , then we obtain the covariant derivative associated to linear
connection Γ with respect to vector field z.
Note. In the next we use the same notation (ρ, η) Γ for the linear (ρ, η)-connection
for the vector bundle (E, pi,M) or for its dual
(
∗
E,
∗
pi,M
)
Remark 3.4.1.4 If (ρ, η) Γ is a linear (ρ, η)-connection for the vector bundle (E, pi,M)
or for the vector bundle
(
∗
E,
∗
pi,M
)
then, the tensor fields algebra
(T (E, pi,M) ,+, ·,⊗)
is endowed with the (ρ, η)-derivative
(3.4.1.13) Γ (F, ν,N)× T (E, pi,M)
(ρ,η)D
−−−−→ T (E, pi,M)
(z, T ) 7−→ (ρ, η)DzT
defined for a tensor field T ∈ T pq (E, pi,M) by the relation:
(3.4.1.14)
(ρ, η)DzT
(
∗
u1, ...,
∗
up, u1, ..., uq
)
= Γ (ρ, η) (z)
(
T
(
∗
u1, ...,
∗
up, u1, ..., uq
))
−T
(
(ρ, η)Dz
∗
u1, ...,
∗
up, u1, ..., uq
)
− ...− T
(
∗
u1, ..., (ρ, η)Dz
∗
up, u1, ..., uq
)
−T
(
∗
u1, ...,
∗
up, (ρ, η)Dzu1, ..., uq
)
− ...− T
(
∗
u1, ...,
∗
up, u1, ..., (ρ, η)Dzuq
)
.
Moreover, it satisfies the condition
(3.4.1.15) (ρ, η)Df1z1+f2z2T = f1 (ρ, η)Dz1T + f2 (ρ, η)Dz2T.
Consequently, if the tensor algebra (T (E, pi,M) ,+, ·,⊗) is endowed with a (ρ, η)-
derivative (3.4.1.13) defined for a tensor field T ∈ T pq (E, pi,M) by (3.4.1.14) which
satisfies the condition (3.4.1.15), then we can endowed (E, pi,M) with a linear (ρ, η)-
connection (ρ, η) Γ such that its components are defined by the equality:
(ρ, η)Dtαsb = (ρ, η) Γ
a
bαsa
or
(ρ, η)Dtαs
a = − (ρ, η) Γabαs
b.
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The (ρ, η)-derivative (3.4.1.13) will be called the covariant (ρ, η)-derivative.
After some calculations, we obtain:
(3.4.1.16)
(ρ, η)Dz
(
T
a1,...,ap
b1,...,bq
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq
)
= zα ◦ h
(
ρiα ◦ h
∂T
a1,...,ap
b1,...,bq
∂xi
+ (ρ, η) Γa1aαT
a,a2...,ap
b1,...,bq
+(ρ, η) Γa2aαT
a1,a...,ap
b1,...,bq
+ ...+ (ρ, η) Γ
ap
aαT
a1,a2...,a
b1,...,bq
− ...
− (ρ, η) Γbb1αT
a1,a2...,ap
b,b2,...,bq
− (ρ, η) Γbb2αT
a1,a2...,ap
b1,b,...,bq
− ...
− (ρ, η) ΓbbqαT
a1,a2...,ap
b1,b2,...,b
)
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq
put
= zα ◦ hT
a1,...,ap
b1,...,bq|α
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq .
If (ρ, η) Γ is the linear (ρ, η)-connection associated to linear connection Γ, namely
(ρ, η) Γabα =
(
ρkα ◦ h
)
Γabk, then
(3.4.1.17) T
a1,...,ap
b1,...,bq|α
=
(
ρkα ◦ h
)
T
a1,...,ap
b1,...,bq|k
.
In particular, if h = IdM , then we obtain the formula:
(3.4.1.18)
(ρ, η)Dz
(
T
a1,...,ap
b1,...,bq
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq
)
= zα
(
ρiα
∂T
a1,...,ap
b1,...,bq
∂xi
+ (ρ, η) Γa1aαT
a,a2...,ap
b1,...,bq
+(ρ, η) Γa2aαT
a1,a...,ap
b1,...,bq
+ ...+ (ρ, η) Γ
ap
aαT
a1,a2...,a
b1,...,bq
− ...
− (ρ, η) Γbb1αT
a1,a2...,ap
b,b2,...,bq
− (ρ, η) Γbb2αT
a1,a2...,ap
b1,b,...,bq
− ...
− (ρ, η) ΓbbqαT
a1,a2...,ap
b1,b2,...,b
)
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq
put
= zαT
a1,...,ap
b1,...,bq|α
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq .
4 The geometry of base of the Lie algebroid generalized
tangent bundle for a vector bundle
In this section, we present new applications of generalized Lie algebroids in the study
of the geometry of vector bundles using the theory of generalized linear connections.
4.1 Torsion and curvature. Formulas of Ricci type
We apply the theory for the diagram:
(4.1.1)
E
pi

(
F, [, ]F,h , (ρ, IdM )
)
ν

M
h
//M
,
where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, IdM )
)
∈ |GLA| .
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Let ρΓ be a linear ρ-connection for the vector bundle (E, pi,M) by components ρΓabα.
Using the components of the linear ρ-connection ρΓ, then we obtain a linear ρ-
connection ρΓ˙ for the vector bundle (E, pi,M) given by the diagram:
(4.1.2)
E
(
h∗F, [, ]h∗F ,
(
h∗F
ρ , IdM
))
pi ↓ ↓ h∗ν
M
IdM
−−−−−−−−→ M
.
If (E, pi,M) = (F, ν,N) , then, using the components of the linear ρ-connection ρΓ,
we can consider a linear ρ-connection ρΓ¨ for the vector bundle (h∗E, h∗pi,M) given by
the diagram:
(4.1.3)
h∗E
(
h∗E, [, ]h∗E ,
(
h∗E
ρ , IdM
))
h∗pi ↓ ↓ h∗pi
M
IdM
−−−−−−−−→ M
,
In the following, we will use the exterior differentiation operators d, dE and dh
∗E res-
pectively for the exterior differential F (M)-algebras (Λ (TM, τM ,M) ,+, ·,∧),
(Λ (E, pi,M) ,+, ·,∧) and ((h∗E, h∗pi,M) ,+, ·,∧) respectively.
Definition 4.1.1 If (E, pi,M) = (F, ν,N), then the application
(4.1.4) Γ (h
∗E, h∗pi,M)2
(ρ,h)T
−−−−−→ Γ (h∗E, h∗pi,M)
(U, V ) −→ ρT (U, V )
defined by:
(4.1.5) (ρ, h)T (U, V ) = ρD¨UV − ρD¨V U − [U, V ]h∗E ,
for any U, V ∈ Γ (h∗E, h∗pi,M) , will be called (ρ, h)-torsion associated to linear ρ-
connection ρΓ.
Remark 4.1.1 In particular, if h = IdM , then we obtain the application
(4.1.4′) Γ (E, pi,M)
2 ρT−−→ Γ (E, pi,M)
(u, v) −→ ρT (u, v)
defined by:
(4.1.5′) ρT (u, v) = ρDuv − ρDvu− [u, v]E ,
for any u, v ∈ Γ (E, pi,M) , which will be called ρ-torsion associated to linear ρ-connection
ρΓ.
Moreover, if ρ = IdTM , then we obtain the torsion T associated to linear connec-
tion Γ.
Proposition 4.1.1 The (ρ, h)-torsion (ρ, h)T associated to linear ρ-connection ρΓ is
R-bilinear and antisymmetric.
If
(ρ, h)T (Sa, Sb)
put
= (ρ, h)TcabSc
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then
(4.1.6) (ρ, h)Tcab = ρΓ
c
ab − ρΓ
c
ba − L
c
ab ◦ h.
In particular, if h = IdM and ρT (sa, sb)
put
= ρTcabsc, then
(4.1.6′) ρTcab = ρΓ
c
ab − ρΓ
c
ba − L
c
ab.
Moreover, if ρ = IdTM , then the equality (4.1.6
′) becomes:
(4.1.6′′) Tijk = Γ
i
jk − Γ
i
kj.
Definition 4.1.2 The application
(4.1.7) (Γ (h
∗F, h∗ν,M)2×Γ(E, pi,M)
(ρ,h)R
−−−−−→ Γ(E, pi,M)
((Z, V ), u) −→ ρR(Z, V )u
defined by
(4.1.8) (ρ, h)R (Z, V ) u = ρD˙Z
(
ρD˙V u
)
− ρD˙V
(
ρD˙Zu
)
− ρD˙[Z,V ]h∗F u,
for any Z, V ∈ Γ (h∗F, h∗ν,M) , u ∈ Γ (E, pi,M) , will be called (ρ, h)-curvature associ-
ated to linear ρ-connection ρΓ.
Remark 4.1.1 In particular, if h = IdM , then we obtain the application
(4.1.7′) Γ (F, ν,M)
2×Γ(E, pi,M)
ρR
−−→ Γ(E, pi,M)
((z, v), u) −→ ρR(z, v)u
defined by
(4.1.8′) ρR (z, v) u = ρDz (ρDvu)− ρDv (ρDzu)− ρD[z,v]F u,
for any z, v ∈ Γ (F, ν,M) , u ∈ Γ (E, pi,M) , which will be called ρ-curvature associated
to linear ρ-connection ρΓ.
Moreover, if ρ = IdTM , then we obtain the curvature R associated to linear connec-
tion Γ.
Proposition 4.1.2 The (ρ, h)-curvature (ρ, h)R associated to linear ρ-connection ρΓ,
is R-linear in each argument and antisymmetric in the first two arguments.
If
(ρ, h)R (Tβ , Tα) sb
put
= (ρ, h)Rab αβsa,
then
(4.1.9) (ρ, h)Rab αβ = ρ
j
β ◦h
∂ρΓabα
∂xj
+ρΓaeβρΓ
e
bα−ρ
i
α ◦h
∂ρΓabβ
∂xi
−ρΓaeαρΓ
e
bβ+ρΓ
a
bγL
γ
αβ ◦h.
In particular, if h = IdM and ρR (tβ, tα) sb
put
= ρRab αβsa, then
(4.1.9′) ρRab αβ = ρ
j
β
∂ρΓabα
∂xj
+ ρΓaeβρΓ
e
bα − ρ
i
α
∂ρΓabβ
∂xi
− ρΓaeαρΓ
e
bβ + ρΓ
a
bγL
γ
αβ.
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Moreover, if ρ = IdTM , then equality (4.1.9
′) becomes:
(4.1.9′′) Rab hk =
∂Γabh
∂xk
+ ΓaekΓ
e
bh −
∂Γabk
∂xh
− ΓaehΓ
e
bk.
Theorem 4.1.1 For any uasa ∈ Γ (E, pi,M) we shall use the notation
(4.1.10) ua|αβ = ρ
j
β ◦ h
∂
∂xj
(
ua1|α
)
+ ρΓa1bβu
b
|α,
and we verify the formulas:
(4.1.11) ua1|αβ − u
a1
|βα = u
a (ρ, h)Ra1a αβ − u
a1
|γL
γ
αβ ◦ h.
After some calculations, we obtain
(4.1.12) (ρ, h)Ra1a αβ = ua
(
ua1|αβ − u
a1
|βα + u
a1
|γL
γ
αβ ◦ h
)
,
where uas
a ∈ Γ
(
∗
E,
∗
pi,M
)
such that uau
b = δba.
In particular, if h = IdM , then the relations (4.1.12) become
(4.1.12′) ρRa1a αβ = ua
(
ua1|αβ − u
a1
|βα + u
a1
|γL
γ
αβ
)
.
Moreover, if ρ = idTM , then the relations (4.1.12
′) become
(4.1.12′′) Ra1a ij = ua
(
ua1
|ij
− ua1
|ji
)
.
Proof. Since
ua1|αβ = ρ
j
β ◦ h
(
∂
∂xj
(
ρiα ◦ h
∂ua1
∂xi
+ ρΓa1aαu
a
))
+ ρΓa1bβ
(
ρiα ◦ h
∂ub
∂xi
+ ρΓbaαu
a
)
= ρjβ ◦ h
∂ρiα ◦ h
∂xj
∂ua1
∂xi
+ ρjβ ◦ hρ
i
α ◦ h
∂
∂xj
(
∂ua1
∂xi
)
+ ρjβ ◦ h
∂ρΓa1aα
∂xj
ua + ρjβ ◦ hρΓ
a1
aα
∂ua
∂xj
+ ρiα ◦ hρΓ
a1
bβ
∂ub
∂xi
+ ρΓa1bβρΓ
b
aαu
a
and
ua1|βα = ρ
i
α ◦ h
(
∂
∂xi
(
ρ
j
β ◦ h
∂ua1
∂xj
+ ρΓa1aβu
a
))
+ ρΓa1bα
(
ρ
j
β ◦ h
∂ub
∂xj
+ ρΓbaβu
a
)
= ρiα ◦ h
∂ρ
j
β ◦ h
∂xi
∂ua1
∂xj
+ ρjβ ◦ hρ
i
α ◦ h
∂
∂xi
(
∂ua1
∂xj
)
+ ρiα ◦ h
∂ρΓa1aβ
∂xi
ua + ρiα ◦ hρΓ
a1
aβ
∂ua
∂xi
+ ρjβ ◦ hρΓ
a1
bα
∂ub
∂xj
+ ρΓa1bαρΓ
b
aβu
a,
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it results that
ua1|αβ − u
a1
|βα = ρ
j
β ◦ h
∂ρiα ◦ h
∂xj
∂ua1
∂xi
− ρiα ◦ h
∂ρ
j
β ◦ h
∂xi
∂ua1
∂xj
+
(
ρ
j
β ◦ hρ
i
α ◦ h
∂2ua1
∂xi∂xj
− ρjβ ◦ hρ
i
α ◦ h
∂2ua1
∂xj∂xi
)
+
(
ρ
j
β ◦ h
∂ρΓa1aα
∂xj
ua − ρiα ◦ h
∂ρΓa1aβ
∂xi
ua
)
+
(
ρ
j
β ◦ hρΓ
a1
aα
∂ua
∂xj
− ρjβ ◦ hρΓ
a1
bα
∂ub
∂xj
)
+
(
ρiα ◦ hρΓ
a1
bβ
∂ub
∂xi
− ρiα ◦ hρΓ
a1
aβ
∂ua
∂xi
)
+ ρΓa1bβρΓ
b
aαu
a − ρΓa1bαρΓ
b
aβu
a.
After some calculations, we obtain:
ua1|αβ − u
a1
|βα = L
γ
βα ◦ hρ
k
γ ◦ h
∂ua1
∂xk
+
(
ρ
j
β ◦ h
∂ρΓa1aα
∂xj
ua − ρiα ◦ h
∂ρΓa1aβ
∂xi
ua
)
+ ρΓa1bβρΓ
b
aαu
a − ρΓa1bαρΓ
b
aβu
a.
Since
ua (ρ, h)Ra1a αβ = u
a
(
ρ
j
β ◦ h
∂ρΓa1aα
∂xj
+ ρΓa1eβρΓ
e
aα − ρ
i
α ◦ h
∂ρΓa1aβ
∂xi
−ρΓa1eαρΓ
e
aβ − ρΓ
a1
aγL
γ
βα ◦ h
)
.
and
ua1|γL
γ
αβ ◦ h =
(
ρkγ ◦ h
∂ua1
∂xk
+ ρΓa1aγu
a
)
L
γ
αβ ◦ h
it results that
ua (ρ, h)Ra1a αβ − u
a1
|γL
γ
αβ ◦ h = −L
γ
αβ ◦ hρ
k
γ ◦ h
∂ua1
∂xk
+
(
ρ
j
β ◦ h
∂ρΓa1aα
∂xj
ua − ρiα ◦ h
∂ρΓa1aβ
∂xi
ua
)
+ ρΓa1bβρΓ
b
aαu
a − ρΓa1bαρΓ
b
aβu
a.
q.e.d.
Lemma 4.1.1 If (E, pi,M) = (F, ν,N), then, for any
uasa ∈ Γ (E, pi,M) ,
we have that ua|c, a, c ∈ 1, n are the components of a tensor field of (1, 1) type.
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Proof. Let U and U ′ be two vector local (m+ n)-charts such that U ∩ U ′ 6= φ.
Since ua
′
(x) =Ma
′
a (x)u
a (x) , for any x ∈ U ∩ U ′, it results that
ρk
′
c′ ◦ h (x)
∂ua
′
(x)
∂xk
′ = ρ
k′
c′ ◦ h (x)
∂
∂xk
′
(
Ma
′
a (x)
)
ua (x) +Ma
′
a (x) ρ
k′
c′ ◦h (x)
∂ua (x)
∂xk
′ . (1)
Since , for any x ∈ U ∩ U ′, we have
ρΓa
′
b′c′(x) =M
a′
a (x)
(
ρkc ◦ h(x)
∂
∂xk
(Mab′(x)) + ρΓ
a
bc(x)M
b
b′(x)
)
M cc′(x), (2)
and
0 =
∂
∂xk
′
(
Ma
′
a (x)M
a
b′ (x)
)
=
∂
∂xk
′
(
Ma
′
a (x)
)
Mab′ (x) +M
a′
a (x)
∂
∂xk
′ (M
a
b′ (x)) (3)
it results that
ρΓa
′
b′c′ (x) u
b′ (x) = −ρk
′
c′ ◦ h (x)
∂
∂xk
′
(
Ma
′
a (x)
)
ua (x)
+Ma
′
a (x) ρΓ
a
bc (x)u
b (x)M cc′ (x) .
(4)
Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d.
Theorem 4.1.2 If (E, pi,M) = (F, ν,N), then, for any
uasa ∈ Γ (E, pi,M) ,
we shall use the notation
(4.1.13) u
a1
|a|b = u
a1
|ab − ρΓ
d
abu
a1
|d
and we verify the formulas of Ricci type
(4.1.14) u
a1
|a|b − u
a1
|b|a + (ρ, h)T
d
abu
a1
|d = u
d (ρ, h)Ra1d ab − u
a1
|cL
c
ab ◦ h
In particular, if h = IdM , then the relations (4.1.14) become
(4.1.14′) u
a1
|a|b − u
a1
|b|a + ρT
d
abu
a1
|d = u
dρRa1d ab − u
a1
|cL
c
ab
Moreover, if ρ = idTM , then the relations (4.1.14
′) become
(4.1.14′′) u
i1
|i|j − u
i1
|i|j + T
k
iju
i1
|k = u
kRi1k ij
Theorem 4.1.3 For any uas
a ∈ Γ
(
∗
E,
∗
pi,M
)
we shall use the notation
(4.1.15) ub1|αβ = ρ
j
β ◦ h
∂
∂xj
(
ub1|α
)
− ρΓbb1βub|α
and we verify the formulas:
(4.1.16) ub1|αβ − ub1|βα = −ub (ρ, h)R
b
b1 αβ
− ub1|γL
γ
αβ ◦ h
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After some calculations, we obtain
(4.1.17) (ρ, h)Rbb1 αβ = u
b
(
−ub1|αβ + ub1|βα − ub1|γL
γ
αβ ◦ h
)
,
where uasa ∈ Γ (E, pi,M) such that uaub = δ
b
a.
In particular, if h = IdM , then the relations (4.1.17) become
(4.1.17′) ρRbb1 αβ = u
b
(
−ub1|αβ + ub1|βα − ub1|γL
γ
αβ
)
.
Moreover, if ρ = idTM then the relations (4.1.17
′) become
(4.1.17′′) Rbb1 ij = u
b
(
−ub1|ij + ub1|ji
)
.
Proof. Since
ub1|αβ = ρ
j
β ◦ h
(
∂
∂xj
(
ρiα ◦ h
∂ub1
∂xi
− ρΓbb1αub
))
− ρΓbb1β
(
ρiα ◦ h
∂ub
∂xi
− ρΓabαua
)
= ρjβ ◦ h
∂ρiα ◦ h
∂xj
∂ub1
∂xi
+ ρjβ ◦ hρ
i
α ◦ h
∂
∂xj
(
∂ub1
∂xi
)
− ρjβ ◦ h
∂ρΓbb1α
∂xj
ub − ρ
j
β ◦ hρΓ
b
b1α
∂ub
∂xj
− ρiα ◦ hρΓ
b
b1β
∂ub
∂xi
+ ρΓbb1βρΓ
a
bαua
and
ub1|βα = ρ
i
α ◦ h
(
∂
∂xi
(
ρ
j
β ◦ h
∂ub1
∂xj
− ρΓbb1βub
))
− ρΓbb1α
(
ρ
j
β ◦ h
∂ub
∂xj
− ρΓabβua
)
= ρiα ◦ h
∂ρ
j
β ◦ h
∂xi
∂ub1
∂xi
+ ρjβ ◦ hρ
i
α ◦ h
∂
∂xi
(
∂ub1
∂xj
)
− ρiα ◦ h
∂ρΓbb1β
∂xi
ub − ρ
i
α ◦ hρΓ
b
b1β
∂ub
∂xi
− ρjβ ◦ hρΓ
b
b1α
∂ub
∂xi
+ ρΓbb1αρΓ
a
bβua
it results that
ub1|αβ − ub1|βα = ρ
j
β ◦ h
∂ρiα ◦ h
∂xj
∂ub1
∂xi
− ρiα ◦ h
∂ρ
j
β ◦ h
∂xi
∂ub1
∂xj
+ ρjβ ◦ hρ
i
α ◦ h
∂
∂xj
(
∂ub1
∂xi
)
− ρjβ ◦ hρ
i
α ◦ h
∂
∂xi
(
∂ub1
∂xj
)
+ ρiα ◦ h
∂ρΓbb1β
∂xi
ub − ρ
j
β ◦ h
∂ρΓbb1α
∂xj
ub
+ ρjβ ◦ hρΓ
b
b1α
∂ub
∂xj
− ρjβ ◦ hρΓ
b
b1α
∂ub
∂xj
+ ρiα ◦ hρΓ
b
b1α
∂ub
∂xi
− ρiα ◦ hρΓ
b
b1α
∂ub
∂xi
+ ρΓbb1βρΓ
a
bαua − ρΓ
b
b1α
ρΓabβua.
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After some calculations, we obtain:
ub1|αβ − ub1|βα = L
γ
βα ◦ hρ
k
γ ◦ h
∂ub1
∂xk
+
(
ρiα ◦ h
∂ρΓbb1β
∂xi
ub − ρ
j
β ◦ h
∂ρΓbb1α
∂xj
ub
)
+ρΓbb1βρΓ
a
bαua − ρΓ
b
b1α
ρΓabβua.
Since
ub (ρ, h)R
b
b1αβ
= ub
(
ρ
j
β ◦ h
∂ρΓbb1α
∂xj
+ ρΓbeβρΓ
e
b1α
− ρiα ◦ h
∂ρΓbb1β
∂xi
−ρΓbeαρΓ
e
b1β
− ρΓbb1γL
γ
βα ◦ h
)
and
ub1|γL
γ
αβ ◦ h =
(
ρkγ ◦ h
∂ub1
∂xk
− ρΓbb1γub
)
L
γ
αβ ◦ h
it results that
−ub (ρ, h)R
b
b1,αβ
− ub1|γL
γ
αβ ◦ h = −L
γ
αβ ◦ hρ
k
γ ◦ h
∂ub1
∂xk
+
(
ρiα ◦ h
∂ρΓbb1β
∂xi
ub − ρ
j
β ◦ h
∂ρΓbb1α
∂xj
ub
)
+ ρΓbb1βρΓ
a
bαua − ρΓ
b
b1α
ρΓabβua.
q.e.d.
Lemma 4.1.2 If (E, pi,M) = (F, ν,N), then, for any
ubs
b ∈ Γ
(
∗
E,
∗
pi,M
)
,
we have that ub |c, b, c ∈ 1, n are the components of a tensor field of (0, 2) type.
Proof. Let U and U ′ be two vector local (m+ n)-charts such that U ∩ U ′ 6= φ.
Since ub′ (x) =M
b
b′ (x) ub (x) , for any x ∈ U ∩ U
′, it results that
(1)
ρk
′
c′ ◦ h (x)
∂ub′ (x)
∂xk
′ = ρ
k′
c′ ◦ h (x)
∂
∂xk
′
(
M bb′ (x)
)
ub (x)
+M bb′ (x) ρ
k′
c′ ◦ h (x)
∂ub (x)
∂xk
′ .
Since, for any x ∈ U ∩ U ′, we have
(2)
ρΓa
′
b′c′ (x) =M
a′
a (x)
(
ρkc ◦ h (x)
∂
∂xk
(Mab′ (x))
+ρΓabc (x)M
b
b′ (x)
)
M cc′ (x) ,
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and
(3)
0 =
∂
∂xk
′
(
Ma
′
a (x)M
a
b′ (x)
)
=
∂
∂xk
′
(
Ma
′
a (x)
)
Mab′ (x) +M
a′
a (x)
∂
∂xk
′ (M
a
b′ (x))
it results that
(4)
ρΓa
′
b′c′ (x) ua′ (x) = −ρ
k′
c′ ◦ h (x)
∂
∂xk
′
(
M bb′ (x)
)
ub (x)
+M bb′ (x) ρΓ
a
bc (x) ua (x)M
c
c′ (x) .
Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d.
Theorem 4.1.4 If (E, pi,M) = (F, ν,N), then, for any
ubs
b ∈ Γ
(
∗
E,
∗
pi,M
)
,
we shall use the notation
(4.1.18) ub1 |a|b = ub1 |ab − ρΓ
d
abub1 |d
and we verify the formulas of Ricci type
(4.1.19) ub1 |a|b − ub1 |b|a + (ρ, h)T
d
abub1 |d = −ud (ρ, h)R
d
b1 ab
− ub1 |dL
d
ab ◦ h
In particular, if h = IdM , then the relations (4.1.19) become
(4.1.19′) ub1 |a|b − ub1 |b|a + ρT
d
abub1 |d = −udρR
d
b1 ab
− ub1 |dL
d
ab.
Moreover, if ρ = idTM then the relations (4.1.19
′) become
(4.1.19′′) uj1 |i|j − uj1 |j|i + T
h
ijuj1 |h = uhR
h
j1 ij
.
Theorem 4.1.5 For any tensor field
T
a1,...,ap
b1,...,bq
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq ,
we verify the equality:
(4.1.20)
T
a1,...,ap
b1,...,bq|αβ
− T
a1,...,ap
b1,...,bq|βα
= T
aa2,...,ap
b1,...,bq
(ρ, h)Ra1a αβ + ...
+T
a1,...,ap−1a
b1,...,bq
(ρ, h)R
ap
a αβ − T
a1,...,ap
b,b2,...,bq
(ρ, h)Rbb1 αβ − ...
−T
a1,...,ap
b1,...,bq−1b
(ρ, h)Rbbq αβ − T
a1,...,ap
b1,...,bq|γ
L
γ
αβ ◦ h.
In particular, if h = IdM , then the relations (4.1.20) become
(4.1.20′)
T
a1,...,ap
b1,...,bq|αβ
− T
a1,...,ap
b1,...,bq|βα
= T
aa2,...,ap
b1,...,bq
ρRa1a αβ + ...
+T
a1,...,ap−1a
b1,...,bq
ρR
ap
a αβ − T
a1,...,ap
b,b2,...,bq
ρRbb1 αβ − ...
−T
a1,...,ap
b1,...,bq−1b
ρRbbq αβ − T
a1,...,ap
b1,...,bq|γ
L
γ
αβ .
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Theorem 4.1.6 If (E, pi,M) = (F, ν,N), then we obtain the following formulas of
Ricci type:
(4.1.21)
T
a1,...,ap
b1,...,bq |b|c
− T
a1,...,ap
b1,...,bq|c|b
+ (ρ, h)TdbcT
a1,...,ap
b1,...,bq|d
= T
aa2,...,ap
b1,...,bq
(ρ, h)Ra1a bc + ...+ T
a1,...,ap−1a
b1,...,bq
(ρ, h)R
ap
a bc
−T
a1,...,ap
b,b2,...,bq
(ρ, h)Rbb1 bc − ...− T
a1,...,ap
b1,...,bq−1b
(ρ, h)Rbbq bc − T
a1,...,ap
b1,...,bq|d
Ldbc ◦ h.
In particular, if h = IdM , then the relations (4.1.21) become
(4.1.21′)
T
a1,...,ap
b1,...,bq |b|c
− T
a1,...,ap
b1,...,bq|c|b
+ ρTdbcT
a1,...,ap
b1,...,bq|d
= T
aa2,...,ap
b1,...,bq
ρRa1a bc + ...+ T
a1,...,ap−1a
b1,...,bq
ρR
ap
a bc
−T
a1,...,ap
b,b2,...,bq
ρRbb1 bc − ...− T
a1,...,ap
b1,...,bq−1b
ρRbbq bc − T
a1,...,ap
b1,...,bq|d
Ldbc.
We observe that if the structure functions of generalized Lie algebroid(
(F, ν,M) , [, ]F,h , (ρ, IdM )
)
,
the (ρ, h)-torsion associated to linear ρ-connection ρΓ and the (ρ, h)-curvature associa-
ted to linear ρ-connection ρΓ are null, then we have the equality:
(4.1.22) T
a1,...,ap
b1,...,bq|b|c
= T
a1,...,ap
b1,...,bq|c|b
,
which generalizes the Schwartz equality.
4.2 Torsion and curvature forms. Identities of Cartan and Bianchi
type
We apply the theory of the generalized linear connections for the diagram:
(4.2.1)
E
pi

(
F, [, ]F,h , (ρ, IdM )
)
ν

M
h
//M
where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, IdM )
)
∈ |GLA| .
Let ρΓ be a linear ρ-connection for the vector bundle (E, pi,M) .
Definition 4.2.1 For each a, b ∈ 1, n, we obtain the scalar 1-forms
(4.2.2) Ωab = ρΓ
a
bαT
α
and
(4.2.2′) ωab = ρΓ
a
bαt
α
which will be called the form of linear ρ-connection ρΓ˙ and ρΓ respectively .
Definition 4.2.2 If (E, pi,M) = (F, ν,M), then the vector valued 2-form
(4.2.3) (ρ, h)T = ((ρ, h)TcabSc)S
a ∧ Sb
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will be called the vector valued form of (ρ, h)-torsion (ρ, h)T.
In particular, if h = IdM , then the vector valued 2-form
(4.2.3′) ρT = (ρTcabsc) s
a ∧ sb
will be called the vector form of ρ-torsion ρT.
Moreover, if ρ = IdTM , then the vector valued form (4.2.3
′) becomes:
(4.2.3′′) T =
(
Tijk
∂
∂xi
)
dxj ∧ dxk.
Definition 4.2.3 For each c ∈ 1, n we obtain the scalar 2-form of (ρ, h)-torsion (ρ, h)T
(4.2.4) (ρ, h)Tc = (ρ, h)TcabS
a ∧ Sb.
In particular, if h = IdM , then, for each c ∈ 1, n, we obtain the scalar 2-form of
ρ-torsion ρT
(4.2.4′) ρTc = ρTcabs
a ∧ sb.
Moreover, if ρ = IdTM , then the scalar 2-form (4.2.4
′) becomes:
(4.2.4′′) Ti = Tijkdx
j ∧ dxk.
Definition 4.2.3 The vector mixed form
(4.2.5) (ρ, h)R =
((
(ρ, h)Rab αβsa
)
Tα ∧ T β
)
sb
will be called the vector valued form of (ρ, h)-curvature (ρ, h)R.
In particular, if h = IdM , then the vector mixed form
(4.2.5′) ρR =
((
ρRab αβsa
)
tα ∧ tβ
)
sb
will be called the vector valued form of ρ-curvature ρR.
Moreover, if ρ = IdTM , then the vector form (4.2.5
′) becomes:
(4.2.5′′) R =
(
(Rab hksa) dx
h ∧ dxk
)
sb.
Definition 4.2.4 For each a, b ∈ 1, n we obtain the scalar 2-form of (ρ, h)-curvature
(ρ, h)R
(4.2.6) (ρ, h)Rab = (ρ, h)R
a
b αβT
α ∧ T β.
In particular, if h = IdM , then, for each a, b ∈ 1, n, we obtain the scalar 2-form of
ρ-curvature ρR
(4.2.6′) ρRab = ρR
a
b αβt
α ∧ tβ.
Moreover, if ρ = IdTM , then the scalar form (4.2.6
′) becomes:
(4.2.6′′) Rab = R
a
b hkdx
h ∧ dxk.
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Theorem 4.2.1 The identities
(C1) (ρ, h)T
a = dh
∗FSa +Ωab ∧ S
b,
and
(C2) (ρ, h)R
a
b = d
h∗FΩab +Ω
a
c ∧Ω
c
b
hold good. These will be called the first respectively the second identity of Cartan type.
Proof. To prove the first identity we consider that (E, pi,M) = (F, ν,M) . Therefore,
Ωab = ρΓ
a
bcS
c. Since
dh
∗FSa(U, V )Sa = ((Γ(
h∗F
ρ , IdM )U)S
a(V )
−(Γ(
h∗F
ρ , IdM )V )(S
a(U))− Sa([U, V ]h∗F ))Sa
= (Γ(
h∗F
ρ , IdM )U)(V
a)− (Γ(
h∗F
ρ , IdM )V )(U
a)− Sa([U, V ]h∗F )Sa
= ρD¨UV − V bρD¨USb − ρD¨V U − U
bρD¨V Sb − [U, V ]h∗F
= (ρ, h)T(U, V )− (ρΓabcV
bU c − ρΓabcU
bV c)Sa
= ((ρ, h)Ta(U, V )− Ωab ∧ S
b(U, V ))Sa,
it results the first identity.
To prove the second identity, we consider that (E, pi,M) 6= (F, ν,M) . Since
(ρ, h)Rab (Z,W ) sa = (ρ, h)R ((W,Z) , sb)
= ρD˙Z
(
ρD˙W sb
)
− ρD˙W
(
ρD˙Zsb
)
− ρD˙[Z,W ]h∗F sb
= ρD˙Z (Ω
a
b (W ) sa)− ρD˙W (Ω
a
b (Z) sa)− Ω
a
b ([Z,W ]h∗F ) sa
+(Ωac (Z)Ω
c
b (W )−Ω
a
c (W )Ω
c
b (Z)) sa
=
(
dh
∗FΩab (Z,W ) + Ω
a
c ∧ Ω
c
b (Z,W )
)
sa
it results the second identity.
Corollary 4.2.1 In particular, if h = IdM , then the identities (C1) and (C2) become
(C ′1) ρT
a = dF sa + ωab ∧ s
b,
and
(C ′2) ρR
a
b = d
Fωab + ω
a
c ∧ ω
c
b
respectively.
Moreover, if ρ = IdTM , then the identities (C
′
1) and (C
′
2) become:
(C ′′1 ) T
i = ddxi + ωij ∧ dx
j = ωij ∧ dx
j
and
(C ′′2 ) R
i
j = dω
i
j + ω
i
h ∧ ω
h
j ,
respectively. q.e.d.
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Theorem 4.2.2 The identities
(B1) d
h∗F (ρ, h)Ta = (ρ, h)Rab ∧ S
b − Ωac ∧ (ρ, h)T
c
and
(B2) d
h∗F (ρ, h)Rab = (ρ, h)R
a
c ∧ Ω
c
b − Ω
a
c ∧ (ρ, h)R
c
b,
hold good. We will called these the first respectively the second identity of Bianchi type.
If the (ρ, h)-torsion is null, then the first identity of Bianchi type becomes:
(B˜1) (ρ, h)R
a
b ∧ s
b = 0.
Proof. We consider (E, pi,M) = (F, ν,M) . Using the first identity of Cartan type and
the equality dh
∗F ◦ dh
∗F = 0, we obtain:
dh
∗F (ρ, h)Ta = dh
∗FΩab ∧ S
b − Ωac ∧ d
h∗FSc.
Using the second identity of Cartan type and the previous identity, we obtain:
dh
∗F (ρ, h)Ta = ((ρ, h)Rab − Ω
a
c ∧ Ω
c
b) ∧ S
b − Ωac ∧
(
(ρ, h)Tc − Ωcb ∧ S
b
)
.
After some calculations, we obtain the first identity of Bianchi type.
Using the second identity of Cartan type and the equality dh
∗F ◦dh
∗F = 0, we obtain:
dh
∗FΩac ∧Ω
c
b − Ω
a
c ∧ d
h∗FΩcb = d
h∗F (ρ, h)Rab .
Using the second of Cartan type and the previous identity, we obtain:
dh
∗F (ρ, h)Rab = ((ρ, h)R
a
c − Ω
a
e ∧ Ω
e
c) ∧ Ω
c
b − Ω
a
c ∧ ((ρ, h)R
c
b − Ω
c
e ∧Ω
e
b) .
After some calculations, we obtain the second identity of Bianchi type. q.e.d.
Corollary 4.2.2 In particular, if h = IdM , then the identities (B1) and (B2) become
(B′1) d
F ρTa = ρRab ∧ s
b − ωac ∧ ρT
c
and
(B′2) d
F ρRab = ρR
a
c ∧ ω
c
b − ω
a
c ∧ ρR
c
b,
respectively.
Moreover, if ρ = IdTM , then the identities (B
′
1) and (B
′
2) become:
(B′′1 ) dT
i = Rij ∧ dx
j − ωik ∧ T
k
and
(B′′2 ) dR
i
j = R
i
h ∧ ω
h
j − ω
i
h ∧ R
h
j ,
respectively.
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Theorem 4.2.3 If (E, pi,M)=(F, ν,M), then the following relations hold good
(B˜1)
∑
cyclic(u1,u2,u3)
{
ρD¨U1 ((ρ, h)T (U2, U3))− (ρ, h)R (U1, U2)U3
+(ρ, h)T ((ρ, h) T (U1, U2) , U3)} = 0,
and
(B˜2)
∑
cyclic(u1,u2,u3,u)
{
ρD¨U1 ((ρ, h)R (U2, U3)U)− (ρ, h)R ((ρ, h)T (U1, U2) , U3)U
}
=0.
respectively. This identities will be called the first respectively the second identity of
Bianchi type.
In particular, if h = IdM , then the identities (B˜1) and (B˜2) become
(B˜′1)
∑
cyclic(u1,u2,u3)
{ρDu1 (ρT (u2, u3))− ρR (u1, u2) u3 + ρT (ρ T (u1, u2) , u3)} = 0,
(B˜′2)
∑
cyclic(u1,u2,u3,u)
{ρDu1 (ρR (u2, u3)u)− ρR (ρT (u1, u2) , u3)u} = 0.
which will be called the first respectively the second identity of Bianchi type.
Remark 4.2.1 On components, the identities of Bianchi type (B˜1) and (B˜2) become:
(B˜′′1 )
∑
cyclic(a1,a2,a3)
{
(ρ, h)Ta
a2a3|a1
+ (ρ, h)Taga3 · (ρ, h)T
g
a1a2
}
=
∑
cyclic(a1,a2,a3)
(ρ, h)Raa3 a1a2
and
(B˜′′2 )
∑
cyclic(a1,a2,a3)
{
(ρ, h)Rab a2a3|a1 + (ρ, h)R
a
b ga3
· (ρ, h)Tga1a2
}
= 0.
If the (ρ, h)-torsion is null, then the identities of Bianchi type become:
(B˜′′′1 )
∑
cyclic(a1 a2,a3)
(ρ, h)Raa3,a1a2 = 0
and
(B˜′′′2 )
∑
cyclic(a1,a2,a3)
(ρ, h)Rab a2a3|a1
= 0.
4.3 (Pseudo)metrizable vector bundles
We will apply our theory for the diagram:
(4.3.1)
E
pi

(
F, [, ]F,h , (ρ, IdM )
)
ν

M
h
//M
,
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where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, IdM )
)
∈ |GLA| .
Definition 4.3.1 We will say that the vector bundle (E, pi,M) is endowed with a pseu-
dometrical structure if it exists
g = gabs
a ⊗ sb ∈ T 02 (E, pi,M)
such that for each x ∈M, the matrix ‖gab (x)‖ is nondegenerate and symmetric.
Moreover, if for each x ∈ M the matrix ‖gab (x)‖ has constant signature, then we
will say that the vector bundle (E, pi,M) is endowed with a metrical structure.
If
g = gabs
a ⊗ sb ∈ T 02 (E, pi,M)
is a (pseudo) metrical structure, then, for any a, b ∈ 1, r and for any vector local
(m+ r)-chart (U, sU ) of (E, pi,M), we consider the real functions
U
g˜ba
−−−−−−→ R
such that ∥∥g˜ba (x)∥∥ = ‖gab (x)‖−1 ,
for any ∀x ∈ U.
Definition 4.3.2 Let (E, pi,M) be a vector bundle endowed with a (pseudo)metrical
structure g and with a linear ρ-connection ρΓ.
We will say that the linear ρ-connection ρΓ is compatible with the (pseudo)metrical
structure g if
(4.3.2) ρDzg = 0, ∀z ∈ Γ (F, ν,M) .
Definition 4.3.3We will say that the vector bundle (E, pi,M) is ρ-(pseudo)metrizable,
if it exists a (pseudo)metrical structure
g ∈ T 02 (E, pi,M)
and a linear ρ-connection ρΓ for (E, pi,M) compatible with g. The idTM -(pseudo)metri-
zable vector bundles will be called( pseudo)metrizable vector bundles.
In particular, if (TM, τM ,M) is a (pseudo)metrizable vector bundle, then we will
say that (TM, τM ,M) is a (pseudo)Riemannian space, and the manifold M will be
called the (pseudo)Riemannian manifold.
The linear connection of a (pseudo)Riemannian space will be called (pseudo)Rieman-
nian linear connection.
Theorem 4.3.1 If (E, pi,M) = (F, ν,M) and g ∈ T 02 (h
∗E, h∗pi,M) is a (pseudo)metri-
cal structure, then the local real functions
(4.3.3)
ρΓabc =
1
2
g˜ad
(
ρkc ◦ h
∂gbd
∂xk
+ ρjb ◦ h
∂gdc
∂xj
− ρhd ◦ h
∂gbc
∂xh
+gecL
e
bd ◦ h+ gbeL
e
dc ◦ h− gdeL
e
bc ◦ h) .
are the components of a linear ρ-connection ρΓ for the vector bundle (h∗E, h∗pi,M)
compatible with g such that (ρ, h)T = 0.
80
Therefore, the vector bundle (h∗E, h∗pi,M) becomes ρ-(pseudo)metrizable.
The linear ρ-connection ρΓ will be called the linear ρ-connection of Levi-Civita type.
Proof. Since(
ρD¨Ug
)
V ⊗ Z = Γ
(
h∗E
ρ , IdM
)
(U)
(
(g (V ⊗ Z))− g
((
ρD¨UV
)
⊗ Z
)
−g
(
V ⊗
(
ρD¨UZ
))
, ∀U, V, Z ∈ Γ (h∗E, h∗pi,M) .
It results that, for any U, V, Z ∈ Γ (h∗E, h∗pi,M) , we obtain the equalities:
(1) Γ
(
h∗E
ρ , IdM
)
(U) (g (V ⊗ Z)) = g
((
ρD¨UV
)
⊗ Z
)
+ g
(
V ⊗
(
ρD¨UZ
))
,
(2) Γ
(
h∗E
ρ , IdM
)
(Z) (g (U ⊗ V )) = g
((
ρD¨ZU
)
⊗ V
)
+ g
(
U ⊗
(
ρD¨ZV
))
,
(3) Γ
(
h∗E
ρ , IdM
)
(V ) (g (Z ⊗ U)) = g
((
ρD¨V Z
)
⊗ U
)
+ g
(
Z ⊗
(
ρD¨V U
))
.
We observe that (1) + (3)− (2) is equivalent with the equality:
g
((
ρD¨UV + ρD¨V U
)
⊗ Z
)
+ g
((
ρD¨V Z − ρD¨ZV
)
⊗ U
)
+g
((
ρD¨UZ − ρD¨ZU
)
⊗ V
)
= Γ
(
h∗E
ρ , IdM
)
(U) (g (V ⊗ Z))
+Γ
(
h∗E
ρ , IdM
)
(V ) (g (Z ⊗ U))− Γ
(
h∗E
ρ , IdM
)
(Z) (g (U ⊗ V )) .
Using the condition (ρ, h)T = 0, which is equivalent with the equality
ρD¨UV − ρD¨V U − [U, V ]h∗E = 0,
we obtain:
2g
((
ρD¨UV
)
⊗ Z
)
= Γ
(
h∗E
ρ , IdM
)
(U) · (g (V ⊗ Z))
+Γ
(
h∗E
ρ , IdM
)
(V ) (g (Z ⊗ U))− Γ
(
h∗E
ρ , IdM
)
(Z) (g (U ⊗ V ))
+g ([U, V ]h∗E ⊗ Z)− g ([U,Z]h∗E ⊗ V )
−g ([V,Z]h∗E ⊗ U) , ∀U, V, Z ∈ Γ (h
∗E, h∗pi,M) .
Therefore, we obtain the equality:
2g
((
ρΓdbaSd
)
⊗ Sc
)
= ρia ◦ h
∂g (Sb ⊗ Sc)
∂xi
+ ρjb ◦ h
∂g (Sc ⊗ Sa)
∂xj
− ρkc ◦ h
∂g (Sa ⊗ Sb)
∂xk
+g
((
Ldab ◦ h
)
Sd ⊗ Sc
)
− g
((
Ldac ◦ h
)
Sd ⊗ Sb
)
− g
((
Ldbc ◦ h
)
Sd ⊗ Sa
)
,
which is equivalent with:
2gdcρΓ
d
ba = ρ
i
a ◦ h
∂gbc
∂xi
+ ρjb ◦ h
∂gca
∂xj
− ρkc ◦ h
∂gab
∂xk
+
(
Ldab ◦ h
)
gdc
−
(
Ldac ◦ h
)
gdb −
(
Ldbc ◦ h
)
gda.
Finally, we obtain:
ρΓdba =
1
2
g˜dc
(
ρia ◦ h
∂gbc
∂xi
+ ρjb ◦ h
∂gca
∂xj
− ρkc ◦ h
∂gab
∂xk
+
(
Ldab ◦ h
)
gdc −
(
Ldac ◦ h
)
gdb −
(
Ldbc ◦ h
)
gda
)
,
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where
∥∥g˜dc (x)∥∥ = ‖gcd (x)‖−1 , for any x ∈M. q.e.d.
Corollary 4.3.1 In particular, if h = IdM , (E, pi,M) = (F, ν,M) and g ∈ T
0
2 (E, pi,M)
is a (pseudo)metrical structure, then the local real functions
(4.3.3′) ρΓabc =
1
2
g˜ad
(
ρkc
∂gbd
∂xk
+ ρjb
∂gdc
∂xj
− ρhd
∂gbc
∂xh
+ gecL
e
bd + gbeL
e
dc − gdeL
e
bc
)
.
are the components of a linear ρ-connection ρΓ for the vector bundle (E, pi,M) com-
patible with g such that ρT = 0.
Therefore, the vector bundle (E, pi,M) becomes ρ-(pseudo)metrizable.
The linear ρ-connection ρΓ will be called the linear ρ-connection of Levi-Civita type.
In particular, if ρ = IdTM , we obtain the classical Levi-Civita linear connection.
Theorem 4.3.2. If (E, pi,M) = (F, ν,M), g ∈ T 02 (h
∗E, h∗pi,M) is a pseudo(metrical)
structure and T ∈ T 12 (h
∗E, h∗pi,M) such that its components are skew symmetric in
the lover indices, then the local real functions
(4.3.4) ρΓ˚abc = ρΓ
a
bc +
1
2
g˜ad (gdeT
e
bc − gbeT
e
dc + gecT
e
bd) ,
are the components of a linear ρ-connection compatible with the (pseudo) metrical struc-
ture g, where ρΓabc are the components of linear ρ-connection of Levi-Civita type. There-
fore, the vector bundle (h∗E, h∗pi,M) becomes ρ-(pseudo)metrizable.
In addition, the tensor field T is the (ρ, h)-torsion tensor field.
Corollary 4.3.2 In particular, if h = IdM , (E, pi,M) = (F, ν,M), g ∈ T
0
2 (E, pi,M) is
a pseudo(metrical) structure and T ∈ T 12 (E, pi,M) such that its components are skew
symmetric in the lover indices, then the local real functions
(4.3.4′) ρΓ˚abc = ρΓ
a
bc +
1
2
g˜ad (gdeT
e
bc − gbeT
e
dc + gecT
e
bd) ,
are the components of a linear ρ-connection compatible with the (pseudo)metrical struc-
ture g, where ρΓabc are the components of linear ρ-connection of Levi-Civita type. There-
fore, the vector bundle (E, pi,M) becomes ρ-(pseudo)metrizable.
In addition, the tensor field T is the ρ-torsion tensor field.
Theorem 4.3.3 If g ∈ T 02 (E, pi,M) is a pseudo (metrical) structure and ρΓ˚ is a
linear ρ-connection for the vector bundle (E, pi,M), then the local real functions
(4.3.5)
k
ρΓ
a
bα = ρΓ˚
a
bα +
1
2 g˜
acg
cb
◦
|α
are the components of a linear ρ-connection compatible with the (pseudo) metrical struc-
ture g. Therefore, the vector bundle (E, pi,M) becomes ρ-(pseudo)metrizable.
Theorem 4.3.4 If g ∈ T 02 (E, pi,M) is a pseudo (metrical) structure, ρΓ˚ is a linear
ρ-connection for the vector bundle (E, pi,M) and T = T dcαsd ⊗ s
c ⊗ tα, then the local
real functions
(4.3.6) ρΓabα =
k
ρΓ
a
bα +
1
2O
ca
bdT
d
cα,
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are the components of a linear ρ-connection compatible with (pseudo) metrical structure
g, where
(4.3.7) Ocabd =
1
2 (δ
c
bδ
a
d − gbdg˜
ca)
is the Obata operator.
Therefore, the vector bundle (E, pi,M) becomes ρ-(pseudo)metrizable.
4.4 Lifts of differentiable curves
In this section we extend the notion of lift of a curve c at the total space of a vector
bundle using the new notion of locally invertible Bv-morphism.
4.4.1 The lift of a differentiable curve at the total space of a vector bundle
We consider the following diagram:
(4.4.1.1)
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
We admit that (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M) .
Let
I
c
−−−→ M
be a differentiable curve.
We say that (
E| Im(η◦h◦c), pi| Im(η◦h◦c), Im (η ◦ h ◦ c)
)
is a vector subbundle of the vector bundle (E, pi,M) .
Definition 4.4.1.1 Let
(4.4.1.2)
I
c˙
−−−→ E| Im(η◦h◦c)
t 7−→ ya (t) sa (η ◦ h ◦ c (t))
be a differentiable curve.
If there exists g ∈Man (E,F ) such that the following conditions are satisfied:
1. (g, h) ∈ Bv ((E, pi,M) , (F, ν,N)) and
2. ρ ◦ g ◦ c˙ (t) =
d (η ◦ h ◦ c)i (t)
dt
∂
∂xi
((η ◦ h ◦ c) (t)) , for any t ∈ I, then we will say
that c˙ is the (g, h)-lift of the differentiable curve c.
Remark 4.4.1.1 Condition 2 is equivalent with the following affirmation:
(4.4.1.3) ρiα (η ◦ h ◦ c (t)) · g
α
a (h ◦ c (t)) · y
a (t) =
d (η ◦ h ◦ c)i (t)
dt
, i ∈ 1,m.
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Definition 4.4.1.2 If
I
c˙
−→ E| Im(η◦h◦c)
is a differentiable (g, h)-lift of the differentiable curve c, then the section
(4.4.1.4)
Im (η ◦ h ◦ c)
u(c,c˙)
−−−→ E| Im(η◦h◦c)
η ◦ h ◦ c (t) 7−→ c˙ (t)
will be called the canonical section associated to the couple (c, c˙) .
We will denote by
(
TE (c, c˙) , τ , Im (η ◦ h ◦ c)
)
the vector subbundle with minimal
dimension such that
(4.4.1.5) u (c, c˙) ∈ Γ
(
TE (c, c˙) , τ , Im (η ◦ h ◦ c)
)
and will denoted by
(
SE (c, c˙) , σ, Im (η ◦ h ◦ c)
)
the vector subbundle such that
TE (c, c˙)⊕ SE (c, c˙) = E| Im(η◦h◦c).
Definition 4.4.1.3 If (g, h) ∈ Bv ((E, pi,M) , (F, ν,N)) has the components
gαa ; a ∈ 1, r, α ∈ 1, p
such that for any local vector (n+ p)-chart (V, tV ) of (F, ν,N) there exists the real
functions
V
g˜aα
−−−−−−→ R ; a ∈ 1, r, α ∈ 1, p
such that
g˜bα (κ) · g
α
a (κ) = δ
b
a,
for any κ ∈ V, then we will say that the Bv-morphism (g, h) is locally invertible.
Remark 4.4.2.2 In particular, if (IdTM , IdM , IdM ) = (ρ, η, h) and the B
v morphism
(g, IdM ) is locally invertible, then we have the differentiable (g, IdM )-lift
(4.4.1.6)
I
c˙
−−−→ TM
t 7−→ g˜ij (c (t))
dcj (t)
dt
∂
∂xi
(c (t))
.
Moreover, if g = IdTM , then we obtain the usual lift of tangent vectors
(4.4.1.6)′
I
c˙
−−−→ TM
t 7−→
dci (t)
dt
∂
∂xi
(c (t))
.
Definition 4.4.1.4 If
(4.4.1.7) I
c˙
−−−→ E| Im(η◦h◦c)
is a differentiable (g, h)-lift of differentiable curve c, such that its components functions(
ya, a ∈ 1, n
)
are solutions for the differentiable system of equations:
(4.4.1.8)
dua
dt
+ (ρ, η) Γaα ◦ u (c, c˙) ◦ (η ◦ h ◦ c) · g
α
b ◦ h ◦ c · u
b = 0,
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then we will say that the (g, h)-lift c˙ is parallel with respect to the (ρ, η)-connection
(ρ, η) Γ.
Remark 4.4.1.3 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and the B
v morphism
(g, IdM ) is locally invertible, then the differentiable (g, IdTM )-lift
(4.4.1.9)
I
c˙
−−−→ TM
t 7−→
(
g˜ij ◦ c ·
dcj
dt
)
∂
∂xi
(c (t)) ,
is parallel with respect to the connection Γ if the component functions(
g˜ij ◦ c ·
dcj
dt
, i ∈ 1, n
)
are solutions for the differentiable system of equations
(4.4.1.10)
dui
dt
+ Γik ◦ u (c, c˙) ◦ c · g
k
h ◦ c · u
h = 0,
namely
(4.4.1.10)′
d
dt
(
g˜ij (c (t)) ·
dcj (t)
dt
)
+Γik
(
c (t) ,
(
g˜ij (c (t)) ·
dcj (t)
dt
)
·
∂
∂xi
(c (t))
)
·
dck (t)
dt
= 0.
Moreover, if g = IdTM , then the usual lift of tangent vectors (4.4.1.6)
′ is parallel with
respect to the connection Γ if the component functions
(
dcj
dt
, j ∈ 1, n
)
are solutions for
the differentiable system of equations
(4.4.1.10)′′
dui
dt
+ Γik ◦ u (c, c˙) ◦ c · u
k = 0,
namely
(4.4.1.10)′′′
d
dt
(
dcj (t)
dt
)
+ Γik
(
c (t) ,
dcj (t)
dt
·
∂
∂xi
(c (t))
)
·
dck (t)
dt
= 0.
4.4.2 The lift of a differentiable curve at the total space of dual vector
bundle
We consider the following diagram:
(4.4.2.1)
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
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We admit that (ρ, η)
∗
Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
.
Let
I
c
−−−→ M
be a differentiable curve. We say that(
∗
E | Im(η◦h◦c),
∗
pi| Im(η◦h◦c), Im (η ◦ h ◦ c)
)
is a vector subbundle of the vector bundle
(
∗
E,
∗
pi,M
)
.
Definition 4.4.2.1 Let
(4.4.2.2)
I
c˙
−−−→
∗
E | Im(η◦h◦c)
t 7−→ pa (t) sa (η ◦ h ◦ c (t))
be a differentiable curve.
If there exists g ∈Man
(
∗
E,F
)
such that the following conditions are satisfied:
1. (g, h) ∈ Bv
((
∗
E,
∗
pi,M
)
, (F, ν,N)
)
and
2. ρ ◦ g ◦ c˙ (t) =
d (η ◦ h ◦ c)i (t)
dt
∂
∂xi
((η ◦ h ◦ c) (t)) , for any t ∈ I,then we will say
that c˙ is the (g, h)-lift of the differentiable curve c.
Remark 4.4.2.1 Condition 2 is equivalent with the following affirmation:
(4.4.2.3) ρiα (η ◦ h ◦ c (t)) g
αa (h ◦ c (t)) pa (t) =
d (η ◦ h ◦ c)i (t)
dt
, i ∈ 1,m.
Definition 4.4.2.2 If
I
c˙
−−−→
∗
E| Im(η◦h◦c)
is a differentiable (g, h)-lift of the differentiable curve c, then the section
(4.4.2.4)
Im (η ◦ h ◦ c)
∗
u(c,c˙)
−−−→
∗
E| Im(η◦h◦c)
η ◦ h ◦ c (t) 7−→ c˙ (t)
will be called the canonical section associated to the couple (c, c˙) .
We will denote by
(
T
∗
E (c, c˙) , τ , Im (η ◦ h ◦ c)
)
the vector subbundle with minimal
dimension such that
(4.4.2.5)
∗
u (c, c˙) ∈ Γ
(
T
∗
E (c, c˙) , τ , Im (η ◦ h ◦ c)
)
and will denoted by
(
S
∗
E (c, c˙) , σ, Im (η ◦ h ◦ c)
)
the vector subbundle such that
T
∗
E (c, c˙)⊕ S
∗
E (c, c˙) =
∗
E| Im(η◦h◦c).
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Definition 4.4.2.3 If (g, h) ∈ Bv
((
∗
E,
∗
pi,M
)
, (F, ν,N)
)
has the components
gαa; a ∈ 1, r, α ∈ 1, p
such that for any vector local (n+ p)-chart (V, tV ) of (F, ν,N) there exists the real
functions
V
g˜aα
−−−−−−−→ R ; a ∈ 1, r, α ∈ 1, p
such that
g˜aα (κ) · gαb (κ) = δ
b
a, ∀κ ∈ V,
then we will say that the Bv-morphism (g, h) is locally invertible.
Remark 4.4.2.2 In particular, if (IdTM , IdM , IdM ) = (ρ, η, h) and the B
v morphism
(g, IdM ) is locally invertible, then we have the differentiable (g, IdM )-lift
(4.4.2.6)
I
c˙
−−−→
∗
TM
t 7−→ g˜ji (c (t))
dcj (t)
dt
dxi (c (t))
.
Definition 4.4.2.4 If
(4.4.2.7) I
c˙
−−−→
∗
E| Im(η◦h◦c)
is a differentiable (g, h)-lift for the curve c such that its components functions
(
pb, b ∈ 1, r
)
are solutions for the differentiable system of equations:
(4.4.2.8)
dub
dt
+ (ρ, η)
∗
Γbα ◦
∗
u (c, c˙) ◦ (η ◦ h ◦ c) · gaα ◦ h ◦ c · ua = 0,
then we will say that the (g, h)-lift c˙ is parallel with respect to the (ρ, η)-connection
(ρ, η)
∗
Γ.
Remark 4.4.2.3 In particular, if (IdTM , IdM , IdM ) = (ρ, η, h) and the B
v morphism
(g, IdM ) is locally invertible, then the differentiable (g, IdM )-lift (4.4.2.6) is parallel
with respect to the connection Γ if the component functions
(
g˜ji ◦ c ·
dci
dt
, j ∈ 1,m
)
are solutions for the differentiable system of equations
(4.4.2.9)
duj
dt
+ Γjk ◦
∗
u (c, c˙) ◦ c · gkh ◦ c · uh = 0,
namely
(4.4.2.9)′
d
dt
(
g˜ji ◦ c (t) ·
dci (t)
dt
)
+Γjk
(
c (t) ,
(
g˜ji ◦ c (t) ·
dcj (t)
dt
)
· dxi (c (t))
)
·
dck (t)
dt
= 0,
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4.5 Parallel transport
We consider the following diagram:
(4.5.1)
E
g
−−−−−−−→ (F, [, ]F , (ρ, IdM ))
↓ pi ↓ ν
I
c
−−−−−−−→ M
IdM
−−−−−−−−−−→ M
where (E, pi,M) ∈ |Bv|, ((F, ν,M) , [, ]F , (ρ, IdM )) ∈ |LA| , (g, IdM ) is a B
v-morphism
and c is a differentiable curve.
Let c˙ be a (g, IdM )-lift of the curve c.
We admit that ρΓ is a linear ρ-connection for the vector bundle (E, pi,M) .
Definition 4.5.1 We will called parallel transport of tensor fields of (r, s) type along a
curve c any family
Pc =
{
Pt1,t2 ∈ Izo
(
T pq (E, pi,M)c(t1) ,T
p
q (E, pi,M)c(t2)
)
, t1, t2 ∈ I
}
with the following properties:
1. For any t1, t2 ∈ I it exists a unique isomorphism Pt1,t2 ∈ Pc such that
(Pt1,t2)
−1 = Pt2,t1 .
2. For any t1, t2, t3 ∈ I we have that Pt2,t3 ◦ Pt1,t2 = Pt1,t3 .
Theorem 4.5.1 If t0, t∈I and U is a local vector (m+n)-chart such that c (t0) , c (t)∈U,
then it exists an unique isomorphism
Pt0,t ∈ Izo
(
T pq (E, pi,M)c(t0) ,T
p
q (E, pi,M)c(t)
)
such that (Pt0,t)
−1 = Pt,t0 which not depend on the local vector chart used .
Proof. Let Tc(t0) ∈ T
p
q (E, pi,M)c(t0) be. We admit that
Tpi◦c(t0) =
(
T
a1,...,ap
b1,...,bq
sa1 ⊗ ...⊗ sap ⊗ s
b1 ⊗ ...⊗ sbq
)
(c (t0))
and
Pt0,t
(
Tc(t0)
)
= T
a1,...,ap
b1,...,bq
(c (t0))A
a˜1
a1
(t0, t) · ... ·A
a˜p
ap (t0, t) ·B
b1
b˜1
(t0, t) ·
... ·B
bq
b˜q
(t0, t) · ·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
(c (t0)) ,
where the matrices∥∥Aa˜1a1 (t0, t)∥∥ , ...∥∥∥Aa˜pap (t0, t)∥∥∥ ,∥∥∥Bb1b˜1 (t0, t)∥∥∥ , ...,∥∥∥Bbqb˜q (t0, t)∥∥∥
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are the matrices used for base transformation. Using the equality
0 =
d
dt
(
T
a1,...,ap
b1,...,bq
c (t0)
)
=
d
dt
(
T
a1,...,ap
b1,...,bq
c (t0)A
a˜1
a1
(t0, t) · ... · A
a˜p
ap (t0, t)
·Bb1
b˜1
(t0, t) ... · B
bq
b˜q
(t0, t)
)
·Aa1a˜1 (t, t0) · ...
·A
ap
a˜p
(t, t0) ·B
b˜1
b1
(t, t0) ... · B
b˜q
bq
(t, t0) + T
a1,...,ap
b1,...,bq
c (t0)
·Aa˜1a1 (t0, t) · ... ·A
a˜p
ap (t0, t) ·B
b1
b˜1
(t0, t) · ...
·B
bq
b˜q
(t0, t) ·
d
dt
(
Aa1a˜1 (t, t0) · ... · A
ap
a˜p
(t, t0)
·B b˜1b1 (t, t0) ... · B
b˜q
bq
(t, t0)
)
and the notation
T˜
a1,...,ap
b1,...,bq
c (t) = T
a1,...,ap
b1,...,bq
(pi ◦ c (t0))Aa˜1a1 (t0, t) · ... · A
a˜p
ap (t0, t) · B
b1
b˜1
(t0, t) ... ·B
bq
b˜q
(t0, t)
we obtain the equality
−
d
dt
T˜
a˜1,...,a˜p
b˜1,...,b˜q
c (t) = Aa˜1a1 (t0, t)
d
dt
Aa1a (t, t0)T
aa˜2,...,a˜p
b˜1,...,b˜q
c (t) + ...
+A
a˜p
ap (t0, t)
d
dt
A
ap
a (t, t0)T
a˜1,...,a˜p−1a
b˜1,...,b˜q
c (t)
+Bb1
b˜1
(t0, t)
d
dt
Bbb1 (t, t0)T
a˜1,...,a˜p
bb˜2,...,b˜q
c (t) + ...
+B
bq
b˜q
(t0, t)
d
dt
Bbbq (t, t0)T
a˜1,...,a˜p
b˜1,...,b˜q−1b
c (t) .
Since the differentiable equations:
Aa˜1a1 (t0, t)
d
dt
Aa1a (t, t0) = ρΓ
a˜1
aαc (t) g
α
c (x (t)) y
c (t)
Aa1a˜1 (t0, t0) = δ
a1
a˜1
...
A
a˜p
ap (t0, t)
d
dt
A
ap
a (t, t0) = ρΓ
a˜p
aαc (t) gαc (x (t)) y
c (t)
A
ap
a˜p
(t0, t0) = δ
ap
a˜p
Bb1
b˜1
(t0, t)
d
dt
Bbb1 (t, t0) = −ρΓ
b
b˜1α
c (t) gαc (x (t)) y
c (t)
B b˜1b1 (t0, t0) = δ
b˜1
b1
...
B
bq
b˜q
(t0, t)
d
dt
Bbbq (t, t0) = −ρΓ
b
b˜qα
c (t) gαc (x (t)) y
c (t)
B
b˜q
bq
(t0, t0) = δ
b˜q
bq
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are equivalent with the following differentiable equations
d
dt
Aa1a˜1 (t, t0) = A
a1
a (t, t0) ρΓ
a
a˜1α
(pi ◦ c (t)) gαc (x (t)) y
c (t)
Aa1a˜1 (t0, t0) = δ
a1
a˜1
...
d
dt
A
ap
a˜p
(t, t0) = A
ap
a (t, t0) ρΓ
a
a˜pα
(pi ◦ c (t)) gαc (x (t)) y
c (t)
A
ap
a˜p
(t0, t0) = δ
ap
a˜p
d
dt
B b˜1b1 (t, t0) = −B
b
b1
(t, t0) ρΓ
b˜1
bα (pi ◦ c (t)) g
α
c (x (t)) y
c (t)
B b˜1b1 (t0, t0) = δ
b˜1
b1
...
d
dt
B
b˜q
bq
(t, t0) = −Bbbq (t, t0) ρΓ
b˜q
bα (pi ◦ c (t)) g
α
c (x (t)) y
c (t)
B
b˜q
bq
(t0, t0) = δ
b˜q
bq
which has unique solutions which not depend on the local vector chart used, it results
the conclusion of the theorem. q.e.d.
Corollary 4.5.1 For any p, q ∈ N, it exists a parallel transport Pc between the tensors
of (p, q) type.
This parallel transport will be called the parallel transport along the curve c associ-
ated to linear ρ-connection ρΓ.
Proof. Let p, q ∈ N and t0, t ∈ I be. Without restricting the generality, we admit that
not exists a vector local m+ r-chart U which contain the points c (t0) and c (t) .
Since I is a conex manifold, it results that it exist a finite numbers of real numbers
t1, t2, ..., tr = t such that for each j ∈ 1, r, the points c (tj−1) and c (tj) belongs to the
same vector local m+ r-chart.
Using the previous theorem, we build the linear isomorphisms Pt0,t1 , Pt1,t2 , ... , Ptr−1 ,t.
The linear isomorphism Ptr−1,t ◦ ... ◦ Pt1,t2 ◦ Pt0,t1 = Pt0,t not depend on the vector
local m+ r-charts used. q.e.d.
Remark 4.5.1 Using the notations of the previous theorem we obtain:
(4.5.2)
−
d
dt
T˜
a˜1,...,a˜p
b˜1,...,b˜q
c (t) = T
aa˜2,...,a˜p
b˜1,...,b˜q
c (t) ρΓa˜1aαc (t) g
α
c (x (t)) y
c (t) + ...
+T
a˜1,...,a˜p−1a
b˜1,...,b˜q
c (t) ρΓ
a˜p
aαc (t) gαc (x (t)) y
c (t)+
−T
a˜1,...,a˜p
bb˜2,...,b˜q
c (t) ρΓb
b˜1α
c (t) gαc (x (t)) y
c (t)− ...
−T
a˜1,...,a˜p
b˜1,...,b˜q−1b
c (t) ρΓb
b˜qα
c (t) gαc (x (t)) y
c (t) .
Theorem 4.5.2 If (E, pi,M) = (F, ν,N) and Pc is the parallel transport along the
curve c associated to linear ρ-connection ρΓ, then, for any t ∈ I we obtain:
(4.5.3) lim
h−→0
Pt+h,t
(
Tc(t+h)
)
− Tc(t)
h
=
(
ρDu(c,c˙)T
)
c (t) ,
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for any T ∈ T pq (E, pi,M) .
Proof. Let be T ∈ T pq (E, pi,M). Let t ∈ I and h > 0 be such that ]t− h, t+ h[ ⊂ I.
For any a˜1, ..., a˜p, b˜1, ..., b˜q ∈ 1, n we build the following application
[t, t+ h]
z
a˜1,...,a˜p
b˜1,...,b˜q
−−−−−−→ R
θ 7−→ z
a˜1,...,a˜p
b˜1,...,b˜q
(θ)
defined by
z
a˜1,...,a˜p
b˜1,...,b˜q
(θ)=T
a˜1,...,a˜p
b˜1,...,b˜q
c (t+h)Aa˜1a1 (t+h, θ) · ... ·A
a˜p
ap (t+ h, θ) ·B
b1
b˜1
(t+h, θ) ... ·B
bq
b˜q
(t+ h, θ)
Using the main theorem, it exists a unique real number
ξ
a˜1,...,a˜p
b˜1,...,b˜q
∈ ]t, t+ h[
such that
z
a˜1,...,a˜p
b˜1,...,b˜q
(t+ h) = z
a˜1,...,a˜p
b˜1,...,b˜q
(t) + h
(
z
a˜1,...,a˜p
b˜1,...,b˜q
)′ (
ξ
a˜1,...,a˜p
b˜1,...,b˜q
)
.
Since the component by indices
a˜1,...,a˜p
b˜1,...,b˜q
of a tensor Pt+h,t
(
Tc(t+h)
)
is z
a˜1,...,a˜p
b˜1,...,b˜q
(t), it results
that
lim
h−→0
Pt+h,t(Tpi◦c(t+h))−Tpi◦c(t)
h
=
= lim
h−→0
z
a˜1,...,a˜p
b˜1,...,b˜q
(t)−T
a˜1,...,a˜p
b˜1,...,b˜q
c(t)
h
·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
c (t)
= lim
h−→0
T
a˜1,...,a˜p
b˜1,...,b˜q
c(t+h)−T
a˜1,...,a˜p
b˜1,...,b˜q
c(t)
h
·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
c (t)
− lim
h−→0
h
(
z
a˜1,...,a˜p
b˜1,...,b˜q
)´(
ξ
a˜1,...,a˜p
b˜1,...,b˜q
)
h
·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
c (t)
=
d
dt
T
a˜1,...,a˜p
b˜1,...,b˜q
c (t) ·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
c (t)
−
d
dt
T˜
a˜1,...,a˜p
b˜1,...,b˜q
c (t) ·
(
sa˜1 ⊗ ...⊗ sa˜p ⊗ s
b˜1 ⊗ ...⊗ sb˜q
)
c (t) .
Using Remark 4.5.1 and the equality
d
dt
T
a˜1,...,a˜p
b˜1,...,b˜q
c (t) =
dxi
dt
∂T
a˜1,...,a˜p
b˜1,...,b˜q
c (t)
∂xi
= gαc (x (t)) y
c (t) ρiα
∂T
a˜1,...,a˜p
b˜1,...,b˜q
c (t)
∂xi
,
it results the conclusion of theorem. q.e.d.
Definition 4.5.2 The tensor field T ∈ T pq (E, pi,M) is parallel along the curve c with
respect to the linear ρ-connection ρΓ if for any t1, t2 ∈ I it results that
(4.5.4) Pt1,t2
(
Tc(t1)
)
= Tc(t2).
Theorem 4.5.3 The tensor field T ∈ T pq (E, pi,M) is parallel along the curve c with
respect to linear ρ-connection ρΓ if and only if
(4.5.5)
(
ρDu(c,c˙)T
)
c (t) = 0,∀t ∈ I.
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Corollary 4.5.2 The tensor field T ∈ T pq (E, pi,M) is parallel along the curve c with
respect to linear ρ-connection ρΓ if and only if
d
dt
T
a˜1,...,a˜p
b˜1,...,b˜q
c (t) + gαc (x (t)) y
c (t)
(
T
aa˜2,...,a˜p
b˜1,...,b˜q
ρΓa˜1aα + ...+ T
a˜1,...,a˜p−1a
b˜1,...,b˜q
ρΓ
a˜p
aα
−T
a˜1,...,a˜p
bb˜2,...,b˜q
ρΓb
b˜1α
− T
a˜1,...,a˜p
b˜1,...,b˜q−1b
ρΓb
b˜qα
)
c (t) = 0, ∀t ∈ I.
4.6 Formulas of Gauss-Weingarten type
Using the main ideas of the theory of Myller configurations, introduced by R. Miron in
[37] and applied to Finsler spaces by O. Constantinescu in [13] and his Ph.D. Thesis,
we present the Gauss-Weingarten formulas for generalized Lie algebroids.
Let (
(F, ν,N) , [, ]F,h , (ρ, η)
)
be a generalized Lie algebroid given by the diagram:
(4.6.1)
(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
The geometry of the couple (M,h) is the geometry of the pull-back vector bundle
(h∗F, h∗ν,M) using the diagram
(4.6.2)
h∗F
h∗ν

(
h∗F, [, ]h∗F ,
(
h∗F
ρ , IdM
))
h∗ν

M
IdM
//M
Let I
c
−−−→M be a differentiable curve and let M ′ = Im (η ◦ h ◦ c) be.
Let I
c˙
−−−→h∗F|M ′ be the (Idh∗F , IdM )-lift of the curve c.
Let
{
Tα, α ∈ 1, p
}
,
{
sa, a ∈ 1, q
}
and
{
χ
i
, i ∈ 1, s
}
be the base for
Γ
(
h∗F|M ′ , h
∗ν |M ′ ,M
′
)
, Γ
(
T h
∗F (c, c˙) , τ ,M ′
)
and Γ
(
Sh
∗F (c, c˙) , σ,M ′
)
,
respectively.
The dimension of type fibre of the vector bundle
(
h∗F|M ′ , h
∗ν |M ′ ,M
′
)
is q + s = p.
Consequently, for any a ∈ 1, q we have
(4.6.3) sa = Λ
α
aTα
and for any i ∈ 1, s we have
(4.6.4) χi = Λ
α
i Tα.
Let g = gαβt
α ⊗ tβ ∈ T 02 (F, ν,N) be a (pseudo)metrical structure.
Remark 4.6.1 The following affirmations are satisfied:
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1. The section
h∗F
g =
h∗F
g αβT
α ⊗ T β defined by
(4.6.5) h
∗F
g αβ (x) = gαβ (h (x))
is a (pseudo)metrical structure.
2. The section
Th
∗F
g =
Th
∗F
g abs
a ⊗ sb defined by
(4.6.6) T
h∗F
g ab (x) = Λ
α
agαβ (h (x)) Λ
β
b
is a (pseudo)metrical structure.
3. The section
Sh
∗F
g =
Sh
∗F
g ijχ
i ⊗ χj defined by
(4.6.7) S
h∗F
g ij (x) = Λ
α
i gαβ (h (x))Λ
β
j
is a (pseudo)metrical structure.
Remark 4.6.2 Using the diagram (4.6.2) we can construct the linear ρ-connection of
Levi Civita type
h∗F
ρ Γ of components
h∗F
ρ Γαβγ .
We have the covariant ρ-derivative defined by
(4.6.8)
h∗F
ρ Dzw = z
γ
((
h∗F
ρ
)k
γ
∂wα
∂xk
+
h∗F
ρ Γαβγw
β
)
Tα,
where
(
h∗F
ρ
)k
γ
are the components of the map
h∗F
ρ .
Definition 4.6.1 If we can defined
(4.6.9) h∗F
ρ Dv⊕0 (u⊕ 0) = vc
((
h∗F
ρ
)k
c
∂ua
∂xk
+
h∗F
ρ Γabcu
b
)
sa,
(4.6.10) h∗F
ρ Dv⊕0 (0⊕ ξ) = vc
((
h∗F
ρ
)k
c
∂ξi
∂xk
+
h∗F
ρ Γijcξ
j
)
χi,
(4.6.11) h∗F
ρ D0⊕η (u⊕ 0) = ηh
(
h∗F
ρ
k
h
∂ua
∂xk
+
h∗F
ρ Γabhu
b
)
sa,
(4.6.12)
h∗F
ρ D0⊕η (0⊕ ξ) = η
h
((
h∗F
ρ
)k
h
∂ξi
∂xk
+
h∗F
ρ Γijhξ
j
)
χi.
and we can consider the bilinear applications
Γ
(
T h
∗F (c, c˙) , τ ,M ′
)
× Γ
(
T h
∗F (c, c˙) , τ ,M ′
) H
−−→ Γ
(
Sh
∗F (c, c˙) , σ,M ′
)
and
Γ
(
Sh
∗F (c, c˙) , σ,M ′
)
× Γ
(
T h
∗F (c, c˙) , τ ,M ′
) A
−−→ Γ
(
T h
∗F (c, c˙) , τ ,M ′
)
which satisfy the following relations
(4.6.13)
h∗F
ρ DvcΛγcTγ
(
ubΛβb Tβ
)
=
h∗F
ρ Dv⊕0 (u⊕ 0)⊕H (u, v) ,
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(4.6.14)
h∗F
ρ DvcΛγcTγ
(
ξjΛβj Tβ
)
= −Aξ (v)⊕
h∗F
ρ Dv⊕0 (0⊕ ξ)
and
(4.6.15) S
h∗F
g (H (u, v) , ξ) =
Th
∗F
g (Aξ (v) , u) ,
then we will say that the relations (4.6.13), (4.6.14) and (4.6.15) are formulas of Gauss-
Weingarten type associated to differentiable curve c, metrical structure g and bilinear
applications H and A.
The bilinear application H will be called the second fundamental form of differen-
tiable curve c.
Remark 4.6.2 Using the base sections, then the formulas of Gauss-Weingarten type
become:
(4.6.13′) Λγc
((
h∗F
ρ
)k
γ
∂Λαb
∂xk
+
h∗F
ρ ΓαβγΛ
β
b
)
=
h∗F
ρ ΓabcΛ
α
a +H
i
bcΛ
α
i ,
(4.6.14′) Λγc
((
h∗F
ρ
)h
γ
∂Λαj
∂xh
+
h∗F
ρ ΓαβγΛ
β
j
)
= −AajcΛ
α
a +
h∗F
ρ ΓijcΛ
α
i
(4.6.15′)
Sh
∗F
g ijH
i
bc =
Th
∗F
g abA
a
jc.
5 The geometry of total space of the Lie algebroid gene-
ralized tangent bundle for a vector bundle
5.1 Adapted (ρ, η)-basis and adapted dual (ρ, η)-basis
In the following, we consider the following diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) .
If we put the problem of finding a base for the F (E)-module
(Γ (H (ρ, η)TE, (ρ, η) τE, E) ,+, ·)
of the type
δ
δz˜α
= Z˜βα
∂
∂z˜α
+ Y aα
∂
∂y˜a
, α ∈ 1, r
which satisfies the following conditions:
(5.1.1)
Γ ((ρ, η) pi!, IdE)
(
δ
δz˜α
)
= T˜α,
Γ ((ρ, η) Γ, IdE)
(
δ
δz˜α
)
= 0,
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then we obtain the sections
(5.1.2)
δ
δz˜α
=
∂
∂z˜α
− (ρ, η) Γaα
∂
∂y˜a
.
We observe that their law of change is a tensorial law under a change of vector fiber
charts.
Definition 5.1.1 The base (
δ
δz˜α
,
∂
∂y˜a
)
put
=
(
δ˜α,
·
∂˜a
)
will be called the adapted (ρ, η)-base.
The following equality holds good
(5.1.3) Γ (ρ˜, IdE)
(
δ˜α
)
=
(
ρiα ◦ h ◦ pi
)
∂i − (ρ, η) Γaα∂˙a,
where
(
∂i, ∂˙a
)
is the natural base for the F (E)-module (Γ (TE, τE , E) ,+, ·) .
Moreover, if ρΓ is the ρ-connection associated to the connection Γ, then we obtain
(5.1.4) Γ (ρ˜, IdE)
(
δ˜α
)
=
(
ρiα ◦ h ◦ pi
)
δi,
where
(
δi, ∂˙a
)
is the adapted base for the F (E)-module (Γ (TE, τE , E) ,+, ·) .
Theorem 5.1.1 The following equality holds good
(5.1.5)
[
δ˜α, δ˜β
]
(ρ,η)TE
= Lγαβ ◦ (h ◦ pi) δ˜γ + (ρ, η, h)R
a
αβ
·
∂˜a,
where
(5.1.6)
(ρ, η, h)Raαβ = Γ (ρ˜, IdE)
(
δ˜β
)
((ρ, η) Γaα)
−Γ (ρ˜, IdE)
(
δ˜α
)(
(ρ, η) Γaβ
)
+
(
L
γ
αβ ◦ h ◦ pi
)
(ρ, η) Γaγ ,
Moreover, we have:
(5.1.7)
[
δ˜α,
·
∂˜b
]
(ρ,η)TE
= Γ (ρ˜, IdE)
( ·
∂˜b
)
((ρ, η) Γaα)
·
∂˜a,
and
(5.1.8) Γ (ρ˜, IdE)
[
δ˜α, δ˜β
]
(ρ,η)TE
=
[
Γ (ρ˜, IdE)
(
δ˜α
)
,Γ (ρ˜, IdE)
(
δ˜β
)]
TE
.
Let
(
dz˜α, dy˜b
)
be the natural dual (ρ, η)-base.
If we consider the problem of finding a base for the F (E)-module
(Γ ((V (ρ, η)TE)∗ , ((ρ, η) τE)
∗ , E) ,+, ·)
of the type
δy˜a = θaαdz˜
α + ωabdy˜
b, a ∈ 1, n
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which satisfies the following conditions:
(5.1.9)
〈
δy˜a,
·
∂˜a
〉
= 1 ∧
〈
δy˜a, δ˜α
〉
= 0,
then we obtain the sections
(5.1.10) δy˜a = (ρ, η) Γaαdz˜
α + dy˜a, a ∈ 1, n.
We observe that their changing rule is tensorial under a change of vector fiber charts.
Definition 5.1.2 The base (dz˜α, δy˜a) will be called the adapted dual (ρ, η)-base.
5.2 Remarkable Mod-endomorphisms
In the following we consider the diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 5.2.1 For any Mod-endomorphism e of
(Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·)
we define the application of Nijenhuis type
Γ((ρ,η)TE,(ρ, η)τE , E)
2 Ne
−−−−−−→ Γ((ρ, η)TE,(ρ, η)τE ,E)
defined by
Ne (X,Y ) = [eX, eY ]ρTE + e
2 [X,Y ]ρTE − e [eX, Y ]ρTE − e [X, eY ]ρTE ,
for any X,Y ∈ Γ((ρ, η)TE,(ρ, η)τE,E).
Remark 5.2.1 The vertical and the horizontal vector subbundles are interior differential
systems for the Lie algebroid generalized tangent bundle(
((ρ, η)TE,(ρ, η)τE,E), [, ](ρ,η)TE , (ρ˜, IdE)
)
.
These interior differential systems will be called vertical and horizontal interior diffe-
rential systems.
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5.2.1 Projectors
Definition 5.2.1.1 Any Mod-endomorphism e of
Γ ((ρ, η)TE, (ρ, η )τE, E)
with the property
(5.2.1.1) e2 = e
will be called projector.
Example 5.2.1.1 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
V
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Z˜αδ˜α + Y
a
·
∂˜a 7−→ Y a
·
∂˜a
is a projector which will be called the vertical projector.
Remark 5.2.1.1 We have V
(
δ˜α
)
= 0 and V
( ·
∂˜a
)
=
·
∂˜a. Therefore, it follows
V
(
∂˜α
)
= (ρ, η) Γaα
·
∂˜a.
Theorem 5.2.1.1 A (ρ, η)-connection for the vector bundle (E, pi,M) is characterized
by the existence of a Mod-endomorphism V of
(Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·)
with the properties:
(5.2.1.2)
V (Γ ((ρ, η)TE, (ρ, η) τE, E)) ⊂ Γ (V (ρ, η)TE, (ρ, η) τE, E)
V (X) = X ⇐⇒ X ∈ Γ (V (ρ, η)TE, (ρ, η) τE, E)
Example 5.2.1.2 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
H
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Z˜αδ˜α + Y
a
·
∂˜a 7−→ Z˜αδ˜α
is a projector which will be called the horizontal projector.
Remark 5.2.1.2We haveH
(
δ˜α
)
=δ˜α andH
( ·
∂˜a
)
=0. Therefore, we obtainH
(
∂˜α
)
=δ˜α.
Theorem 5.2.1.2 A (ρ, η)-connection for the vector bundle (E, pi,M) is characterized
by the existence of a Mod-endomorphism H of
(Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·)
with the properties:
(5.2.1.3)
H (Γ ((ρ, η)TE, (ρ, η) τE , E)) ⊂ Γ (H (ρ, η)TE, (ρ, η) τE, E)
H (X) = X ⇐⇒ X ∈ Γ (H (ρ, η)TE, (ρ, η) τE, E) .
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Corollary 5.2.1.1 A (ρ, η)-connection for the vector bundle (E, pi,M) is characterized
by the existence of a Mod-endomorphism H of
(Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·)
with the properties:
(5.2.1.4)
H2 = H
Ker (H) = (Γ (V (ρ, η)TE, (ρ, η) τE, E) ,+, ·) .
Remark 5.2.1.3 For any
X ∈ Γ ((ρ, η)TE, (ρ, η) τE , E)
we obtain the following unique decomposition
X = HX + VX.
Proposition 5.2.1.1 After some calculations we obtain
(5.2.1.5) NV (X,Y ) = V [HX,HY ](ρ,η)TE = NH (X,Y ) ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.2.1.2 The horizontal interior differential system
(H (ρ, η)TE, (ρ, η) τE, E)
is involutive if and only if NV = 0 or NH = 0.
5.2.2 The almost product structure
Definition 5.2.2.1 Any Mod-endomorphism e of
(Γ ((ρ, η)TE, (ρ, η )τE, E) ,+, ·)
with the property
(5.2.2.1) e2 = Id
will be called the almost product structure.
Example 5.2.2.1 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
P
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Z˜αδ˜α + Y
a
·
∂˜a 7−→ Z˜αδ˜α − Y a
·
∂˜a
is an almost product structure.
Remark 5.2.2.1 The previous almost product structure has the properties:
(5.2.2.2)
P = 2H− Id;
P = Id− 2V;
P = H− V.
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Remark 5.2.2.2 We obtain that P
(
δ˜α
)
= δ˜α and P
( ·
∂˜a
)
= −
·
∂˜a. Therefore, it
follows
P
(
∂˜α
)
= δ˜α − ρΓ
a
α
·
∂˜a.
Theorem 5.2.2.1 A (ρ, η)-connection for the vector bundle (E, pi,M) is characterized
by the existence of a Mod-endomorphism P of
(Γ ((ρ, η)TE, (ρ, η) τE, E) ,+, ·)
with the following property:
(5.2.2.3) P (X) = −X ⇐⇒ X ∈ Γ (V (ρ, η)TE, (ρ, η) τE, E) .
Proposition 5.2.2.1 After some calculations, we obtain
NP (X,Y ) = 4V [HX,HY ] ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.2.2.1 The horizontal interior differential system
(H (ρ, η)TE, (ρ, η) τE, E)
is involutive if and only if NP = 0.
5.2.3 The almost tangent structure
Definition 5.2.3.1 Any Mod-endomorphism e of
(Γ((ρ, η)TE, (ρ, η)τE , E),+, ·)
with the property
(5.2.3.1) e2 = 0
will be called the almost tangent structure.
Example 5.2.3.1 If (E, pi,M) = (F, ν,N), g ∈ Man (E,E) such that (g, h) is a Bv-
morphism locally invertible, then the Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE, E)
J(g,h)
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Z˜aδ˜a + Y˜
b
·
∂˜b 7−→
(
g˜ba ◦ h ◦ pi
)
Z˜a
·
∂˜b
is an almost tangent structure which will be called the almost tangent structure associ-
ated to Bv-morphism (g, h). (See: Definition 4.4.1.3)
Remark 5.2.3.1 We obtain that
J(g,h)
(
δ˜a
)
= J(g,h)
(
∂˜a
)
=
(
g˜ba ◦ h ◦ pi
) ·
∂˜b and J(g,h)
( ·
∂˜b
)
= 0.
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Remark 5.2.3.2 The previous almost tangent structure has the following properties:
(5.2.3.2)
J(g,h) ◦ P = J(g,h);
P ◦ J(g,h) = −J(g,h);
J(g,h) ◦ H = J(g,h);
H ◦ J(g,h) = 0;
J(g,h) ◦ V = 0;
V ◦ J(g,h) = J(g,h);
NJ(g,h) = 0.
5.2.4 The almost complex structure
Let us consider in the case (E, pi,M) = (F, ν,N).
Definition 5.2.4.1 Any Mod-endomorphism e of
(Γ((ρ, η)TE, (ρ, η)τE , E),+, ·)
with the property
(5.3.4.1) e2 = −Id
will be called the almost complex structure.
Example 5.2.4.1 If (g, h) is a Bv-morphism of (E, pi,M) source and target locally
invertible, then the Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
F (g,h)
−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Z˜aδ˜a + Y
b
·
∂˜b 7−→ (g
a
b ◦ h ◦ pi)Y
bδ˜a −
(
g˜ba ◦ h ◦ pi
)
Z˜a
·
∂˜b
is an almost complex structure.
Remark 5.2.4.1 We have
F(g,h)
(
δ˜a
)
= −
(
g˜ba ◦ h ◦ pi
) ·
∂˜b
and
F(g,h)
( ·
∂˜b
)
= (gab ◦ h ◦ pi) δ˜a.
Therefore, we obtain:
F(g,h)
(
∂˜c
)
= (ρ, η) Γac (g
a
b ◦ h ◦ pi) δ˜a −
(
g˜bc ◦ h ◦ pi
) ·
∂˜b.
Remark 5.2.4.2 The previous almost complex structure has the following properties:
(5.2.4.2)
F(g,h) ◦ J(g,h) = H;
F(g,h) ◦ H = −J(g,h);
J(g,h) ◦ F(g,h) = V.
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5.2.5 The (ρ, η)-tension endomorphism
Since
∂ (ρ, η) Γa´α´
∂yb´
=M a´a
(
ρiα
∂Mab´
∂xi
+
∂ (ρ, η) Γac
∂yb
M bb´
)
Λαα´,
it results that
(ρ, η) Γa´α´ − y
b´∂ (ρ, η) Γ
a´
α´
∂yb´
=M a´a
(
(ρ, η) Γaα − y
b ∂ (ρ, η) Γ
a
α
∂yb
)
Λαα´,
Therefore, we can introduce the following
Definition 5.2.5.1 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE, E)
(ρ,η)H
−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
defined by
(5.2.5.1)
(ρ, η)H
(
δ˜α
)
=
(
(ρ, η) Γaα − y
b∂ (ρ, η) Γ
a
α
∂yb
) ·
∂˜a,
(ρ, η)H
( ·
∂˜a
)
= 0(ρ,η)TE
will be called the (ρ, η)-tension of (ρ, η)-connection (ρ, η) Γ.
In particular, if h = IdM and (ρ, η)= (IdTM , IdM ), then we obtain the tension of
connection Γ.
Proposition 5.2.5.1 We obtain the following equalities
J(IdE ,IdM ) ◦ (ρ, η)H = 0 = (ρ, η)H ◦ J(IdE ,IdM ).
5.3 The (ρ, η, h)-torsion and the (ρ, η, h)-curvature of a (ρ, η)-connection
We consider the following diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 5.3.1 If (E, pi,M) = (F, ν,N), then the F (E)-bilinear application
Γ ((ρ, η)TE, (ρ, η) τE, E)
2 (ρ,η,h)T−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
defined by
(5.3.1)
(ρ, η, h)T
(
δ˜b, δ˜c
)
=
(
∂ (ρ, η) Γac
∂yb
−
∂ (ρ, η) Γab
∂yc
− Labc ◦ h ◦ pi
) ·
∂˜a;
(ρ, η, h)T
(
δ˜b,
·
∂˜c
)
= 0 = (ρ, η, h)T
( ·
∂˜c, δ˜b
)
;
(ρ, η, h)T
( ·
∂˜b,
·
∂˜c
)
= 0;
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will be called the (ρ, η, h)-torsion associated to (ρ, η)-connection (ρ, η) Γ.
In particular, if h = IdM , then we obtain the (ρ, η)-torsion associated to (ρ, η)-
connection (ρ, η) Γ.
Moreover, if (ρ, η) = (IdTM , IdM ), then we obtain the torsion associated to connec-
tion Γ.
Remark 5.3.1 If (ρ, η, h)T is the (ρ, η, h)-torsion associated to (ρ, η)-connection (ρ, η) Γ,
then
(5.3.2) (ρ, η, h)T(X,Y ) = − (ρ, η, h)T(Y,X),
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Definition 5.3.2 If we consider the notation
(5.3.3) (ρ, η, h)Tabc
put
=
∂ (ρ, η) Γac
∂yb
−
∂ (ρ, η) Γab
∂yc
− Labc ◦ h ◦ pi
then the tensor field
(5.3.4) (ρ, η, h)Tabc
δ
δz˜a
⊗ dz˜b ⊗ dz˜c
will be called the (ρ, η, h)-torsion tensor field associated to (ρ, η)-connection (ρ, η) Γ.
Proposition 5.3.1 We obtain
J(IdE ,IdM ) ◦ (ρ, η)T = 0
and
(ρ, η, h)T
(
J(IdE ,IdM )X,Y
)
= (ρ, η)T
(
J(IdE ,IdM )X,J(IdE ,IdM )Y
)
= (ρ, η)T
(
X,J(IdE ,IdM )Y
)
,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) .
Theorem 5.3.1 Using the (ρ, η)-tension tensor field
(5.3.5) (ρ, η)Hab
∂
∂y˜a
⊗ dz˜b =
(
(ρ, η) Γab − y
c∂ (ρ, η) Γ
a
b
∂yc
)
∂
∂y˜a
⊗ dz˜b,
and the (ρ, η, h)-deflection of the (ρ, η)-connection (ρ, η) Γ
(5.3.6) (ρ, η, h)Dab = − (ρ, η) Γ
a
b + y
c∂ (ρ, η) Γ
a
c
∂yb
− ycLabc ◦ h ◦ pi,
we obtain that (ρ, η, h)Dab=0 if and only if (ρ, η)H
a
b=0 and (ρ, η, h)T
a
bc=0.
Proof. If (ρ, η, h)Dab=0, then deriving with respect to y
c, we obtain:
−
∂ (ρ, η) Γab
∂yc
+
∂ (ρ, η) Γac
∂yb
− Labc ◦ h ◦ pi = 0⇐⇒ (ρ, η, h)T
a
bc = 0.
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The equality (ρ, η, h)Dab=0 implies:
(1) (ρ, η) Γab = y
c∂ (ρ, η) Γ
a
c
∂yb
− ycLabc ◦ h ◦ pi.
Since
(ρ, η)Hab = (ρ, η) Γ
a
b − y
c∂ (ρ, η) Γ
a
b
∂yc
=
= yc
∂ (ρ, η) Γac
∂yb
− ycLabc ◦ h ◦ pi − y
c∂ (ρ, η) Γ
a
b
∂yc
= yc (ρ, η, h)Tabc
it results the equality (ρ, η)Hab=0.
Conservely, if (ρ, η, h)Tabc=0, then, multiplying with y
c, we obtain:
(2)
∂ (ρ, η) Γac
∂yb
yc −
∂ (ρ, η) Γab
∂yc
yc − ycLabc ◦ h ◦ pi = 0.
The equality (ρ, η)Hab=0 is equivalent with:
(3) (ρ, η) Γab = y
c∂ (ρ, η) Γ
a
b
∂yc
.
Using (2) and (3), it results the equality (ρ, η, h)Dab = 0. q.e.d.
Definition 5.3.3 The F (E)-bilinear application
Γ ((ρ, η)TE, (ρ, η) τE, E)
2 (ρ,η,h)R−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
defined by
(5.3.7)
(ρ, η, h)R
(
δ˜α, δ˜β
)
= (ρ, η, h)Ra αβ
·
∂˜a;
(ρ, η, h)R
(
δ˜α,
·
∂˜b
)
= 0 = (ρ, η, h)R
( ·
∂˜b, δ˜α
)
;
(ρ, η, h)R
( ·
∂˜a,
·
∂˜b
)
= 0;
will be called the (ρ, η, h)-curvature associated to (ρ, η)-connection (ρ, η) Γ.
In particular, if h = IdM , then we obtain the (ρ, η)-curvature associated to (ρ, η)-
connection (ρ, η) Γ.
Moreover, if (ρ, η) = (IdTM , IdM ), then we obtain the curvature associated to con-
nection Γ.
Remark 5.3.2 If (ρ, η, h)R is the (ρ, η, h)-curvature associated to (ρ, η)-connection
(ρ, η) Γ, then
(5.3.8) (ρ, η, h)R (X,Y ) = − (ρ, η, h)R (Y,X) ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
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Definition 5.3.4 The tensor field
(5.3.9) (ρ, η, h)Ra αβ
∂
∂y˜a
⊗ dz˜α ⊗ dz˜β
will be called the (ρ, η, h)-curvature tensor field associated to the (ρ, η)-connection
(ρ, η) Γ.
Using equality (5.1.5), we obtain
Remark 5.3.3 The horizontal interior differential system (H (ρ, η)TE, (ρ, η) τE, E)
is involutive if and only if the (ρ, η, h)-curvature tensor field associated to the (ρ, η)-
connection (ρ, η) Γ is null.
Theorem 5.3.2 If F is the almost complex structure presented in Example 5.2.4.1,
then (ρ, η, h)T = 0 and (ρ, η, h)R = 0 if and only if NF = 0.
Proof. After some calculations, we obtain the relations:
NF
(
δ˜b, δ˜c
)
= (ρ, η, h)Tabcδ˜a − (ρ, η, h)R
a
bc
·
∂˜a,
NF
(
δ˜b,
·
∂˜c
)
= (ρ, η, h)Ra bcδ˜a − (ρ, η, h)T
a
bc
·
∂˜a,
NF
( ·
∂˜b,
·
∂˜c
)
= − (ρ, η, h)Tabcδ˜a − (ρ, η, h)R
a
bc
·
∂˜a.
Obviously, (ρ, η, h)T =0 and (ρ, η, h)R =0 imply NF = 0.
Conservely, if NF = 0, then we have the equalities:
(ρ, η, h)Tabcδ˜a − (ρ, η, h)R
a
bc
·
∂˜a = 0,
(ρ, η, h)Ra bcδ˜a − (ρ, η, h)T
a
bc
·
∂˜a = 0,
− (ρ, η, h)Tabcδ˜a − (ρ, η, h)R
a
bc
·
∂˜a = 0.
q.e.d.
5.4 Tensor d-fields. Distinguished linear (ρ, η)-connections
We consider the following diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (
T p,rq,s ((ρ, η)TE, (ρ, η) τE , E) ,+, ·
)
be the F (E)-module of tensor fields by (p,rq,s)-type from the generalized tangent bundle
(H (ρ, η)TE ⊕ V (ρ, η)TE, (ρ, η) τE , E) .
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An arbitrarily tensor field T is written as
T = T
α1...αpa1...ar
β1...βqb1...bs
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs .
Let
(T ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,⊗)
be the tensor fields algebra of generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E).
If T1 ∈ T
p1,r1
q1,s1 ((ρ, η)TE, (ρ, η)τE, E) and T2∈T
p2,r2
q2,s2 ((ρ, η)TE, (ρ, η)τE , E), then the
components of product tensor field T1 ⊗ T2 are the products of local components of T1
and T2.
Therefore, we obtain T1 ⊗ T2 ∈ T
p1+p2,r1+r2
q1+q2,s1+s2 ((ρ, η)TE, (ρ, η) τE, E) .
Let DT ((ρ, η)TE, (ρ, η)τE, E) be the family of tensor fields
T ∈ T ((ρ, η)TE, (ρ, η)τE , E)
for which there exists
T1 ∈ T
p,0
q,0 ((ρ, η)TE, (ρ, η)τE , E) and T2 ∈ T
0,r
0,s ((ρ, η)TE, (ρ, η)τE , E)
such that T = T1 + T2.
The F (E)-module (DT ((ρ, η)TE, (ρ, η) τE , E) ,+, ·) will be called the module of
distinguished tensor fields or the module of tensor d-fields.
Remark 5.4.1 The elements of
Γ ((ρ, η)TE, (ρ, η) τE, E)
respectively
Γ(((ρ, η)TE)∗, ((ρ, η)τE)
∗, E)
are tensor d-fields.
Definition 5.4.1 Let (E, pi,M) be a vector bundle endowed with a (ρ, η)-connection
(ρ, η) Γ and let
(5.4.1) (X,T )
(ρ,η)D
−−−−→ (ρ, η)DXT
be a covariant (ρ, η)-derivative for the tensor algebra of generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
which preserves the horizontal and vertical IDS by parallelism.
The real local functions(
(ρ, η)Hαβγ , (ρ, η)H
a
bγ , (ρ, η)V
α
βc, (ρ, η)V
a
bc
)
defined by the following equalities:
(5.4.2)
(ρ, η)Dδ˜γ δ˜β = (ρ, η)H
α
βγ δ˜α, (ρ, η)Dδ˜γ
·
∂˜b = (ρ, η)H
a
bγ
·
∂˜a
(ρ, η)D ·
∂˜c
δ˜β = (ρ, η)V
α
βcδ˜α, (ρ, η)D ·
∂˜c
·
∂˜b = (ρ, η)V
a
bc
·
∂˜a
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are the components of a linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V )
for the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) which will be called the dis-
tinguished linear (ρ, η)-connection.
If h = IdM , then the distinguished linear (IdTM , IdM )-connection will be called the
distinguished linear connection.
The components of a distinguished linear connection (H,V ) will be denoted(
H ijk,H
a
bk, V
i
jc, V
a
bc
)
.
Theorem 5.4.1 If ((ρ, η)H, (ρ, η)V ) is a distinguished linear (ρ, η)- connection for
the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE, E), then its components satisfy the
change relations:
(5.4.3)
(ρ, η)H α´β´γ´ = Λ
α´
α ◦ h ◦ pi ·
[
Γ (ρ˜, IdE)
(
δ˜γ
)(
Λαβ´ ◦ h ◦ pi
)
+
+ (ρ, η)Hαβγ · Λ
β
β´ ◦ h ◦ pi
]
· Λγγ´ ◦ h ◦ pi,
(ρ, η)H a´b´γ´ =M
a´
a ◦ pi ·
[
Γ (ρ˜, IdE)
(
δ˜γ
)
(Mab´ ◦ pi)+
+ (ρ, η)Habγ ·M
b
b´ ◦ pi
]
· Λγγ´ ◦ h ◦ pi,
(ρ, η)V α´β´c´ = Λ
α
α´ ◦ h ◦ pi · (ρ, η)V
α
βc · Λ
β
β´ ◦ h ◦ pi ·M
c
c´ ◦ pi,
(ρ, η)V a´b´c´ =M
a´
a ◦ pi · (ρ, η)V
a
bc ·M
b
b´ ◦ pi ·M
c
c´ ◦ pi.
The components of a distinguished linear connection (H,V ) verify the change relations:
(5.4.3′)
H i´j´k´ =
∂xi´
∂xi
◦ pi ·
[
δ
δxk
(
∂xi
∂xj´
◦ pi
)
+H ijk ·
∂xj
∂xj´
◦ pi
]
·
∂xk
∂xk´
◦ pi,
H a´b´k´ =M
a´
a ◦ pi ·
[
δ
δxk
(Mab´ ◦ pi) +H
a
bk ·M
b
b´ ◦ pi
]
·
∂xk
∂xk´
◦ pi,
V i´j´ c´ =
∂xi´
∂xi
◦ pi · V ijc
∂xj
∂xj´
◦ pi ·M cc´ ◦ pi,
V a´b´c´ =M
a´
a ◦ pi · V
a
bc ·M
b
b´ ◦ pi ·M
c
c´ ◦ pi.
Example 5.4.1 If (E, pi,M) is a vector bundle endowed with the (ρ, η)-connection
(ρ, η) Γ, then the local real functions(
∂ (ρ, η) Γaγ
∂yb
,
∂ (ρ, η) Γaγ
∂yb
, 0, 0
)
are the components of a distinguished linear (ρ, η)-connection for ((ρ, η)TE, (ρ, η) τE , E) ,
which will by called the Berwald linear (ρ, η)-connection.
The Berwald linear (IdTM , IdM )-connection will be called the Berwald linear con-
nection.
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Theorem 5.4.2 If the generalized tangent bundle ((ρ,η)TE,(ρ,η)τE,E) is endowed with
a distinguished linear (ρ,η)-connection ((ρ, η)H, (ρ, η)V ), then, for any
X = Z˜αδ˜α + Y
a
·
∂˜a ∈ Γ((ρ, η)TE,(ρ,η)τE ,E)
and for any
T ∈ T prqs((ρ, η)TE,(ρ, η)τE ,E),
we obtain the formula:
(ρ, η)DX
(
T
α1...αpa1...ar
β1...βqb1...bs
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗
⊗dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs
)
=
= Z˜γT
α1...αpa1...ar
β1...βqb1...bs|γ
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs + Y cT
α1...αpa1...ar
β1...βqb1...bs
|c δ˜α1 ⊗ ...⊗
⊗δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs ,
where
T
α1...αpa1...ar
β1...βqb1...bs|γ
= Γ (ρ˜, IdE)
(
δ˜γ
)
T
α1...αpa1...ar
β1...βqb1...bs
+(ρ, η)Hα1αγT
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)H
αp
αγT
α1...αp−1αa1...ar
β1...βqb1...bs
− (ρ, η)Hββ1γT
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)HββqγT
α1...αpa1...ar
β1...βq−1βb1...bs
+(ρ, η)Ha1aγT
α1...αpaa2...ar
β1...βqb1...bs
+ ...+ (ρ, η)HaraγT
α1...αpa1...ar−1a
β1...βqb1...bs
− (ρ, η)Hbb1γT
α1...αpa1...ar
β1...βqbb2...bs
− ...− (ρ, η)HbbsγT
α1...αpa1...ar
β1...βqb1...bs−1b
and
T
α1...αpa1...ar
β1...βqb1...bs
|c= Γ (ρ˜, IdE)
( ·
∂˜c
)
T
α1...αpa1...ar
β1...βqb1...bs
+
+(ρ, η)V α1αc T
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)V
αp
αc T
α1...αp−1αa1...ar
β1...βqb1...bs
−
− (ρ, η)V ββ1cT
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)V ββqcT
α1...αpa1...ar
β1...βq−1βb1...bs
+
+(ρ, η)V a1ac T
α1...αpaa2...ar
β1...βqb1...bs
+ ...+ (ρ, η)V arac T
α1...αpa1...ar−1a
β1...βqb1...bs
−
− (ρ, η)V bb1cT
α1...αpa1...ar
β1...βqbb2...bs−
...− (ρ, η)V bbscT
α1...αpa1...ar
β1...βqb1...bs−1b
.
Definition 5.4.2 We assume that (E, pi,M) = (F, ν,N) .
If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M) and(
(ρ, η)Habc, (ρ, η) H˜
a
bc, (ρ, η)V
a
bc, (ρ, η) V˜
a
bc
)
are the components of a distinguished linear (ρ, η)-connection for the generalized tangent
bundle ((ρ, η)TE, (ρ, η) τE, E) such that
(ρ, η)Habc = (ρ, η) H˜
a
bc and (ρ, η)V
a
bc = (ρ, η) V˜
a
bc,
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then we will say that the generalized tangent bundle ((ρ,η)TE, (ρ,η)τE ,E) is endowed
with a normal distinguished linear (ρ, η)-connection on components ((ρ, η)Habc, (ρ, η)V
a
bc).
The components of a normal distinguished linear (IdTM , IdM )-connection (H,V )
will be denoted
(
H ijk, V
i
jk
)
.
5.5 The lift of accelerations for a differentiable curve
We consider the following diagram:
(5.5.1)
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) .
We admit that ((ρ, η)H, (ρ, η)V ) is a distinguished linear (ρ, η)-connection for the
vector bundle ((ρ, η)TE, (ρ, η) τE, E) .
Let g ∈Man (E,F ) be such that (g, h) is a Bv-morphism of (E, pi,M) source and
(F, ν,N) target.
Let
(5.5.2)
I
c˙
−−−→ E| Im(η◦h◦c)
t 7−→ ya (t) sa (η ◦ h ◦ c (t))
be the (g, h)-lift of differentiable curve I
c
−−−→ M.
Definition 5.5.1 The differentiable curve
(5.5.3)
I
c¨
−−−→ (ρ, η)TE| Im c˙
t 7−→ (gαa ◦ h ◦ c (t) · y
a (t))
∂
∂z˜α
(c˙ (t)) +
dya (t)
dt
∂
∂y˜a
(c˙ (t))
will be called the differentiable (g, h)-lift of accelerations of the differentiable curve c.
The section
(5.5.4)
Im (c˙)
u(c,c˙,c¨)
−−−−→ (ρ, η)TE| Im(c˙)
c˙ (t) 7−→
(
gαb ◦ h ◦ c (t) · y
b (t)
) ∂
∂z˜α
(c˙ (t)) +
dya (t)
dt
∂
∂y˜a
(c˙ (t))
will be called the canonical section associated to the triple (c, c˙, c¨) .
Remark 5.5.1 For any t ∈ I, we obtain:
(5.5.5)
u (c, c˙, c¨) (c˙ (t)) =
(
gαb ◦ h ◦ c (t) y
b (t)
) δ
δz˜α
(c˙ (t)) +
dya (t)
dt
∂
∂y˜a
(c˙ (t))
+ (ρ, η) Γaα ◦ u (c, c˙) ◦ η ◦ h ◦ c (t) ·
(
gαb ◦ h ◦ c (t) y
b (t)
) ∂
∂y˜a
(c˙ (t)) .
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We observe easily that u (c, c˙, c¨) (c˙ (t)) ∈ H (ρ, η)TE| Im(c˙) if and only if the compo-
nents functions
(
ya, a ∈ 1, n
)
are solutions for the differentiable equations
(5.5.6)
dua
dt
+ (ρ, η) Γaα ◦ u (c, c˙) ◦ η ◦ h ◦ c · (g
α
b ◦ h ◦ c) · u
b = 0, a ∈ 1, r.
Remark 5.5.2 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and (g, IdM ) is locally
invertible, then, using the (g, IdM )-lift
(5.5.7)
I
c˙
−−−→ TM
t 7−→ g˜ij
dcj (t)
dt
∂
∂xi
(c (t)) ,
the differentiable (g, IdM )-lift of accelerations for the differentiable curve c is
(5.5.8)
I
c¨
−−−→ (IdTM , IdM )TTM| Im(c˙)
t 7−→
dci (t)
dt
∂
∂z˜i
(c˙ (t)) + g˜ij (c (t))
dcj (t)
dt
∂
∂y˜i
(c˙ (t)) .
Definition 5.5.2 If the component functions(
(gαa ◦ h ◦ c) y
a, a ∈ 1, r
)
are solutions for the differentiable system of equations
(5.5.9)
dzα
dt
+ (ρ, η)Hαβγ ◦ u (c, c˙) ◦ η ◦ h ◦ c · z
β · zγ = 0, α ∈ 1, p,
then the differentiable curve c˙ will be called horizontal parallel with respect to the dis-
tinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
If the component functions
(
ya, a ∈ 1, n
)
are solutions for the differentiable system
of equations
(5.5.10)
dua
dt
+ (ρ, η)V abc ◦ u (c, c˙) ◦ η ◦ h ◦ c · u
b · uc = 0, a ∈ 1, r,
then the differentiable curve c˙ will be called vertical parallel with respect to the distin-
guished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Remark 5.5.3 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and (g, IdM ) is locally
invertible, then the (g, IdM )-lift of tangent vectors (5.5.7) is horizontal parallel with res-
pect to the distinguished linear connection (H,V ) if the component functions(
dci
dt
, i ∈ 1,m
)
are solutions for the differentiable system of equations
(5.5.12)
dzi
dt
+H ijk ◦ u (c, c˙) ◦ c · z
j · zk = 0, i ∈ 1,m.
Moreover, the (g, IdM )-lift of tangent vectors (5.5.7) is vertical parallel with respect to
the distinguished linear connection (H,V ) if the component functions(
g˜ij ◦ c ·
dcj (t)
dt
, i ∈ 1,m
)
are solutions for the differentiable system of equations
(5.5.13)
dui
dt
+ V ijk ◦ u (c, c˙) ◦ c · u
j · uk = 0, i ∈ 1,m.
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5.6 The (ρ, η, h)-torsion and the (ρ, η, h)-curvature of a distinguished
linear (ρ, η)-connection
We consider the following diagram:
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and ((F, ν,M) , [, ]F.h , (ρ, η)) ∈ |GLA| . Let (ρ, η) Γ be a (ρ, η)-
connection for the vector bundle (E, pi,M) and let ((ρ, η)H, (ρ, η)V ) be a distinguished
linear (ρ, η)-connection for the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) .
Definition 5.6.1 The application
Γ ((ρ, η)TE, (ρ, η) τE, E)
2 (ρ,η,h)T−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
(X,Y ) 7−→ (ρ, η)T (X,Y )
defined by
(5.6.1) (ρ, η, h)T (X,Y ) = (ρ, η)DXY − (ρ, η)DYX − [X,Y ](ρ,η)TE ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) , will be called the (ρ, η, h)-torsion associated
to distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
The applications
H (ρ, η, h)T (H (·) ,H (·)) , V (ρ, η, h)T (H (·) ,H (·)) , ...,V (ρ, η, h)T (V (·) ,V (·))
are called H (HH) , V (HH) , ...,V (VV) (ρ, η, h)-torsions associated to distinguished li-
near (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Proposition 5.6.1 The (ρ, η, h)-torsion (ρ, η, h)T associated to distinguished linear
(ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is R-bilinear and antisymmetric in the lower in-
dices.
Using the notations:
(5.6.2)
H (ρ, η, h)T
(
δ˜γ , δ˜β
)
= (ρ, η, h)Tαβγ δ˜α,
V (ρ, η, h)T
(
δ˜γ , δ˜β
)
= (ρ, η, h)Taβγ
·
∂˜a,
H (ρ, η, h)T
( ·
∂˜c, δ˜β
)
= (ρ, η, h) Pαβcδ˜α,
V (ρ, η, h)T
( ·
∂˜c, δ˜β
)
= (ρ, η, h)Paβc
·
∂˜a,
V (ρ, η, h)T
( ·
∂˜c,
·
∂˜b
)
= (ρ, η, h) Sabc
·
∂˜a.
we can easily prove the following
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Theorem 5.6.1 The (ρ, η, h)-torsion (ρ, η, h)T associated to the distinguished linear
(ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is characterized by the tensor fields with local com-
ponents:
(5.6.3)
(ρ, η, h)Tαβγ = (ρ, η)H
α
βγ − (ρ, η)H
α
γβ − L
α
βγ ◦ h ◦ pi,
(ρ, η, h)Taβγ = (ρ, η, h)R
a
βγ ,
(ρ, η, h)Pαβc = (ρ, η)V
α
βc,
(ρ, η, h)Paβc =
∂
∂yc
(
(ρ, η) Γaβ
)
− (ρ, η)Hacβ,
(ρ, η, h) Sabc = (ρ, η)V
a
bc − (ρ, η)V
a
cb.
In particular, when (ρ, η, h) = (IdTM , IdM , IdM ) , we regain the local components of
torsion associated to distinguished linear connection (H,V ):
(5.6.3′)
Tijk = H
i
jk −H
i
kj, T
a
jk = R
a
jk,
Pijc = V
i
jc, P
a
jc =
∂Γaj
∂yc
−Hacj,
Sabc = V
a
bc − V
a
cb.
Definition 5.6.2 The application
(Γ ((ρ, η)TE, (ρ, η) τE, E))
3 (ρ,η,h)R−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
((Y,Z) ,X) 7−→ (ρ, η, h)R (Y,Z) ,X
defined by:
(18.4)
(ρ, η, h)R (Y,Z)X = (ρ, η)DY ((ρ, η)DZX)
− (ρ, η)DZ ((ρ, η)DYX)− (ρ, η)D[Y,Z](ρ,η)TEX,
for any X,Y,Z ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) , will be called the (ρ, η, h)-curvature asso-
ciated to distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Proposition 5.6.2 The (ρ, η, h)-curvature (ρ, η, h)R associated to distinguished linear
(ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is R-linear in each argument and antisymmetric in
the first two arguments.
Using the notations:
(5.6.5)
(ρ, η, h)R
(
δ˜ε, δ˜γ
)
δ˜β = (ρ, η, h)R
α
β γεδ˜α,
(ρ, η, h)R
(
δ˜ε, δ˜γ
) ·
∂˜b = (ρ, η, h)R
a
b γε
·
∂˜a,
(ρ, η, h)R
( ·
∂˜c, δ˜γ
)
δ˜ε = (ρ, η, h)P
α
ε γcδ˜α,
(ρ, η, h)R
( ·
∂˜c, δ˜γ
) ·
∂˜b = (ρ, η, h)P
a
b γc
·
∂˜a,
(ρ, η, h)R
( ·
∂˜c,
·
∂˜b
)
δ˜β = (ρ, η, h) S
α
β bcδ˜α,
(ρ, η, h)R
( ·
∂˜d,
·
∂˜c
) ·
∂˜b = (ρ, η, h) S
α
b cd
·
∂˜a.
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we can easily prove the following
Theorem 5.6.2 The (ρ, η, h)-curvature (ρ, η, h)R associated to distinguished linear
(ρ, η)-connection ((ρ, η)H, (ρ, η)V ), is characterized by the tensor fields with local com-
ponents:
(5.6.6)

(ρ, η, h)Rαβ γε =Γ(ρ˜, IdE)
(˜
δε
)
(ρ, η)Hαβγ−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)Hαβε
+(ρ, η)Hαθε(ρ, η)H
θ
βγ−(ρ, η)H
α
θγ(ρ, η)H
θ
βε
−(ρ, η, h)Rc γε(ρ, η)H
α
βc−L
θ
γε ◦ h ◦ pi(ρ, η)H
α
βθ,
(ρ, η, h)Rab γε =Γ(ρ˜, IdE)
(˜
δε
)
(ρ, η)Habγ−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)Habε
+(ρ, η)Hadε(ρ, η)H
d
bγ−(ρ, η)H
a
dγ(ρ, η)H
d
bε
−(ρ, η, h)Rc εγ(ρ, η)V
a
bc−L
θ
γε ◦ h ◦ pi(ρ, η)V
a
bθ,
(5.6.7)

(ρ, η, h)Pαε γc = Γ(ρ˜, IdE)(
·
∂˜c)(ρ, η)H
α
εγ−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)V αεc
=(ρ, η)V αθc(ρ, η)H
θ
εγ − (ρ, η)H
α
θγ(ρ, η)V
θ
εc
+
∂
∂yc
(
(ρ, η) Γdγ
)
(ρ, η)V αεd,
(ρ, η, h)Pab γc = Γ(ρ˜, IdE)
(·
∂˜c
)
(ρ, η)Habγ−
−Γ(ρ˜, IdE)
(˜
δγ
)
(ρ, η)V abc + (ρ, η)V
a
dc(ρ, η)H
d
bγ−
−(ρ, η)Hadγ(ρ, η)V
d
bc +
∂
∂yc
(
(
ρ, η)Γdγ
)
(ρ, η)V abd,
(5.6.8)

(ρ, η, h) Sαβ bc = Γ (ρ˜, IdE)
( ·
∂˜c
)
(ρ, η)V αβb
−Γ (ρ˜, IdE)
( ·
∂˜b
)
(ρ, η)V αβc + (ρ, η)V
α
θc (ρ, η)V
θ
βb
− (ρ, η)V αθb (ρ, η)V
θ
βc,
(ρ, η, h) Sab cd = Γ (ρ˜, IdE)
( ·
∂˜d
)
(ρ, η)V abc
−Γ (ρ˜, IdE)
( ·
∂˜c
)
(ρ, η)V abd + (ρ, η)V
a
ed (ρ, η)V
e
bc
− (ρ, η)V aec (ρ, η)V
e
bd.
In particular, when (ρ, η, h) = (IdTM , IdM , IdM ) , we see the local components of the
curvature associated to distinguished linear connection (H,V ) in the followings:
(5.6.6′)
Rij kl = δl
(
H ijk
)
− δk
(
H ijl
)
+H ihlH
h
jk −H
i
hkH
h
jl − R
c
klH
i
jc,
Rab kl = δl (H
a
bk)− δk (H
a
bl) +H
a
dlH
d
bk −H
a
dkH
d
bl − R
c
lkV
a
bc,
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(5.6.7′)
Pil kc =
∂
∂yc
(
H ilk
)
− δk
(
V ilc
)
+ V ihcH
h
lk −H
i
hkV
h
lc +
∂
∂yc
(
Γdk
)
V ild,
Pab kc =
∂
∂yc
(Habk)− δk (V
a
bc) + V
a
dcH
d
bk −H
a
dkV
d
bc +
∂
∂yc
(
Γdk
)
V abd,
(5.6.8′)
Sij bc =
∂
∂yc
(
V ijb
)
−
∂
∂yb
(
V ijc
)
+ V ihcV
h
jb − V
i
hbV
h
jc,
Sab cd =
∂
∂yd
(V abc)−
∂
∂yc
(V abd) + V
a
edV
e
bc − V
a
ecV
e
bd.
Definition 5.6.3 The tensor field
(5.6.9)
Ric ((ρ, η)H, (ρ, η)V ) =
= (ρ, η, h)R α βdz˜
α ⊗ dz˜β + (ρ, η, h) P α bdz˜
α ⊗ δy˜b
+(ρ, η, h)P a βδy˜
a ⊗ dz˜β + (ρ, η, h) S a bδy˜
a ⊗ δy˜b,
(5.6.10)
(ρ, η, h)R α β = (ρ, η, h)R
γ
α βγ (ρ, η, h)P α b = (ρ, η, h) P
β
α βb
(ρ, η, h)P a β = (ρ, η, h)P
c
a βc (ρ, η, h) S a b = (ρ, η, h) S
c
a cb
,
will be called the Ricci tensor field associated to distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ) .
This tensor field will be used to write the Einstein equations in Subsection 5.10.
5.7 Formulas of Ricci type. Identities of Cartan and Bianchi type
We consider the following diagram:
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and ((F, ν,M) , [, ]F.h , (ρ, η)) ∈ |GLA| . Let (ρ, η) Γ be a (ρ, η)-
connection for the vector bundle (E, pi,M) and let ((ρ, η)H, (ρ, η)V ) be a distinguished
linear (ρ, η)-connection for the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) .
Theorem 5.7.1 Using the definition of (ρ, η, h)-curvature associated to the distin-
guished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ), it results the following formulas:
(R1)

(ρ, η)DHX (ρ, η)DHYHZ − (ρ, η)DHY (ρ, η)DHXHZ
= (ρ, η, h)R (HX,HY )HZ + (ρ, η)DH[HX,HY ](ρ,η)TEHZ
+(ρ, η)DV [HX,HY ](ρ,η)TEHZ,
(ρ, η)DVX (ρ, η)DHYHZ − (ρ, η)DHY (ρ, η)DVXHZ
= (ρ, η, h)R (VX,HY )HZ + (ρ, η)DH[VX,HY ](ρ,η)TEHZ
+(ρ, η)DV [VX,HY ](ρ,η)TEHZ,
(ρ, η)DVX (ρ, η)DVYHZ − (ρ, η)DVY (ρ, η)DVXHZ
= (ρ, η, h)R (VX,VY )HZ + (ρ, η)DV [VX,VY ](ρ,η)TEHZ,
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and
(R2)

(ρ, η)DHX (ρ, η)DHY VZ − (ρ, η)DHY (ρ, η)DHXVZ
= (ρ, η, h)R (HX,HY )VZ + (ρ, η)DH[HX,HY ](ρ,η)TEVZ
+(ρ, η)DV [HX,HY ](ρ,η)TEVZ,
(ρ, η)DVX (ρ, η)DHY VZ − (ρ, η)DHY (ρ, η)DVXVZ
= (ρ, η, h)R (VX,HY )VZ + (ρ, η)Dh[VX,HY ](ρ,η)TEVZ
+(ρ, η)DV [VX,HY ](ρ,η)TEVZ,
(ρ, η)DVX (ρ, η)DVY VZ − (ρ, η)DVY (ρ, η)DVXVZ
= (ρ, η, h)R (VX,VY )VZ + (ρ, η)DV [VX,VY ](ρ,η)TEVZ.
Using the previous theorem, the horizontal and vertical sections of adapted base and
an arbitrary section
Zα
∂
∂z˜α
+ Y a
∂
∂y˜a
∈ Γ ((ρ, η)TE, (ρ, η) τE, E) ,
we propose the following
Theorem 5.7.2 We obtain the following formulas of Ricci type:
(R1)

Z˜α |γ|β − Z˜
α
|β|γ = (ρ, η, h)R
α
θ γβZ˜
θ +
(
Lθβγ ◦ h ◦ pi
)
Z˜α |θ
+(ρ, η, h)TaβγZ˜
α|a + (ρ, η, h)TθβγZ˜
α
|θ,
Z˜α |γ |b − Z˜
α|b|γ = (ρ, η, h)P
α
θ γbZ˜
θ − (ρ, η, h) PaγbZ˜
α|a
− (ρ, η)HabγZ˜
α|a,
Z˜α|c|b − Z˜
α|b|c = (ρ, η, h) S
α
θ cbZ˜
θ + (ρ, η, h) SabcZ˜
α|a,
and
(R2)

Y a|γ|β − Y
a
|β|γ = (ρ, η, h)R
a
c γβY
c +
(
Lθβγ ◦ h ◦ pi
)
Y c |θ
+(ρ, η)TbβγY
a|b + (ρ, η, h)T
θ
βγY
a
|θ,
Y a|γ |b − Y
a|b|γ = (ρ, η, h)P
a
θ γbY
θ − (ρ, η, h)PcγbY
a|c
− (ρ, η)HcbγY
a|c,
Y a|c|b − Y
a|b|c = (ρ, η, h) S
a
d cbY
d + (ρ, η, h) SdbcY
a|d.
In particular, if (ρ, η, h) = (IdTM , IdM , idM ) and the Lie bracket [, ]TM is the usual Lie
bracket, then the formulas of Ricci type (R1) and (R2) become:
(R1)
′

Z˜i |k|j − Z˜
i
|j|k = R
i
h kjZ˜
h + TajkZ˜
i|a + ThjkZ˜
i
|h,
Z˜i |k|b − Z˜
i|b|k = P
i
h kbZ˜
h − PakbZ˜
i|a −HabkZ˜
i|a,
Z˜i|c|b − Z˜
i|b|c = S
i
h cbZ˜
h + SabcZ˜
i|a,
and
(R2)
′

Y a|k|j − Y
a
|j|k = R
a
c kjY
c + TbjkY
a|b + T
h
jkY
a
|h,
Y a |k|b − Y
a|b|k = P
a
h kbY
h − PckbY
a|c −HcbkY
a|c,
Y a|c|b − Y
a|b|c = S
a
d cbY
d + SdbcY
a|d.
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Using the 1-forms associated to distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V )
(5.7.1)
(ρ, η)ωαβ = (ρ, η)H
α
βγdz˜
γ + (ρ, η)V αβcδy˜
c,
(ρ, η)ωab = (ρ, η)H
a
bγdz˜
γ + (ρ, η)V abcδy˜
c,
the torsion 2-forms
(5.7.2)

(ρ, η, h)Tα =
1
2
(ρ, η, h)Tαβγdz˜
β ∧ dz˜γ + (ρ, η, h) Pαβcdz˜
β ∧ δy˜c,
(ρ, η, h)Ta =
1
2
(ρ, η, h)Taβγdz˜
β ∧ dz˜γ + (ρ, η, h) Paβcdz˜
β ∧ δy˜c
+
1
2
(ρ, η, h) Sabcδy˜
b ∧ δy˜c
and the curvature 2-forms
(5.7.3)

(ρ, η, h)Rαβ =
1
2
(ρ, η, h)Rαβ γθdz˜
γ ∧ dz˜θ + (ρ, η, h)Pαβ γcdz˜
γ ∧ δy˜c
+
1
2
(ρ, η, h) Sαβ cdδy˜
c ∧ δy˜d,
(ρ, η, h)Rab =
1
2
(ρ, η, h)Rab γθdz˜
γ ∧ dz˜θ + (ρ, η, h)Pab γcdz˜
γ ∧ δy˜c
+
1
2
(ρ, η, h) Sab cdδy˜
c ∧ δy˜d,
we obtain the following
Theorem 5.7.3 We obtain the following identities of Cartan type:
(C1)
(ρ, η, h)Tα = d(ρ,η)TE (dz˜α) + (ρ, η)ωαβ ∧ dz˜
β ,
(ρ, η, h)Ta = d(ρ,η)TE (δy˜a) + (ρ, η)ωab ∧ δy˜
b,
(C2)
(ρ, η, h)Rαβ = d
(ρ,η)TE
(
(ρ, η)ωαβ
)
+ (ρ, η)ωαγ ∧ (ρ, η)ω
γ
β,
(ρ, η, h)Rab = d
(ρ,η)TE ((ρ, η)ωab ) + (ρ, η)ω
a
c ∧ (ρ, η)ω
c
b.
In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and the Lie bracket [, ]TM is the usual Lie
bracket, then the identities of Cartan type (C1) and (C2) become:
(C1)′
Ti = d(IdTE ,IdE)TE
(
dz˜i
)
+ ωij ∧ dz˜
j ,
Ta = d(IdTE ,IdE)TE (δy˜a) + ωab ∧ δy˜
b,
and
(C2)′
Rij = d
(IdTE ,IdE)TE
(
ωij
)
+ ωik ∧ ω
k
j ,
Rab = d
(IdTE ,IdE)TE (ωab ) + ω
a
c ∧ ω
c
b.
Remark 5.7.1 For any X,Y,Z ∈ Γ ((ρ, η)TE, (ρ, η) τE, E), the following identities
(5.7.4)
V (ρ, η, h)R (X,Y )HZ = 0,
H (ρ, η, h)R (X,Y )VZ = 0,
115
(5.7.5)
VDX ((ρ, η, h)R (Y,Z)HU) = 0,
HDX ((ρ, η, h)R (Y,Z)VU) = 0,
and
(5.7.6) (ρ, η, h)R (X,Y )Z = H (ρ, η, h)R (X,Y )HZ + V (ρ, η, h)R (X,Y )VZ.
hold. Using the formulas of Bianchi type from Theorem 4.2.3 and Remark 5.7.1, we
obtain the following
Theorem 5.7.4 The identities of Bianchi type:
(B1)

∑
cyclic(X,Y,Z)
{H (ρ, η)DX ((ρ, η, h)T (Y,Z))−H (ρ, η, h)R (X,Y )Z
+H (ρ, η, h)T (H (ρ, η, h)T (X,Y ) , Z)
+H (ρ, η, h)T (V (ρ, η, h)T (X,Y ) , Z)} = 0,∑
cyclic(X,Y,Z)
{V (ρ, η)DX ((ρ, η, h)T (Y,Z))− V (ρ, η, h)R (X,Y )Z
+V (ρ, η, h)T (H (ρ, η, h)T (X,Y ) , Z)
+V (ρ, η, h)T (V (ρ, η, h)T (X,Y ) , Z)} = 0.
and
(B2)

∑
cyclic(X,Y,Z,U)
{H (ρ, η)DX ((ρ, η, h)R (Y,Z)U)
−H (ρ, η, h)R (H (ρ, η, h)T (X,Y ) , Z)U
−H (ρ, η, h)R (V (ρ, η, h)T (X,Y ) , Z)U} = 0,∑
cyclic(X,Y,Z,U)
{V (ρ, η)DX ((ρ, η, h)R (Y,Z)U)
−V (ρ, η, h)R (H (ρ, η, h)T (X,Y ) , Z)U
−V (ρ, η, h)R (V (ρ, η, h)T (X,Y ) , Z)U} = 0,
hold good for any X,Y,Z ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.7.1 Using the following sections (δθ, δγ , δβ), the identities (B1) become:
(B1)′

∑
cyclic(β,γ,θ)
{
(ρ, η, h)Tα βγ|θ − (ρ, η, h)R
α
β γθ
+(ρ, η, h)Tλγθ (ρ, η, h)T
α
βγ + (ρ, η, h)T
a
γθ (ρ, η, h)T
α
βa
}
= 0,
∑
cyclic(β,γ,θ)
{
(ρ, η, h)Ta βγ|θ + (ρ, η, h)T
α
γθ (ρ, η, h)P
a
βα
+(ρ, η, h)Pbγθ (ρ, η, h) P
a
bβ
}
= 0,
116
and using the following sections (δλ, δθ, δγ , δβ), the identities (B2) become:
(B2)′

∑
cyclic(β,γ,θ,λ)
{
(ρ, η, h)Rα β γθ|λ − (ρ, η, h)T
µ
θλ (ρ, η, h)R
α
β γµ
− (ρ, η, h)Taθλ (ρ, η, h)P
α
β γa
}
= 0,
∑
cyclic(β,γ,θ,λ)
{
(ρ, η, h)Ra b γθ|λ − (ρ, η, h)T
µ
θλ (ρ, η, h)R
a
β γµ
− (ρ, η, h)Taθλ (ρ, η, h)P
α
β γa
}
= 0.
Using another base of sections, we shall obtain new identities of Bianchi type nec-
essary in the applications.
5.8 The (ρ, η)-(pseudo)metrizability
We consider the following diagram:
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, η)
)
∈ |GLA| . Let (ρ, η) Γ be a (ρ, η)-
connection for the vector bundle (E, pi,M) and let ((ρ, η)H, (ρ, η)V ) be a distinguished
linear (ρ, η)-connection for the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) .
Definition 5.8.1 A tensor d-field
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b ∈ DT 0022 ((ρ, η)TE, (ρ, η) τE, E)
will be called pseudometrical structure if its components are symmetric and the matrices
‖gαβ (ux)‖and ‖gab (ux)‖ are nondegenerate, for any point ux ∈ E.
Moreover, if the matrices ‖gαβ (ux)‖ and ‖gab (ux)‖ has constant signature, then the
tensor d-field G will be called metrical structure.
Let
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
be a (pseudo)metrical structure. If α, β ∈ 1, p and a, b ∈ 1, r, then for any vector local
(m+ r)-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, we consider the real functions
pi−1 (U)
g˜βα
−−−−−−→ R
and
pi−1 (U)
g˜ba
−−−−−−→ R
such that ∥∥g˜βα (ux)∥∥ = ‖gαβ (ux)‖−1
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and ∥∥g˜ba (ux)∥∥ = ‖gab (ux)‖−1 ,
for any ux ∈ pi−1 (U) \ {0x}.
Definition 5.8.2 We will say that the (pseudo)metrical structure
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
is Riemannian (pseudo)metrical structure if around each point x ∈ M it exists a
local vector m + r-chart (U, sU ) and a local m-chart (U, ξU ) such that gαβ ◦ s
−1
U ◦(
ξ−1U × IdRm
)
(x, y) and gab ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on x, for any
ux ∈ pi−1 (U) .
If only the condition is verified:
”gαβ ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on x, for any ux ∈ pi−1 (U)” respec-
tively ”gab ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on x, for any ux ∈ pi−1 (U)”, then
we will say that the (pseudo)metrical structure G is a Riemannian H-(pseudo)metrical
structure respectively a Riemannian V-(pseudo)metrical structure.
Definition 5.8.3 We will say that the (pseudo)metrical structure
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
is a locally Minkowski structure if around each point x ∈ M there exists a local vector
m+ r-chart (U, sU ) and a local m-chart (U, ξU ) such that gαβ ◦s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y)
and gab ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on y, for any ux ∈ pi−1 (U) .
If only the condition is verified:
”gαβ◦s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on y, for any ux ∈ pi−1 (U)” respectively
”gab ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, y) depends only on y, for any ux ∈ pi−1 (U)”, then we
will say that the (pseudo)metrical structure G is a (pseudo)metrical structure H-locally
Minkowski and V-locally Minkowski, respectively.
Definition 5.8.4 The generalized tangent bundle ((ρ, η)TE, (ρ, η)τE , E) will be
called (ρ, η)-(pseudo)metrizable if there exists a (pseudo)metrical structure
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
and a distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V )
such that
(5.8.1) (ρ, η)D
X˜
G = 0, ∀X˜ ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Condition (5.8.1) is equivalent with the following equalities:
(5.8.2) gαβ|γ = 0, gab|γ = 0, gαβ |c= 0 , gab |c= 0.
If gαβ|γ=0 and gab|γ=0, then we will say that the vector bundle ((ρ, η)TE, (ρ, η)τE, E)
is H-(ρ, η)-(pseudo)metrizable.
If gαβ|c=0 and gab|c=0, then we will say that the vector bundle ((ρ, η)TE, (ρ, η)τE , E)
is V-(ρ, η)-(pseudo)metrizable.
118
Theorem 5.8.1 If
(
(ρ, η)
0
H, (ρ, η)
0
V
)
is a distinguished linear (ρ, η)-connection for the
generalized tangent bundle ((ρ, η)TE, (ρ, η) τE, E) and G = gαβdz˜
α⊗dz˜β+gabδy˜
a⊗δy˜b
is a (pseudo)metrical structure, then the following real local functions:
(5.8.3)
(ρ, η)Hαβγ =
1
2
g˜αε
(
Γ (ρ˜, IdE)
(
δ˜γ
)
gεβ
+Γ (ρ˜, IdE)
(
δ˜β
)
gεγ − Γ (ρ˜, IdE)
(
δ˜ε
)
gβγ
+gθεL
θ
γβ ◦ h ◦ pi − gβθL
θ
γε ◦ h ◦ pi − gθγL
θ
βε ◦ h ◦ pi
)
,
(ρ, η)Habγ = (ρ, η)
0
H
a
bγ +
1
2
g˜acg
bc
0
|γ
,
(ρ, η)V αβc = (ρ, η)
0
V
α
βc +
1
2
g˜αεg
βε
0
|c
,
(ρ, η)V abc =
1
2
g˜ae
(
Γ (ρ˜, IdE)
( ·
∂˜c
)
geb
+Γ (ρ˜, IdE)
( ·
∂˜b
)
gec − Γ (ρ˜, IdE)
( ·
∂˜e
)
gbc
)
are components of a distinguished linear (ρ, η)-connection such that the generalized tan-
gent bundle ((ρ, η)TE, (ρ, η) τE , E) becomes (ρ, η)-(pseudo)metrizable.
Corollary 5.8.1 If the distinguished linear (ρ, η)-connection
(
(ρ, η)
0
H, (ρ, η)
0
V
)
coin-
cides with the Berwald linear (ρ, η)-connection, then the local real functions:
(5.8.4)
(ρ, η)
c
H
α
βγ =
1
2
g˜αε
(
Γ (ρ˜, IdE)
(
δ˜γ
)
gεβ + Γ (ρ˜, IdE)
(
δ˜β
)
gεγ
−Γ (ρ˜, IdE)
(
δ˜ε
)
gβγ + gθεL
θ
γβ ◦ h ◦ pi
−gβθL
θ
γε ◦ h ◦ pi − gθγL
θ
βε ◦ h ◦ pi
)
,
(ρ, η)
c
H
a
bγ =
∂ (ρ, η) Γaγ
∂yb
+
1
2
g˜acg
bc
0
|γ
,
(ρ, η)
c
V
α
βc =
1
2
g˜αε
∂gβε
∂yc
,
(ρ, η)
c
V
a
bc =
1
2
g˜ae
(
∂geβ
∂yc
+
∂gec
∂yb
−
∂gbc
∂ye
)
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E) becomes (ρ, η)-(pseudo)metrizable.
Moreover, if the (pseudo)metrical structure G is H- and V-Riemannian, then the
local real functions:
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(5.8.5)
(ρ, η)
c
H
α
βγ=
1
2
g˜αε
(
ρkγ◦h◦pi
∂gεβ
∂xk
+ ρjβ◦h◦pi
∂gεγ
∂xj
− ρeε◦h◦pi
∂gβγ
∂xe
+
+gθεL
θ
γβ◦h◦pi − gβθL
θ
γε◦h◦pi − gθγL
θ
βε◦h◦pi
)
,
(ρ, η)
c
H
a
bγ=
∂ (ρ, η) Γaγ
∂yb
+
1
2
g˜ac
(
ρiγ◦h◦pi
∂gbc
∂xi
−
∂ρΓeγ
∂yb
gec −
∂ρΓeγ
∂yc
geb
)
,
(ρ, η)
c
V
α
βc = 0, (ρ, η)
c
V
a
bc = 0
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E) becomes (ρ, η)-(pseudo)metrizable.
Theorem 5.8.2 Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) . Let(
(ρ, η)
0
H, (ρ, η)
0
V
)
be a distinguished linear (ρ, η)-connection for ((ρ, η)TE, (ρ, η) τE, E) and let
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
be a (pseudo)metrical structure.
Let
(5.8.6)
Oαεβγ =
1
2
(
δαβδ
ε
γ − gβγ g˜
αε
)
, O∗αεβγ =
1
2
(
δαβδ
ε
γ + gβγ g˜
αε
)
,
Oaebc =
1
2
(δabδ
e
c − gbcg˜
ae) , O∗aebc =
1
2
(δabδ
e
c + gbcg˜
ae) ,
be the Obata operators.
If the real local functions Xαβγ ,X
α
βc, Y
a
bγ , Y
a
bc are components of tensor fields, then the
local real functions are given in the following:
(5.8.7)
(ρ, η)Hαβγ = (ρ, η)
c
Hαβγ +O
αε
γηX
η
εβ,
(ρ, η)Habγ = (ρ, η)
c
Habγ +O
ae
bdY
d
eγ ,
(ρ, η)V αβc = (ρ, η)
c
V αβc +O
∗αε
βη X
η
εc,
(ρ, η)V abc = (ρ, η)
c
V abc +O
∗ae
bd Y
d
ec,
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E) becomes (ρ, η)-(pseudo)metrizable.
Theorem 5.8.3 Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) .
If (
(ρ, η)
0
H, (ρ, η)
0
V
)
is a distinguished linear (ρ, η)-connection for the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
and
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
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is a (pseudo)metrical structure, then the real local functions:
(5.8.8)
(ρ, η)Hαβγ = (ρ, η)
0
Hαβγ +
1
2
g˜αεg
εβ
0
|γ
,
(ρ, η)Habγ = (ρ, η)
0
Habγ +
1
2
g˜aeg
eb
0
|γ
,
(ρ, η)V αβc = (ρ, η)
0
V αβc +
1
2
g˜αεgεβ
0
|c,
(ρ, η)V abc = (ρ, η)
0
V abc +
1
2
g˜aegeb
0
|c
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E) becomes (ρ, η)-(pseudo)metrizable.
5.9 Generalized Lagrange (ρ, η)-spaces, Lagrange (ρ, η)-spaces
and Finsler (ρ, η)-spaces
We consider the following diagram:
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
such that (E, pi,M) = (F, ν,N) and the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
is (ρ, η)-(pseudo)metrizable.
Definition 5.9.1 A smooth Lagrange fundamental function on the vector bundle
(E, pi,M) is a mapping
E
L
−−−→ R
which satisfies the following conditions:
1. L ◦ u ∈ C∞ (M), for any u ∈ Γ (E, pi,M) \ {0};
2. L ◦ 0 ∈ C0 (M), where 0 means the null section of (E, pi,M) .
Let L be a Lagrangian defined on the total space of the vector bundle (E, pi,M) .
If (U, sU ) is a local vector (m+ r)-chart for (E, pi,M), then we obtain the following
real functions defined on pi−1 (U):
(5.9.1)
Li
put
=
∂L
∂xi
put
=
∂
∂xi
(L) Lib
put
=
∂2L
∂xi∂yb
put
=
∂
∂xi
(
∂
∂yb
(L)
)
La
put
=
∂L
∂ya
put
=
∂
∂ya
(L) Lab
put
=
∂2L
∂ya∂yb
put
=
∂
∂ya
(
∂
∂yb
(L)
)
.
Definition 5.9.2 If for any local vector m+ r-chart (U, sU ) of (E, pi,M) , we have:
(5.9.2) rank ‖Lab (ux)‖ = r,
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for any ux ∈ pi−1 (U) \ {0x}, then we will say that the Lagrangian L is regular.
Proposition 5.9.1 If the Lagrangian L is regular, then for any local vector m+r-chart
(U, sU ) of (E, pi,M) , we obtain the real functions L˜
ab locally defined by
(5.9.3) pi
−1 (U)
L˜ab
−−−−−→ R
ux 7−→ L˜ab (ux)
,
where
∥∥∥L˜ab (ux)∥∥∥ = ‖Lab (ux)‖−1, for any ux ∈ pi−1 (U) \ {0x} .
Definition 5.9.3 A smooth Finsler fundamental function on the vector bundle (E, pi,M)
is a mapping
E
F
−−−→ R+
which satisfies the following conditions:
1. F ◦ u ∈ C∞ (M), for any u ∈ Γ (E, pi,M) \ {0};
2. F ◦ 0 ∈ C0 (M), where 0 means the null section of (E, pi,M);
3. F is positively 1-homogenous on the fibres of vector bundle (E, pi,M) ;
4. For any local vector m+ r-chart (U, sU ) of (E, pi,M) , the hessian:
(5.9.4)
∥∥F 2ab (ux)∥∥
is positively define for any ux ∈ pi−1 (U) \ {0x}.
Definition 5.9.4 If the (pseudo)metrical structureG is determined by a (pseudo)metrical
structure
g ∈ T 02 (V (ρ, η)TE, (ρ, η) , τE , E) ,
then the (ρ, η)-(pseudo)metrizable vector bundle
((ρ, η)TE, (ρ, η) τE, E)
will be called the generalized Lagrange (ρ, η)-space.
In particular, if the (pseudo)metrical structure g is determined with the help of
a Lagrange fundamental function or Finsler fundamental function, then the (ρ, η)-
(pseudo)metrizable vector bundle
((ρ, η)TE, (ρ, η) τE, E)
will be called the Lagrange (ρ, η)-space or the Finsler (ρ, η)-space, respectively.
The generalized Lagrange (IdTM , IdM )-space, the Lagrange (IdTM , IdM )-space, and
the Finsler (IdTM , IdM )-space will be called the generalized Lagrange space, Lagrange
space, Finsler space.
Definition 5.9.5 The normal distinguished linear (ρ, η)-connections of a Lagrange or
Finsler (ρ, η)-space will be called Lagrange or Finsler linear (ρ, η)-connections.
The Lagrange and Finsler linear (IdTM , IdM )-connections will be called Lagrange
and Finsler linear connections, respectively.
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Theorem 5.9.1 If the (pseudo)metrical structure G is determined by a (pseudo)metrical
structure
g ∈ T 02 (V (ρ, η)TE, (ρ, η) , τE , E) ,
then, the real local functions:
(5.9.5)
(ρ, η)Habc =
1
2
g˜ae (Γ (ρ˜, IdE) (δb) gec + Γ (ρ˜, IdE) (δc) gbe − Γ (ρ˜, IdE) (δe) gbc
− gcdL
d
be◦ (h◦pi) +gbdL
d
ec◦ (h◦pi)− gedL
d
bc◦ (h◦pi)
)
,
(ρ, η)V abc =
1
2
g˜ae
(
Γ (ρ˜, IdE)
( ·
∂˜c
)
geb
+Γ (ρ˜, IdE)
( ·
∂˜b
)
gec − Γ (ρ˜, IdE)
( ·
∂˜e
)
gbc
)
are the components of a normal distinguished linear (ρ, η)-connection with (ρ, η)-H (HH)
and (ρ, η)-V (VV) torsions free such that the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E) derives generalized Lagrange (ρ, η)-space.
This normal distinguished linear (ρ, η)-connection will be called generalized linear
(ρ, η)-connection of Levi-Civita type.
If the (pseudo)metrical structure g is determined with the help of a Lagrange and
Finsler fundamental function, then the Lagrange and Finsler linear (ρ, η)-connections
will be called canonical Lagrange and Finsler linear (ρ, η)-connection, respectively.
The canonical Lagrange and Finsler linear (IdTM , IdM )-connection will be called
the canonical Lagrange and Finsler linear connection respectively.
Theorem 5.9.2 Let ((ρ, η)H, (ρ, η)V ) be the normal distinguished linear (ρ, η)-connec-
tion presented in the previous theorem.
If
Tabcδ˜a ⊗ dz˜
b ⊗ dz˜c ∈ T 1020 ((ρ, η)TE, (ρ, η) τE , E)
and
Sabc
·
∂˜a ⊗ δy˜
b ⊗ δy˜c ∈ T 0102 ((ρ, η)TE, (ρ, η) τE , E)
such that they satisfy the conditions:
Tabc = −T
a
cb, S
a
bc = −S
a
cb, ∀b, c ∈ 1, n,
then the following real local functions:
(5.9.6)
(ρ, η) H˜abc = (ρ, η)H
a
bc +
1
2
g˜ae
(
gedT
d
bc − gbdT
d
ec + gcdT
d
be
)
,
(ρ, η) V˜ abc = (ρ, η)V
a
bc +
1
2
g˜ae
(
gedS
d
bc − gbdS
d
ec + gcdS
d
be
)
are the components of a normal distinguished linear (ρ, η)-connection with (ρ, η)-H (HH)
and (ρ, η)-V (VV) torsions a priori given such that the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E) derives generalized Lagrange (ρ, η)-space.
Moreover, we obtain:
(5.9.87
Tabc = (ρ, η)H
a
bc − (ρ, η)H
a
cb − L
a
bc ◦ h ◦ pi,
Sabc = (ρ, η)V
a
bc − (ρ, η)V
a
cb.
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5.10 Einstein equations
We shall consider a metric structure
G = gαβdz˜
α ⊗ dz˜β + gabδy˜
a ⊗ δy˜b
and a distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) compatible with the struc-
ture metric G having H (HH) and V (VV)-torsions prescribed.
Definition 5.10.1 If (ρ, η, h)R α β and (ρ, η, h) S a b are the components of tensor Ricci
associated to distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ) ,
then the scalar
(5.10.1) (ρ, η, h)R =(ρ, η, h)R α β g˜
αβ + (ρ, η, h) S a bg˜
ab
will be called the scalar of curvature of distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ).
Definition 5.10.2 The tensor field
(5.10.2)
(ρ, η, h)T = (ρ, η, h)T α βdz˜
α ⊗ dz˜β + (ρ, η, h)T α bdz˜
α ⊗ δy˜b
+(ρ, η, h)T a βδy˜
a ⊗ dz˜α + (ρ, η, h)T a bδy˜
a ⊗ δy˜b
such that its components verify the following conditions:
(5.10.3)
κ (ρ, η, h)T α β = (ρ, η, h)R α β −
1
2
(ρ, η, h)R·gαβ,
−κ (ρ, η, h)T α b = (ρ, η, h)P α b,
κ (ρ, η, h)T a β = (ρ, η, h)P a β,
κ (ρ, η, h)T a b = (ρ, η, h) S a b −
1
2
(ρ, η, h)R·gab,
where κ is a constant, will be called the energy-momentum tensor field associated to
distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) and metrical structure G.
The equations (5.10.3) will be called the Einstein equations associated to distin-
guished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) and metrical structure G.
Formally, the Einstein equations will be written
(5.10.3′) Ric ((ρ, η)H, (ρ, η)V )−
1
2
(ρ, η, h)R·G = κ · (ρ, η, h)T.
5.11 Mechanical systems
Using the diagram:
(5.11.1)
E
pi

(
E, [, ]E,h , (ρ, η)
)
pi

M
h
//M
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where
(
(E, pi,M) , [, ]E,h , (ρ, η)
)
is a generalized Lie algebroid, we build the generalized
tangent bundle
(((ρ, η)TE, (ρ, η)τE , E), [, ](ρ,η)TE , (ρ˜, IdE)).
Definition 5.11.1 A triple
(5.11.2) ((E, pi,M) , Fe, (ρ, η) Γ) ,
where
(5.11.3) Fe = F
a ∂
∂y˜a
∈ Γ (V (ρ, η)TE, (ρ, η) τE , E)
is an external force and (ρ, η) Γ is a (ρ, η)-connection, will be called the mechanical
(ρ, η)-system.
A mechanical (ρ, η)-system
((E, pi,M) , Fe, (ρ, η) Γ)
endowed with a (pseudo)metrical structureG determined with the help of a (pseudo)metrical
structure
g = gabdy˜
a ⊗ dy˜b ∈ T 0002 ((ρ, η)TE, (ρ, η) τE, E)
will be denoted
(5.11.4) ((E, pi,M) , Fe, (ρ, η) Γ, G) .
and will be called generalized Lagrange mechanical (ρ, η)-system.
Any mechanical (IdTM , IdM )-system and any generalized Lagrange mechanical
(IdTM , IdM )-system will be called mechanical system and generalized Lagrange me-
chanical system, respectively.
Definition 5.11.2 If L (respectively F ) is a smooth Lagrange (respectively Finsler
function), then we put the triples
((E, pi,M) , Fe, L) ( respectively (E,Fe, F ))
where Fe = F
a ∂
∂y˜a
∈ Γ (V (ρ, η)TE, (ρ, η) τE , E) is an external force. These are called
Lagrange mechanical (ρ, η)-system (Finsler mechanical (ρ, η)-system, respectively).
Any Lagrange mechanical (IdTM , IdM )-system and any Finsler mechanical
(IdTM , IdM )-system will be called Lagrange mechanical system and Finsler mechanical
system, respectively.
5.11.1 (ρ, η)-semisprays and (ρ, η)-sprays for mechanical (ρ, η)-systems
Let ((E, pi,M) , Fe, (ρ, η)Γ) be an arbitrary mechanical (ρ, η)-system.
Definition 5.11.1.1 The vertical section
(5.11.1.1) C=ya
·
∂˜a,
will be called the Liouville section.
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Definition 5.11.1.2 The section S ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) will be called (ρ, η)-
semispray if there exists an almost tangent structure e such that
(5.11.1.2) e (S) = C.
Let g ∈ Man (E,E) be such that (g, h) is a locally invertible Bv-morphism of
(E, pi,M) source and (E, pi,M) target.
Theorem 5.11.1.1 The section
(5.11.1.3) S = (gab ◦ h ◦ pi) y
b ∂
∂z˜a
− 2
(
Ga −
1
4
F a
)
∂
∂y˜a
is a (ρ, η)-semispray such that the real local functions Ga, a ∈ 1, n, satisfy the following
conditions
(5.11.1.4)
(ρ, η) Γac = g˜
e
c ◦ h ◦ pi
∂
(
Ga − 14F
a
)
∂ye
−
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi, a, b ∈ 1, r.
In addition, we remark that the local real functions
(5.11.1.5)
(ρ, η) Γ˚ac
put
= g˜ec◦h◦pi
∂Ga
∂ye
−12
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi, a, b∈1, r
are the components of a (ρ, η)-connection (ρ, η) Γ˚ for the vector bundle (E, pi,M) .
The (ρ, η)-semispray S will be called the canonical (ρ, η)-semispray associated to me-
chanical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism
(g, h) .
Proof. We consider the Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE, E)
P
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
X 7−→ J(g,h) [S,X](ρ,η)TE −
[
S,J(g,h)X
]
(ρ,η)TE
.
Let X = Z˜a∂˜a + Y
a
·
∂˜a be an arbitrary section. Since
[S,X](ρ,η)TE =
[
(gae ◦ h ◦ pi · y
e) ∂˜a, Z˜
b∂˜b
]
(ρ,η)TE
+
[
(gae ◦ h ◦ pi · y
e) ∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z˜
b∂˜b
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
and [
(gae ◦ h ◦ pi · y
e) ∂˜a, Z˜
b∂˜b
]
(ρ,η)TE
= (gae ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂Z˜c
∂xi
∂˜c
−Z˜bρjb ◦ h ◦ pi
∂ (gce ◦ h ◦ pi · y
e)
∂xj
∂˜c
+(gae ◦ h ◦ pi · y
e) Z˜bLcab∂˜c,
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[
(gae ◦ h ◦ pi · y
e) ∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
= (gae ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂Y c
∂xi
·
∂˜c
−Y b
∂ (gce ◦ h ◦ pi · y
e)
∂yb
∂˜c,[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z˜
b∂˜b
]
(ρ,η)TE
= 2
(
Ga −
1
4
F a
)
∂Z˜c
∂ya
∂˜c
−2Z˜bρjb ◦ h ◦ pi
∂
(
Gc − 14F
c
)
∂xj
·
∂˜c,
[
2
(
Ga − 14F
a
) ·
∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
= 2
(
Ga − 14F
a
)
∂Y c
∂ya
·
∂˜c − 2Y b
∂
(
Gc −
1
4
F c
)
∂yb
·
∂˜c,
it results that
(P1)
J(g,h) [S,X](ρ,η)TE = (g
a
e ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂Z˜c
∂xi
· g˜dc ◦ h ◦ pi
·
∂˜d
−Z˜bρjb ◦ h ◦ pi
∂ (gce ◦ h ◦ pi · y
e)
∂xj
· g˜dc ◦ h ◦ pi
·
∂˜d
+(gae ◦ h ◦ pi · y
e) Z˜bLcab · g˜
d
c ◦ h ◦ pi
·
∂˜d
−Y b
∂ (gce ◦ h ◦ pi · y
e)
∂yb
· g˜dc ◦ h ◦ pi
·
∂˜d
−2
(
Ga −
1
4
F a
)
∂Z˜c
∂ya
· g˜dc ◦ h ◦ pi
·
∂˜d.
Since [
S,J(g,h)X
]
(ρ,η)TE
=
[
(gae ◦ h ◦ pi · y
e) ∂˜a, g˜
c
b ◦ h ◦ piZ˜
b
·
∂˜c
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, g˜
c
b ◦ h ◦ piZ˜
b
·
∂˜c
]
(ρ,η)TE
and[
(gae ◦ h ◦ pi · y
e) ∂˜a, g˜
c
b ◦ h ◦ piZ˜
b
·
∂˜c
]
(ρ,η)TE
= (gae ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂g˜db ◦ h ◦ piZ˜
b
∂xi
·
∂˜d
−g˜cb ◦ h ◦ pi · Z˜
b∂
(
gde ◦ h ◦ pi · y
e
)
∂yc
∂˜d,
[
2
(
Ga −
1
4
F a
) ·
∂˜a, g˜
c
b ◦ h ◦ piZ˜
b
·
∂˜c
]
(ρ,η)TE
= 2
(
Ga −
1
4
F a
) ∂ (g˜db ◦ h ◦ pi · Z˜b)
∂ya
·
∂˜d
−2g˜cb ◦ h ◦ pi · Z˜
b∂
(
Gd − 14F
d
)
∂yc
·
∂˜d
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it results that
(P2)
[
S,J(g,h)X
]
(ρ,η)TE
= (gae ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂g˜db ◦ h ◦ piZ˜
b
∂xi
·
∂˜d
−g˜cb ◦ h ◦ pi · Z˜
b∂
(
gde ◦ h ◦ pi · y
e
)
∂yc
∂˜d
−2
(
Ga −
1
4
F a
) ∂ (g˜db ◦ h ◦ pi · Z˜b)
∂ya
·
∂˜d
+2g˜cb ◦ h ◦ pi · Z˜
b∂
(
Gd − 14F
d
)
∂yc
·
∂˜d.
We remark that
(gae ◦ h ◦ pi · y
e) ρia ◦ h ◦ pi
∂g˜db ◦ h ◦ piZ˜
b
∂xi
= gae ◦ h ◦ pi · y
eρia ◦ h ◦ pi
∂Z˜c
∂xi
· g˜dc ◦ h ◦ pi
−Z˜bρjb ◦ h ◦ pi
∂ (gce ◦ h ◦ pi · y
e)
∂xj
· g˜dc ◦ h ◦ pi,
Y b = Y b
∂ (gce ◦ h ◦ pi · y
e)
∂yb
· g˜dc ◦ h ◦ pi
and
Z˜d = g˜cb ◦ h ◦ pi · Z˜
b∂
(
gde ◦ h ◦ pi · y
e
)
∂yc
.
Using equalities (P1) and (P2), we obtain:
P
(
Z˜a∂˜a + Y
a
·
∂˜a
)
= Z˜a∂˜a+
+
(
−Y a − 2g˜cb ◦ h ◦ pi
∂
(
Ga − 14F
a
)
∂yc
Z˜b +
(
gde ◦ h ◦ pi · y
e
)
Z˜bLcdb ◦ h ◦ pi · g˜
a
c ◦ h ◦ pi
)
·
∂˜a.
After some calculations, it results that P is an almost product structure.
Using the equality
P = Id− 2 (ρ, η) Γ,
we obtain that
(ρ, η) Γ
(
Z˜a∂˜a + Y
a∂˙a
)
=
=
(
Y a + g˜cb◦h◦pi
∂
(
Ga − 14F
a
)
∂yc
Z˜b −
1
2
(
gde ◦ h ◦ pi · y
e
)
Z˜bLcdb ◦ h ◦ pi · g˜
a
c ◦ h ◦ pi
)
·
∂˜a
Since
(ρ, η) Γ
(
Z˜a∂˜a + Y
a
·
∂˜a
)
=
(
Y a + (ρ, η) Γab Z˜
b
) ·
∂˜a
it results that relations (5.11.1.4) are satisfied. In addition, since
(ρ, η) Γ˚ac = (ρ, η) Γ
a
c +
1
4
g˜dc ◦ h ◦ pi
∂F a
∂yd
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and
(ρ, η) Γ˚a´c´ = (ρ, η) Γ
a´
c´ +
1
2
g˜b´c´ ◦ h ◦ pi
∂F a´
∂yb´
=M a´a ◦ pi
(
ρic ◦ h ◦ pi ·
∂Mab´
∂xi
yb´ + (ρ, η) Γac
)
M cc´ ◦ h ◦ pi
+M a´a ◦ pi
(
1
4
g˜bc ◦ h ◦ pi ·
∂F a
∂yb
)
M cc´ ◦ h ◦ pi
=M a´a ◦pi
(
ρic◦h◦pi ·
∂Mab´
∂xi
yb´ +
(
(ρ, η) Γac +
1
4
g˜bc◦h◦pi ·
∂F a
∂yb
))
M cc´ ◦h◦pi
=M a´a ◦pi
(
ρic◦h◦pi ·
∂Mab´
∂xi
yb´ + (ρ, η) Γ˚ac
)
M cc´ ◦h◦pi
it results the conclusion of the theorem. q.e.d.
Remarks
1. If (ρ, η) = (IdTM , IdM ), (g, h) = (IdE , IdM ), and Fe 6= 0, then we obtain the
canonical semispray associated to connection Γ which is not the same canonical
semispray presented by I. Bucataru and R. Miron in [7].
2. If (ρ, η) = (IdTM , IdM ), (g, h) = (IdE , IdM ), and Fe = 0, then we obtain the
canonical semispray associated to connection Γ which is not the classical canonical
semispray associated to connection Γ.
Using Theorem 5.11.1.1, we obtain the following:
Theorem 5.11.1.2 The following properties hold good:
1◦ Since
◦
δ˜c = ∂˜c − (ρ, η) Γ˚ac
·
∂˜a, c ∈ 1, r, it results that
(5.11.1.6)
◦
δ˜c = δ˜c −
1
4
g˜bc ◦ h ◦ pi ·
∂F a
∂yb
·
∂˜a, c ∈ 1, r.
2◦ Since δ˚y˜a = (ρ, η) Γ˚acdz˜
c + dy˜a, it results that
(5.11.1.7) δ˚y˜a = δy˜a +
1
4
g˜bc ◦ h ◦ pi
∂F a
∂yb
dz˜c, a ∈ 1, r.
Theorem 5.11.1.3 The real local functions
(5.11.1.8)
(
∂ (ρ, η) Γac
∂yb
,
∂ (ρ, η) Γac
∂yb
, 0, 0
)
, a, b, c ∈ 1, r,
and
(5.11.1.8′)
(
∂ (ρ, η) Γ˚ac
∂yb
,
∂ (ρ, η) Γ˚ac
∂yb
, 0, 0
)
, a, b, c ∈ 1, r,
respectively, are the coefficients to a normal Berwald linear (ρ, η)-connection for the
generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E).
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Theorem 5.11.1.4 The tensor of integrability of the (ρ, η)-connection (ρ, η) Γ˚ is as
follows:
(5.11.1.9)
(ρ, η, h) R˚acd = (ρ, η, h)R
a
cd +
1
4
(
g˜ed ◦ h ◦ pi
∂F a
∂ye |c
− g˜ec ◦ h ◦ pi
∂F a
∂ye |d
)
+
1
16
(
g˜ed ◦ h ◦ pi
∂F b
∂ye
g˜fc ◦ h ◦ pi
∂2F a
∂yb∂yf
− g˜fc ◦ h ◦ pi
∂F b
∂yf
g˜ed ◦ h ◦ pi
∂2F a
∂yb∂ye
)
+
1
4
(
L
f
cd ◦ h ◦ pi
) (
g˜ef ◦ h ◦ pi
) ∂F a
∂ye
,
where |c is the h-covariant derivation with respect to the normal Berwald linear (ρ, η)-
connection (5.11.1.8).
Proof. Since
(ρ, η, h) R˚acd = Γ (ρ˜, IdE)
(◦
δ˜c
)(
(ρ, η) Γ˚ad
)
− Γ (ρ˜, IdE)
(◦
δ˜d
)(
(ρ, η) Γ˚ac
)
+Lecd ◦ h ◦ (h ◦ pi) (ρ, η) Γ˚
a
e ,
and
Γ (ρ˜, IdE)
(◦
δ˜c
)(
(ρ, η) Γ˚ad
)
= Γ (ρ˜, IdE)
(
δ˜c
)
((ρ, η) Γad)
+
1
4
Γ (ρ˜, IdE)
(
δ˜c
)(
g˜ed ◦ h ◦ pi
∂F a
∂ye
)
−
1
4
g˜ec ◦ h ◦ pi
∂F f
∂ye
∂
∂yf
((ρ, η) Γad)
−
1
16
g˜ec ◦ h ◦ pi
∂F f
∂ye
∂
∂yf
(
g˜ed ◦ h ◦ pi
∂F a
∂ye
)
,
Γ (ρ˜, IdE)
(◦
δ˜d
)(
(ρ, η) Γ˚ac
)
= Γ (ρ˜, IdE)
(
δ˜d
)
((ρ, η) Γac)
+
1
4
Γ (ρ˜, IdE)
(
δ˜d
)(
g˜ec ◦ h ◦ pi
∂F a
∂ye
)
−
1
4
g˜ed ◦ h ◦ pi
∂F f
∂ye
∂
∂yf
((ρ, η) Γac)
−
1
16
g˜ed ◦ h ◦ pi
∂F f
∂ye
∂
∂yf
(
g˜ec ◦ h ◦ pi
∂F a
∂ye
)
,
Lecd ◦ h ◦ pi · (ρ, η) Γ˚
a
e = L
e
cd ◦ h ◦ pi · (ρ, η) Γ
a
e
+Lecd ◦ h ◦ pi ·
(
g˜fe ◦ h ◦ pi
∂F a
∂yf
)
it results the conclusion of the theorem. q.e.d.
Theorem 5.11.1.5 Let
Tabcδa ⊗ dz˜
b ⊗ dz˜c ∈ T 1020 ((ρ, η)TE, (ρ, η) τE , E)
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and
Sabc
·
∂˜a ⊗ δy˜
b ⊗ δy˜c ∈ T 0102 ((ρ, η)TE, (ρ, η) τE , E)
such that they verify the following conditions:
Tabc = −T
a
cb, S
a
bc = −S
a
cb, ∀b, c ∈ 1, r.
If
(
(ρ, η) H˜, (ρ, η) V˜
)
is the distinguished linear (ρ, η)-connection presented in the
Theorem 5.9.2, then the local real functions:
(5.11.1.10)
(ρ, η) H˚abc = (ρ, η) H˜
a
bc +
1
8
g˜ae
(
−g˜fc ◦ h ◦ pi
∂F d
∂yf
∂gbe
∂yd
+ g˜fe ◦ h ◦ pi
∂F d
∂yf
∂gbc
∂yd
− g˜fb ◦ h ◦ pi
∂F d
∂yf
∂gec
∂yd
)
,
(ρ, η) V˚ abc = (ρ, η) V˜
a
bc
are the components of a normal distinguished linear (ρ, η)-connection with (ρ, η)-H (HH)
and (ρ, η)-V (VV) torsions a priori given such that the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E) derives generalized Lagrange (ρ, η)-space.
In addition, we have:
(5.11.1.11)
(ρ, η, h) T˚abc = T
a
bc
(ρ, η, h) S˚abc = S
a
bc.
Proposition 5.11.1.1 If S is the canonical (ρ, η)-semispray associated to the mecha-
nical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ) and from B
v-morphism (g, h), then
(5.11.1.12) 2Ga´ = 2GaM a´a ◦ h ◦ pi − (g
a
b ◦ h ◦ pi) y
b
(
ρia ◦ h ◦ pi
) ∂ya´
∂xi
.
Proof. Since the Jacobian matrix of coordinates transformation is∥∥∥∥∥∥
M a´a ◦ h ◦ pi 0
ρia ◦ (h ◦ pi)
∂M a´a ◦ pi
∂xi
ya M a´a ◦ pi
∥∥∥∥∥∥ =
∥∥∥∥∥∥
M a´a ◦ h ◦ pi 0
ρia ◦ (h ◦ pi)
∂ya´
∂xi
M a´a ◦ pi
∥∥∥∥∥∥
and∥∥∥∥∥∥
M a´a ◦ h ◦ pi 0
ρia ◦ (h ◦ pi)
∂ya´
∂xi
M a´a ◦ pi
∥∥∥∥∥∥ ·
 (gab ◦ h ◦ pi) yb
−2
(
Ga −
1
4
F a
)  =

(
ga´b´ ◦ h ◦ pi
)
yb´
−2
(
Ga´ −
1
4
F a´
)  ,
the conclusion results immediately.
In the following, we consider a differentiable curve I
c
−→ M and its (g, h)-lift I
c˙
−→ E.
q.e.d.
Definition 5.11.1.3 The curve c˙ is a integral curve of the (ρ, η)-semispray S of the
mechanical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ), if it is verifies the following equality:
(5.11.1.13)
dc˙ (t)
dt
= Γ (ρ˜, IdE)S (c˙ (t)) .
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Theorem 5.11.1.6 All (g, h)-lifts solutions of the equations:
(5.11.1.14)
dya (t)
dt
+ 2Ga◦ u (c, c˙) (x (t))=
1
2
F a◦ u (c, c˙) (x (t)), a∈1,r,
where x (t) = (η ◦ h ◦ c) (t) , are integral curves of the canonical (ρ, η)-semispray asso-
ciated to mechanical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ) and from locally invertible
Bv-morphism (g, h) .
Proof. Since the equality
dc˙ (t)
dt
= Γ (ρ˜, IdE)S (c˙ (t))
is equivalent to
d
dt
((η ◦ h ◦ c)i(t), ya(t))
=
(
ρia ◦ η ◦ h ◦ c(t)g
a
b ◦ h ◦ c(t)y
b(t),−2
(
Ga −
1
4
F a
)
((η ◦ h ◦ c)i(t), ya(t))
)
,
it results
dya (t)
dt
+ 2Ga
(
xi (t) , ya (t)
)
=
1
2
F a
(
xi (t) , ya (t)
)
, a ∈ 1, n,
dxi (t)
dt
= ρia ◦ η ◦ h ◦ c (t) g
a
b ◦ h ◦ c (t) y
b (t) ,
where xi (t) = (η ◦ h ◦ c)i (t). q.e.d.
Definition 5.11.1.4 If S is a (ρ, η)-semispray, then the vector field
(5.11.1.15) [C, S](ρ,η)TE − S
will be called the derivation of (ρ, η)-semispray S.
The (ρ, η)-semispray S will be called (ρ, η)-spray if the following conditions are
verified:
1. S ◦ 0 ∈ C1, where 0 is the null section;
2. Its derivation is the null vector field.
The (ρ, η)-semispray S will be called quadratic (ρ, η)-spray if there are verified the
following conditions:
1. S ◦ 0 ∈ C2, where 0 is the null section;
2. Its derivation is the null vector field.
In particular, if (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we obtain the
spray and the quadratic spray which is similar with the classical spray and quadratic
spray.
Theorem 5.11.1.7 If S is the canonical (ρ, η)-spray associated to mechanical (ρ, η)-
system ((E, pi,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h), then
(5.11.1.16)
2
(
Ga −
1
4
F a
)
= (ρ, η) Γac
(
gcf ◦ h ◦ pi · y
f
)
+
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pig˜
a
b ◦ h ◦ pi
(
gcf ◦ h ◦ pi · y
f
)
, a ∈ 1, r.
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Then, we obtain the spray
(5.11.1.17)
S = (gab ◦ h ◦ pi) y
b ∂
∂z˜a
+ (ρ, η) Γac
(
gcf ◦ h ◦ pi · y
f
) ∂
∂y˜a
+
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi
(
gcf ◦ h ◦ pi · y
f
) ∂
∂y˜a
.
This (ρ, η)-spray will be called the canonical (ρ, η)-spray associated to mechanical
system ((E, pi,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h).
In particular, if (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we get the
canonical spray associated to connection Γ which is similar with the classical canonical
spray associated to connection Γ.
Proof. Since
[C, S](ρ,η)TE =
[
ya
·
∂˜a,
(
gbe ◦ h ◦ pi · y
e
)
∂˜b
]
(ρ,η)TE
− 2
[
ya
·
∂˜a,
(
Gb −
1
4
F b
) ·
∂˜b
]
(ρ,η)TE
,
[
ya
·
∂˜a,
(
gbe ◦ h ◦ pi · y
e
)
∂˜b
]
(ρ,η)TE
= ya
∂
(
gbe ◦ h ◦ pi · y
e
)
∂ya
∂˜b −
(
gbe ◦ h ◦ pi · y
e
)
ρ
j
β ◦ h ◦ pi
∂ya
∂xi
= yagbe ◦ h ◦ pi · δ
e
a∂˜b − 0 =
(
gbe ◦ h ◦ pi · y
e
)
∂˜b
and [
ya
·
∂˜a,
(
Gb − 14F
b
) ·
∂˜b
]
(ρ,η)TE
= ya
∂
(
Gb − 14F
b
)
∂ya
·
∂˜b −
(
Gb −
1
4
F b
)
δab
·
∂˜a
= ya
∂
(
Gb − 14F
b
)
∂ya
·
∂˜b −
(
Gb −
1
4
F b
) ·
∂˜b
it results that
(S1) [C, S](ρ,η)TE − S = 2
(
−yf
∂
(
Ga − 14F
a
)
yf
+ 2
(
Ga −
1
4
F a
)) ·
∂˜a
Using equality (5.11.1.4), it results that
(S2)
∂
(
Ga − 14F
a
)
yf
= (ρ, η) Γac · g
c
f ◦ h ◦ pi
+
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi · g
c
f ◦ h ◦ pi.
Using equalities (S1) and (S2), it results the conclusion of the theorem. q.e.d.
Remark 5.11.1.2. If (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we get the
canonical spray associated to connection Γ.
Theorem 5.11.1.8 All (g, h)-lifts solutions of the following system of equations:
(5.11.1.17)
dya
dt
+ (ρ, η) Γac
(
gcf ◦ h ◦ pi · y
f
)
+
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi
(
gcf ◦ h ◦ pi · y
f
)
= 0,
are the integral curves of canonical (ρ, η)-spray associated to mechanical (ρ, η)-system
((E, pi,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h) .
133
5.11.2 The Lagrangian formalism for Lagrange mechanical (ρ, η)-systems
Let ((E, pi,M) , Fe, L) be an arbitrarily Lagrange mechanical (ρ, η)-system.
The natural dual (ρ, η)-base (dz˜α, dy˜a) of natural (ρ, η)-base
(
∂
∂z˜α
,
∂
∂y˜a
)
is deter-
mined by the equations
〈
dz˜α,
∂
∂z˜β
〉
= δαβ ,
〈
dz˜α,
∂
∂y˜a
〉
= 0,〈
dy˜a,
∂
∂z˜β
〉
= 0,
〈
dy˜a,
∂
∂y˜b
〉
= δab .
It is very important to remark that the 1-forms dz˜α, α ∈ 1, p and dy˜a, a ∈ 1, n are
not the differentials of coordinates functions as in the classical case, but we will use the
same notations. In this case
(dz˜α) 6= d(ρ,η)TE (z˜α) = 0,
where d(ρ,η)TE is the exterior differentiation operator associated to exterior differential
F (E)-algebra
(Λ ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,∧) .
Let L be a regular Lagrangian and let (g, h) be a locally invertible Bv-morphism of
(E, pi,M) source and (E, pi,M) target.
Definition 5.11.2.1 The 1-form
(5.11.2.1) θL = (g˜
e
a ◦ h ◦ pi · Le) dz˜
a
will be called the 1-form of Poincare´-Cartan type associated to the Lagrangian L and
to the locally invertible Bv-morphism (g, h).
We obtain easily:
(5.11.2.2) θL
(
∂
∂z˜b
)
= g˜eb ◦ h ◦ pi · Le, θL
(
∂
∂y˜b
)
= 0.
Definition 5.11.2.2 The 2-form
ωL = d
(ρ,η)TEθL
will be called the 2-form of Poincare´-Cartan type associated to the Lagrangian L and
to the locally invertible Bv-morphism (g, h).
By the definition of d(ρ,η)TE , we obtain:
(5.11.2.3)
ωL (U, V ) = Γ (ρ˜, IdE) (U) (θL (V ))
−Γ (ρ˜, IdE) (V ) (θL (U))− θL
(
[U, V ](ρ,η)TE
)
,
for any U, V ∈ Γ ((ρ, η)TE, (ρ, η) τE , E).
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It follows:
(5.11.2.4)

ωL
(
∂
∂z˜a
,
∂
∂z˜b
)
=
(
ρia ◦ h ◦ pi
)
· Lib
−
(
ρib ◦ h ◦ pi
)
· Lia − L
c
ab ◦ h ◦ pi · g˜
e
c ◦ h ◦ pi · Le;
ωL
(
∂
∂z˜a
,
∂
∂y˜b
)
= −g˜ea ◦ h ◦ pi · Leb;
ωL
(
∂
∂y˜a
,
∂
∂y˜b
)
= 0.
Definition 5.11.2.3 The real function
(5.11.2.5) EL = ya · La − L
will be called the energy of regular Lagrangian L.
Theorem 5.11.2.1 The equation
(5.11.2.6) iS (ωL) = −d
(ρ,η)TE (EL) , S ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) ,
has an unique solution SL (g, h) of the type:
(5.11.2.7) (gae ◦ h ◦ pi) y
e ∂
∂z˜a
− 2
(
Ga −
1
4
F a
)
∂
∂y˜a
,
where
(5.11.2.8) 2Ga = gae ◦ h ◦ pi · L˜
eb · Eb (L, g, h) +
1
2
F a
and
(5.11.2.9)
Eb(L, g, h) = ρ
i
b◦h◦pi · Li − g
a
e ◦ h ◦ pi · y
e · ρia◦h◦pi ·
∂ (g˜eb ◦ h ◦ pi · Le)
∂xi
+ gae ◦ h ◦ pi · y
e · Ldab◦h◦pi · (g˜
e
d ◦ h ◦ pi · Le) .
SL (g, h) will be called the canonical (ρ, η)-semispray associated to Lagrange mechanical
(ρ, η)-system ((E, pi,M) , Fe, L) and from locally invertible B
v-morphism (g, h).
Proof. We obtain that
iS (ωL) = −d
(ρ,η)TE (EL)
if and only if
ωL (S,X) = −Γ (ρ˜, IdE) (X) (EL) ,
for any X ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Particularly, we obtain:
ωL
(
S,
∂
∂z˜b
)
= −Γ (ρ˜, IdE)
(
∂
∂z˜b
)
(EL) .
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If we expand this equality by using (5.11.2.2) and (5.11.2.4), we obtain
gae ◦ h ◦ pi · y
e ·
[
ρia◦h◦pi ·
∂ (g˜eb ◦ h ◦ pi · Le)
∂xi
− ρib◦h◦pi ·
∂ (g˜ea ◦ h ◦ pi · Le)
∂xi
− Ldab◦h◦pi · (g˜
e
d ◦ h ◦ pi · Le)
]
+ 2
(
Ga −
1
4
F a
)
(g˜ea ◦ h ◦ pi) · Leb
= −ρib◦h◦pi · (g
a
e ◦ h ◦ pi · y
e) ·
∂ (g˜ea ◦ h ◦ pi · Le)
∂xi
+ ρib◦h◦pi · Li.
After some calculations, we obtain
2
(
Ga −
1
4
F a
)
= gae ◦ h ◦ pi · L˜
eb ·Eb (L, g, h) ,
where
Eb (L, g, h) = ρ
i
b◦h◦pi · Li − g
a
e ◦ h ◦ pi · y
e · ρia◦h◦pi ·
∂ (g˜eb ◦ h ◦ pi · Le)
∂xi
+
+ gae ◦ h ◦ pi · y
e · Ldab◦h◦pi · (g˜
e
d ◦ h ◦ pi · Le) .
q.e.d.
Remarks
1. If Fe = 0 and η = IdM , then SL (IdE , IdM )
put
= SL is the canonical ρ-semispray
associated to regular Lagrangian L which is similar with the semispray presented
in [27] by M. de Leon, J. Marrero and E. Martinez.
2. If Fe 6= 0 and (ρ, η) = (IdTM , IdM ), then SL (IdE , IdM )
put
= SL will be called
the canonical semispray which is not the same canonical semispray presented by
I. Bucataru and R. Miron in [7].
3. If Fe = 0 and (ρ, η) = (IdTM , IdM ), then SL (IdM , IdE)
put
= SL will be called
the canonical semispray which is not the same canonical semispray presented by
R. Miron and M. Anastasiei in [41].
Theorem 5.11.2.2 The real local functions
(5.11.2.10)
(ρ, η) Γac =
1
2
g˜ec ◦ h ◦ pi
∂
(
gae ◦ h ◦ pi · L
eb ·Eb (L, g, h)
)
∂ye
−
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi, a, c ∈ 1, r.
are the components of a (ρ, η)-connection (ρ, η) Γ for the vector bundle (E, pi,M) which
will be called the (ρ, η)-connection associated to Lagrange mechanical (ρ, η)-system
((E, pi,M) , Fe, L) and from B
v-morphism (g, h).
Corollary 5.11.2.1 The real local functions
(5.11.2.11)
(ρ, η)˚Γac =
(
g˜bc ◦ h ◦ pi
) ∂Ga
∂yb
−
1
2
(
gde ◦ h ◦ pi · y
e
)
Lbdc ◦ h ◦ pi · g˜
a
b ◦ h ◦ pi, a, c ∈ 1, r
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are the components of a (ρ, η)-connection (ρ, η) Γ˚ for the vector bundle (E, pi,M) .
In addition, we have
(5.11.2.12) (ρ, η) Γ˚ac = (ρ, η) Γ
a
c +
1
4
(g˜bc ◦ h ◦ pi) ·
∂F a
∂yb
, ∀a, c ∈ 1, r.
Theorem 5.11.2.3 The parallel (g, h)-lifts with respect to (ρ, η)-connection (ρ, η) Γ
are the integral curves of the canonical (ρ, η)-semispray associated to mechanical (ρ, η)-
system ((E, pi,M) , Fe, L) and from locally invertible B
v-morphism (g, h) .
Definition 5.11.2.4 The equations
(5.11.2.13)
dya (t)
dt
+
(
gae ◦ h ◦ pi · L˜
eb ·Eb (L, g, h)
)
◦ u (c, c˙) (x (t)) = 0,
where x (t) = η ◦ h ◦ c (t), will be called the equations of Euler-Lagrange type associated
to Lagrange mechanical (ρ, η)-system ((E, pi,M) , Fe, L) and from locally invertible B
v-
morphism (g, h) .
The equations
(5.11.2.13′)
dya (t)
dt
+
(
L˜ab · Eb (L, IdE , IdM )
)
◦ u (c, c˙) (x (t)) = 0,
where x (t) = h ◦ η ◦ c (t), will be called the equations of Euler-Lagrange type associated
to Lagrange mechanical (ρ, η)-system ((E, pi,M) , Fe, L).
Remark 5.11.2.1 The integral curves of the canonical (ρ, η)-semispray associated to
mechanical (ρ, η)-system ((E, pi,M) , Fe, L) and from locally invertible B
v-morphism
(g, h) are the (g, h)-lifts solutions for the equations of Euler-Lagrange type (5.11.2.13).
It is known that, in classical sense, a geodesic with respect to a Finsler metric
TM
F
−−→ R+
is a curve c on the manifold M such that the components of its tangent lift
dci
dt
·
∂
∂xi
are solutions for the Euler-Lagrange equations
(5.11.2.14) d
dt
(
∂F 2
∂yi
)
− ∂F
2
∂xi
= 0, i ∈ 1,m .
If (
(TM, τM ,M) , [˜, ]TM,h, (ρ, η)
)
is a generalized Lie algebroid different by the generalized Lie algebroid(
(TM, τM ,M) , [, ]TM,IdM , (IdTM , IdM )
)
,
then, using the classical method by work, we can not determine the geodesics on the
manifold M such that the components of their lifts (different by the tangent lift) are
solutions for the Euler-Lagrange equations (5.11.2.14).
Using our theory, we obtain the following
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Theorem 5.11.2.4 If F is a Finsler fundamental function, then the geodesics on the
manifold M are the curves such that the components of their (g, h)-lifts are solutions
for the equations of Euler-Lagrange type (5.11.2.13) .
Therefore, it is natural to propose to extend the study of the Finsler geometry from
the usual Lie algebroid
((TM, τM ,M) , [, ]TM , (IdTM , IdM )) ,
to an arbitrary (generalized) Lie algebroid(
(E, pi,M) , [, ]E,h , (ρ, η)
)
.
6 The geometry of total space of the generalized tangent
bundle for dual vector bundle
6.1 Adapted (ρ, η)-basis and adapted dual (ρ, η)-basis
In the following we consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
.
If we put the problem of finding a base for the F
(
∗
E
)
-module
(
Γ
(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
of the type
∗
δ
δz˜α
= Z˜βα
∗
∂
∂z˜β
+ Ybα
∂
∂p˜b
, α ∈ 1, p
which satisfies the following conditions:
(6.1.1)
Γ
(
(ρ, η)
∗
pi!, Id ∗
E
) ∗δ
δz˜α
 = ∗T˜α
Γ
(
(ρ, η)
∗
Γ, Id ∗
E
) ∗δ
δz˜α
 = 0,
then we obtain the sections
(6.1.2)
∗
δ
δz˜α
=
∗
∂
∂z˜α
+ (ρ, η)
∗
Γbα
∂
∂p˜b
.
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We observe that their law of change is a tensorial law under a change of vector fiber
charts.
Definition 6.1.1 The base(
∗
δ
δz˜α
, ∂
∂p˜a
)
put
=
(
∗
δ˜α,
·
∂˜
a
)
will be called the adapted (ρ, η)-base.
The following equality holds good
(6.1.3) Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜α
)
=
(
ρiα ◦ h ◦
∗
pi
) ∗
∂i + (ρ, η)
∗
Γbα∂˙
b,
where
(
∗
∂i, ∂˙
a
)
is the natural base for the F
(
∗
E
)
-module
(
Γ
(
T
∗
E, τ ∗
E
,
∗
E
)
,+, ·
)
.
Moreover, if (ρ, η)
∗
Γ is the (ρ, η)-connection associated to connection
∗
Γ, then we
obtain
(6.1.4) Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜α
)
=
(
ρiα ◦ h ◦ pi
) ∗
δi,
where
(
∗
δi, ∂˙a
)
is the adapted base for the F
(
∗
E
)
-module
(
Γ
(
T
∗
E, τ ∗
E
,
∗
E
)
,+, ·
)
.
Theorem 6.1.1 The following equality holds good
(6.1.5)
[∗
δ˜α,
∗
δ˜β
]
(ρ,η)T
∗
E
= Lγαβ ◦
(
h ◦
∗
pi
) ∗
δ˜γ + (ρ, η, h)
∗
Rb αβ
·
∂˜
b
,
where
(6.1.6)
(ρ, η, h)
∗
Rb αβ = Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜β
)(
(ρ, η)
∗
Γbα
)
+ Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜α
)(
(ρ, η)
∗
Γbβ
)
−
(
L
γ
αβ ◦ h ◦
∗
pi
)
(ρ, η)
∗
Γbγ ,
Moreover, we have:
(6.1.7)
[
∗
δ˜α,
·
∂˜
a
]
(ρ,η)T
∗
E
= −Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
a
)(
(ρ, η)
∗
Γbα
) ·
∂˜
b
,
and
(6.1.8) Γ
(
∗
ρ˜, Id ∗
E
)[∗
δ˜α,
∗
δ˜β
]
(ρ,η)T
∗
E
=
[
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜α
)
,Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜β
)]
T
∗
E
.
Let (dz˜α, dp˜a) be the natural dual (ρ, η)-base.
If we consider the problem of finding a base for the F
(
∗
E
)
-module
(
Γ
((
V (ρ, η)T
∗
E
)∗
,
(
(ρ, η) τ ∗
E
)∗
,
∗
E
)
,+, ·
)
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of the type
δp˜a = θaαdz˜
α + ωbadp˜b, a ∈ 1, r
which satisfies the following conditions:
(6.1.9)
〈
δp˜a,
·
∂˜
b
〉
= δba ∧
〈
δp˜a,
∗
δ˜α
〉
= 0,
then we obtain the sections
(6.1.10) δp˜a = − (ρ, η)
∗
Γaαdz˜
α + dp˜a, a ∈ 1, r.
We observe that their changing rule is tensorial under a change of vector fiber charts.
Definition 6.1.2 The base (dz˜α, δp˜a) will be called the adapted dual (ρ, η)-base.
6.2 Remarkable endomorphisms
Now, let us consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 6.2.1 For any Mod-endomorphism e of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
we define the application of Nijenhuis type
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)2 Ne
−−−−−−→
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
defined by
Ne (X,Y ) = [eX, eY ]
(ρ,η)T
∗
E
+ e2 [X,Y ]
(ρ,η)T
∗
E
− e [eX, Y ]
(ρ,η)T
∗
E
− e [X, eY ]
(ρ,η)T
∗
E
,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Remark 6.2.1 The vertical and the horizontal vector subbundles are interior differential
systems for the Lie algebroid generalized tangent bundle((
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, [, ]
(ρ,η)T
∗
E
,
(
∗
ρ˜, Id ∗
E
))
.
These interior differential systems will be called vertical and horizontal interior
differential systems.
140
6.2.1 Projectors
Definition 6.2.1.1 Any Mod-endomorphism e of
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
with the property
(6.2.1.1) e2 = e
will be called a projector.
Example 6.2.1.1 The Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
V
−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜α
∗
δ˜α + Ya
·
∂˜
a
7−→ Ya
·
∂˜
a
is a projector which will be called the the vertical projector.
Remark 6.2.1.1 We have
∗
V
(∗
δ˜α
)
= 0 and
∗
V
(
·
∂˜
a
)
=
·
∂˜
a
. Therefore, it follows
∗
V
(∗
∂˜α
)
= − (ρ, η)
∗
Γbα
·
∂˜
b
.
Theorem 6.2.1.1 A (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
is characterized
by the existence of a Mod-endomorphism
∗
V of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
with the properties:
(6.2.1.2)
∗
V
(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
))
⊂ Γ
((
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
))
∗
V (X) = X ⇐⇒ X ∈ Γ
((
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
))
Example 6.2.1.2 The Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
H
−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜α
∗
δ˜α + Ya
·
∂˜
a
7−→ Z˜α
∗
δ˜α
is a projector which will be called the horizontal projector.
Remark 6.2.1.2We have
∗
H
(∗
δ˜α
)
=
∗
δ˜α and
∗
H
( ·
∂˜
a)
=0. Therefore, we obtain
∗
H
(∗
∂˜α
)
=
∗
δ˜α.
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Theorem 6.2.1.2 A (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
is characterized
by the existence of a Mod-endomorphism
∗
H of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
with the properties:
(6.2.1.3)
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
⊂ Γ
(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
∗
H (X) = X ⇐⇒ X ∈ Γ
(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Corollary 6.2.1.1 A (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
is characterized
by the existence of a Mod-endomorphism
∗
H of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
with the properties:
(6.2.1.4)
∗
H
2
=
∗
H
Ker
(
∗
H
)
=
(
Γ
(
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
.
Remark 6.2.1.3 For any
X ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
we obtain the following unique decomposition
X =
∗
HX +
∗
VX.
Proposition 6.2.1.1 After some calculations we obtain
(6.2.1.5) N∗
V
(X,Y ) =
∗
V
[
∗
HX,
∗
HY
]
(ρ,η)T
∗
E
= N ∗
H
(X,Y ) ,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Corollary 6.2.1.2 The horizontal interior differential system(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is involutive if and only if N∗
V
= 0 or N ∗
H
= 0.
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6.2.2 The almost product structure
Definition 6.2.2.1 Any Mod-endomorphism e of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
with the property
(6.2.2.1) e2 = Id
will be called the almost product structure.
Example 6.2.2.1 The Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
P
−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜α
∗
δ˜α + Ya
·
∂˜
a
7−→ Z˜α
∗
δ˜α − Ya
·
∂˜
a
is an almost product structure.
Remark 6.2.2.1 The previous almost product structure has the properties:
(6.2.2.2)
∗
P = 2
∗
H− Id;
∗
P = Id− 2
∗
V ;
∗
P =
∗
H−
∗
V.
Remark 6.2.2.2 We obtain that
∗
P
(∗
δ˜α
)
=
∗
δ˜α and
∗
P
(
·
∂˜
a
)
= −
·
∂˜
a
. Therefore, it
follows
∗
P
(∗
∂˜α
)
=
∗
δ˜α − ρ
∗
Γbα
·
∂˜
b
.
Theorem 6.2.2.1 A (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
is characterized
by the existence of a Mod-endomorphism
∗
P of(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
with the following property:
(6.2.2.3)
∗
P (X) = −X ⇐⇒ X ∈ Γ
(
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Proposition 6.2.2.1 After some calculations, we obtain
N ∗
P
(X,Y ) = 4
∗
V
[
∗
HX,
∗
HY
]
,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Corollary 6.2.2.1 The horizontal interior differential system(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is involutive if and only if N ∗
P
= 0.
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6.2.3 The almost tangent structure
Definition 6.2.3.1 Any Mod-endomorphism e of(
Γ((ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E),+, ·
)
with the property
(6.2.3.1) e2 = 0
will be called the almost tangent structure.
Example 6.2.3.1 If (E, pi,M) = (F, ν,N) and g ∈Man
(
∗
E,E
)
such that (g, h) is a
Bv-morphism locally invertible, then the Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
J (g,h)
−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜a
∗
∂˜a + Yb
·
∂˜
b
7−→
(
g˜ba ◦ h ◦
∗
pi
)
Z˜a
·
∂˜
b
is an almost tangent structure which will be called the almost tangent structure asso-
ciated to Bv-morphism (g, h). (See: Definition 4.4.2.3)
Remark 6.2.3.1 We obtain that
∗
J (g,h)
(∗
δ˜a
)
=
∗
J (g,h)
(∗
∂˜a
)
=
(
g˜ba ◦ h ◦
∗
pi
) ·
∂˜
b
and
∗
J (g,h)
(
·
∂˜
b
)
= 0.
Remark 6.2.3.2 The previous almost tangent structure has the following properties:
(6.2.3.2)
∗
J (g,h) ◦
∗
P =
∗
J (g,h);
∗
P ◦
∗
J (g,h) = −
∗
J (g,h);
∗
J (g,h) ◦
∗
H =
∗
J (g,h);
∗
H ◦
∗
J (g,h) = 0;
∗
J (g,h) ◦
∗
V = 0;
∗
V ◦
∗
J (g,h) =
∗
J (g,h);
N ∗
J (g,h)
= 0.
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6.2.4 The almost complex structure
Let us consider in the case (E, pi,M) = (F, ν,N).
bkDefinition 6.2.4.1 Any Mod-endomorphism e of(
Γ((ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E),+, ·
)
with the property
(6.2.4.1) e2 = −Id
will be called the almost complex structure.
Example 6.2.4.1 If (g, h) is a Bv-morphism of
(
∗
E,
∗
pi,M
)
source and (E, pi,M) target
locally invertible, then the Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
F (g,h)
−−−−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜a
∗
δ˜a + Ya
·
∂˜
a
7−→
(
gab ◦ h ◦
∗
pi
)
Yb
∗
δ˜a −
(
g˜ba ◦ h ◦
∗
pi
)
Z˜a
·
∂˜
b
is an almost complex structure.
Remark 6.2.4.1 We have
∗
F (g,h)
(∗
δ˜a
)
= −
(
g˜ba ◦ h ◦
∗
pi
) ·
∂˜
b
and
∗
F (g,h)
(
·
∂˜
b
)
=
(
gab ◦ h ◦
∗
pi
) ∗
δ˜a.
Therefore, we obtain:
∗
F (g,h)
(∗
∂˜c
)
= − (ρ, η)
∗
Γbc
(
gab ◦ h ◦
∗
pi
) ∗
δ˜a −
(
g˜bc ◦ h ◦
∗
pi
) ·
∂˜
b
.
Remark 6.2.4.2 The previous almost complex structure has the following properties:
(6.2.4.2)
∗
F (g,h) ◦
∗
J (g,h) =
∗
H;
∗
F (g,h) ◦
∗
H = −
∗
J (g,h);
∗
J (g,h) ◦
∗
F (g,h) =
∗
V.
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6.2.5 The (ρ, η)-tension endomorphism
Since
∂ (ρ, η)
∗
Γb´α´
∂pa´
=M bb´ ◦
∗
pi
−ρiα ◦ h∂M a´b ◦ ∗pi∂xi + ∂ (ρ, η)
∗
Γbc
∂pa
M a´a ◦
∗
pi
Λαα´ ◦ h,
it results that
(ρ, η)
∗
Γb´α´ − pa´
∂ (ρ, η)
∗
Γb´α´
∂pa´
=M bb´ ◦
∗
pi
(ρ, η) ∗Γbα − pa∂ (ρ, η) ∗Γbα
∂pa
Λαα´ ◦ h ◦ ∗pi,
Therefore, we can introduce the following
Definition 6.2.5.1 The Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
(ρ,η)
∗
H
−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
defined by
(6.2.5.1)
(ρ, η)
∗
H
(∗
δ˜α
)
=
(
(ρ, η)
∗
Γbα − pa
∂(ρ,η)
∗
Γbα
∂pa
) ·
∂˜
b
,
(ρ, η)
∗
H
(
·
∂˜
a
)
= 0
(ρ,η)T
∗
E
will be called the (ρ, η)-tension of (ρ, η)-connection (ρ, η)
∗
Γ.
In particular, if (ρ, η, h)= (IdTM , IdM , IdM ), then we obtain the tension of connec-
tion
∗
Γ.
Proposition 6.2.5.1 We obtain the following equalities
∗
J (
Id∗
E
,IdM
) ◦ (ρ, η) ∗H = 0 = (ρ, η) ∗H ◦ ∗J (
Id∗
E
,IdM
).
6.3 The (ρ, η, h)-torsion and the (ρ, η, h)-curvature of a (ρ, η)-connection
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 6.3.1 If (E, pi,M) = (F, ν,N), then the F
(
∗
E
)
-bilinear application
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)2
(ρ,η,h)
∗
T
−−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
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defined by
(6.3.1)
(ρ, η, h)
∗
T
(∗
δ˜b,
∗
δ˜c
)
=
∂ (ρ, η) ∗Γbc
∂pa
−
∂ (ρ, η)
∗
Γcb
∂pa
− Labc ◦ h ◦
∗
pi
 ∗δ˜a;
(ρ, η, h)
∗
T
(
∗
δ˜b,
·
∂˜
c
)
= 0 = (ρ, η, h)
∗
T
(
·
∂˜
b
,
∗
δ˜c
)
;
(ρ, η, h)
∗
T
(
·
∂˜
b
,
·
∂˜
c
)
= 0;
will be called the (ρ, η, h)-torsion associated to (ρ, η)-connection (ρ, η) Γ.
In particular, if h = IdM , then we obtain the (ρ, η)-torsion associated to (ρ, η)-
connection (ρ, η)
∗
Γ.
Moreover, if (ρ, η) = (IdTM , IdM ), then we obtain the torsion associated to connec-
tion
∗
Γ.
Remark 6.3.1 If (ρ, η, h)
∗
T is the (ρ, η, h)-torsion associated to (ρ, η)-connection (ρ, η)
∗
Γ,
then
(6.3.2) (ρ, η, h)
∗
T(X,Y ) = − (ρ, η, h)
∗
T(Y,X),
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Definition 6.3.2 If we consider the notation
(6.3.3) (ρ, η, h)
∗
T
a
bc
put
=
∂ (ρ, η)
∗
Γbc
∂pa
−
∂ (ρ, η)
∗
Γcb
∂pa
− Labc ◦ h ◦
∗
pi
then the tensor field
(6.3.4) (ρ, η, h)
∗
T
a
bc
∗
δ˜a ⊗ dz˜b ⊗ dz˜c
will be called the (ρ, η, h)-torsion tensor field associated to (ρ, η)-connection (ρ, η)
∗
Γ.
Proposition 6.3.1 We obtain
∗
J (
Id∗
E
,IdM
) ◦ (ρ, η) ∗T = 0
and
(ρ, η)
∗
T
(
∗
J (
Id∗
E
,IdM
)X,Y
)
= (ρ, η)
∗
T
(
∗
J (
Id∗
E
,IdM
)X, ∗J (
Id∗
E
,IdM
)Y
)
= (ρ, η)
∗
T
(
X,
∗
J (
Id∗
E
,IdM
)Y
)
,
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for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Theorem 6.3.1 Using the (ρ, η)-tension tensor field
(6.3.5) (ρ, η)
∗
Hba
·
∂˜
b
⊗ dz˜a =
(ρ, η) ∗Γba − pc∂ (ρ, η) ∗Γba
∂pc
 ·∂˜b ⊗ dz˜a,
and the (ρ, η, h)-deflection of the (ρ, η)-connection (ρ, η)
∗
Γ
(6.3.6) (ρ, η, h)
∗
Dbc = − (ρ, η)
∗
Γbc + pa
∂ (ρ, η)
∗
Γcb
∂pa
+ pa · L
a
bc ◦ h ◦
∗
pi,
we obtain that (ρ, η, h)
∗
Dbc=0 if and only if (ρ, η)
∗
Hbc=0 and (ρ, η, h)
∗
T
a
bc=0.
Proof. If (ρ, η, h)
∗
Dbc=0, then deriving with respect to pa, we obtain:
−
∂ (ρ, η)
∗
Γbc
∂pa
+
∂ (ρ, η)
∗
Γcb
∂pa
+ Labc ◦ h ◦
∗
pi = 0⇐⇒ (ρ, η, h)
∗
T
a
bc = 0.
The equality (ρ, η, h)
∗
Dbc=0 implies:
(1) (ρ, η)
∗
Γbc = pa
∂ (ρ, η)
∗
Γcb
∂pa
+ paL
a
bc ◦ h ◦
∗
pi.
Since
(ρ, η)
∗
Hbc = (ρ, η)
∗
Γbc − pa
∂ (ρ, η)
∗
Γbc
∂pa
= pa
∂ (ρ, η)
∗
Γcb
∂pa
− pa
∂ (ρ, η)
∗
Γbc
∂pa
+ paL
a
bc ◦ h ◦
∗
pi = pa (ρ, η, h)
∗
T
a
bc
it results the equality (ρ, η)
∗
Hbc=0.
Conservely, if (ρ, η, h)
∗
T
a
bc=0, then, multiplying with pa, we obtain:
(2) pa
∂ (ρ, η)
∗
Γcb
∂pa
− pa
∂ (ρ, η)
∗
Γbc
∂pa
+ paL
a
bc ◦ h ◦
∗
pi = 0.
The equality (ρ, η)
∗
Hbc=0 is equivalent with:
(3) (ρ, η)
∗
Γbc = pa
∂ (ρ, η)
∗
Γbc
∂pa
.
Using (2) and (3), it results the equality (ρ, η, h)
∗
Dbc = 0. q.e.d.
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Definition 6.3.3 The F
(
∗
E
)
-bilinear application
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)2
(ρ,η,h)
∗
R
−−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
defined by
(6.3.7)
(ρ, η, h)
∗
R
(∗
δ˜α,
∗
δ˜β
)
= (ρ, η, h)
∗
R b αβ
·
∂˜
b
;
(ρ, η, h)
∗
R
(
∗
δ˜α,
·
∂˜
b
)
= 0 = (ρ, η, h)
∗
R
(
·
∂˜
b
,
∗
δ˜α
)
;
(ρ, η, h)
∗
R
(
·
∂˜
a
,
·
∂˜
b
)
= 0;
will be called the (ρ, η, h)-curvature associated to (ρ, η)-connection (ρ, η)
∗
Γ.
In particular, if (ρ, η, h) = (IdTM , IdM , IdM ), then we obtain the curvature associa-
ted to connection
∗
Γ.
Remark 6.3.2 If (ρ, η, h)
∗
R is the (ρ, η, h)-curvature associated to (ρ, η)-connection
(ρ, η)
∗
Γ, then
(6.3.8) (ρ, η, h)
∗
R (X,Y ) = − (ρ, η, h)
∗
R (Y,X) ,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Definition 4.3.4 The tensor field
(4.3.9) (ρ, η, h)
∗
R b αβ
·
∂˜
b
⊗ dz˜α ⊗ dz˜β
will be called the (ρ, η, h)-curvature tensor field associated to the (ρ, η)-connection
(ρ, η)
∗
Γ.
Using equality (4.1.5) we obtain
Remark 6.3.3 The horizontal interior differential system
(
H (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is involutive if and only if the (ρ, η, h)-curvature tensor field associated to the (ρ, η)-
connection (ρ, η)
∗
Γ is null.
6.4 Tensor d-fields. Distinguished linear (ρ, η)-connections
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
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where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (
T p,rq,s
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
be the F
(
∗
E
)
-module of tensor fields by (p,rq,s)-type from the generalized tangent bundle
(
H (ρ, η)T
∗
E ⊕ V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
An arbitrarily tensor field T is written by the form:
T = T
α1...αpa1...ar
β1...βqb1...bs
∗
δ˜α1 ⊗ ...⊗
∗
δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜
b1
⊗ ...⊗
·
∂˜
bs
⊗ δp˜a1 ⊗ ...⊗ δp˜ar .
Let (
T
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·,⊗
)
be the tensor fields algebra of generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
If T1∈T
p1,r1
q1,s1
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
and T2∈T
p2,r2
q2,s2
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, then
the components of product tensor field T1 ⊗ T2 are the products of local components of
T1 and T2.
Therefore, we obtain T1 ⊗ T2 ∈ T
p1+p2,r1+r2
q1+q2,s1+s2
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Let DT
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
be the family of tensor fields
T ∈ T
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
for which there exists
T1∈T
p,0
q,0
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
and
T2∈T
0,r
0,s
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
such that T = T1 + T2.
The F
(
∗
E
)
-module
(
DT
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
will be called the module
of distinguished tensor fields or the module of tensor d-fields.
Remark 6.4.1 The elements of
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
respectively
Γ
((
(ρ, η)T
∗
E
)∗
, ((ρ, η)τ ∗
E
)∗,
∗
E
)
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are tensor d-fields.
Definition 6.4.1 Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let
(6.4.1) (X,T )
(ρ,η)
∗
D
−−−−→ (ρ, η)
∗
DXT
be a covariant (ρ, η)-derivative for the tensor algebra of generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
which preserves the horizontal and vertical distributions by parallelism.
If
(
U,
∗
sU
)
is a vector local (m+ r)-chart for
(
∗
E,
∗
pi,M
)
, then the real local functions
(
(ρ, η)
∗
H
α
βγ , (ρ, η)
∗
H
a
bγ , (ρ, η)
∗
V
αc
β , (ρ, η)
∗
V
bc
a
)
defined on
∗
pi
−1
(U) and determined by the following equalities:
(6.4.2)
(ρ, η)
∗
D∗
δ˜γ
∗
δ˜β = (ρ, η)
∗
H
α
βγ
∗
δ˜α, (ρ, η)
∗
D∗
δ˜γ
·
∂˜
a
= (ρ, η)
∗
H
a
bγ
·
∂˜
b
(ρ, η)
∗
D ·
∂˜
c
∗
δ˜β = (ρ, η)
∗
V
αc
β
∗
δ˜α, (ρ, η)
∗
D ·
∂˜
c
·
∂˜
b
= (ρ, η)
∗
V
bc
a
·
∂˜
a
are the components of a linear (ρ, η)-connection(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
for the generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
which will be called the
distinguished linear (ρ, η)-connection.
If h = IdM , then the distinguished linear (IdTM , IdM )-connection will be called the
distinguished linear connection.
The components of a distinguished linear connection
(
∗
H,
∗
V
)
will be denoted
(
∗
H
i
jk,
∗
H
a
bk,
∗
V
ic
j ,
∗
V
bc
a
)
.
Theorem 6.4.1 If ((ρ, η)
∗
H, (ρ, η)
∗
V ) is a distinguished linear (ρ, η)-connection for the
generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, then its components satisfy the
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change relations:
(6.4.3)
(ρ, η)
∗
H
α´
β´γ´ = Λ
α´
α ◦ h ◦
∗
pi
[
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜γ
)(
Λαβ´ ◦ h ◦
∗
pi
)
+
+ (ρ, η)
∗
H
α
βγ · Λ
β
β´ ◦ h ◦
∗
pi
]
· Λγγ´ ◦ h ◦
∗
pi,
(ρ, η)
∗
H
a´
b´γ´ =M
a´
a ◦
∗
pi
[
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜γ
)(
Mab´ ◦
∗
pi
)
+
+(ρ, η)
∗
H
a
bγ ·M
b
b´ ◦
∗
pi
]
· Λγγ´ ◦ h ◦
∗
pi,
(ρ, η)
∗
V
α´c´
β´ = Λ
α´
α ◦ h ◦
∗
pi · (ρ, η)
∗
V
αc
β · Λ
β
β´ ◦ h ◦
∗
pi ·M c´c ◦
∗
pi,
(ρ, η)
∗
V
a´c´
b´ =M
a´
a ◦
∗
pi · (ρ, η)
∗
V
ac
b ·M
b
b´ ◦
∗
pi ·M c´c ◦
∗
pi.
The components of a distinguished linear connection
(
∗
H,
∗
V
)
verify the change re-
lations:
(6.4.3)′
∗
H
i´
j´k´ =
∂xi´
∂xi
◦
∗
pi ·
[
δ
δxk
(
∂xi
∂xj´
◦
∗
pi
)
+
∗
H
i
jk ·
∂xj
∂xj´
◦
∗
pi
]
·
∂xk
∂xk´
◦
∗
pi,
∗
H
a´
b´k´ =M
a´
a ◦
∗
pi ·
[
δ
δxk
(
Mab´ ◦
∗
pi
)
+
∗
H
a
bk ·M
b
b´ ◦
∗
pi
]
·
∂xk
∂xk´
◦
∗
pi,
∗
V
i´c´
j´ =
∂xi´
∂xi
◦
∗
pi ·
∗
V
ic
j
∂xj
∂xj´
◦
∗
pi ·M cc´ ◦
∗
pi,
∗
V
a´c´
b´ =M
a´
a ◦
∗
pi ·
∗
V
ac
b ·M
b
b´ ◦
∗
piM cc´ ◦
∗
pi.
Example 6.4.1 If
(
∗
E,
∗
pi,M
)
is endowed with the (ρ, η)-connection (ρ, η)
∗
Γ, then the
local real functions ∂ (ρ, η) ∗Γbγ
∂pa
,
∂ (ρ, η)
∗
Γbγ
∂pa
, 0, 0

are the components of a distinguished linear (ρ, η)-connection for the generalized tangent
bundle (
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,
which will by called the Berwald linear (ρ, η)-connection.
The Berwald linear (IdTM , IdM )-connection will be called the Berwald linear con-
nection.
Theorem 6.4.2 If the generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is endowed
with a distinguished linear (ρ,η)-connection ((ρ, η)
∗
H, (ρ, η)
∗
V ), then, for any
X = Z˜γ
∗
δ˜γ + Ya
·
∂˜
a
∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
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and for any
T ∈ T prqs
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,
we obtain the formula:
(ρ, η)DX
(
T
α1...αpa1...ar
β1...βqb1...bs
∗
δ˜α1 ⊗ ...⊗
∗
δ˜αp ⊗ dz˜
β1 ⊗ ...⊗
⊗dz˜βq ⊗
·
∂˜
b1
⊗ ...⊗
·
∂˜
bs
⊗ δp˜a1 ⊗ ...⊗ δp˜ar
)
=
= Z˜γT
α1...αpa1...ar
β1...βqb1...bs|γ
∗
δ˜α1 ⊗ ...⊗
∗
δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜
b1
⊗ ...⊗
⊗
·
∂˜
bs
⊗ δp˜a1 ⊗ ...⊗ δp˜ar + YcT
α1...αpa1...ar
β1...βqb1...bs
|c
∗
δ˜α1 ⊗ ...⊗
⊗
∗
δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜
b1
⊗ ...⊗
·
∂˜
bs
⊗ δp˜a1 ⊗ ...⊗ δp˜ar ,
where
T
α1...αpa1...ar
β1...βqb1...bs|γ
= Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜γ
)
T
α1...αpa1...ar
β1...βqb1...bs
+(ρ, η)
∗
H
α1
αγT
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)
∗
H
αp
αγT
α1...αp−1αa1...ar
β1...βqb1...bs
− (ρ, η)
∗
H
β
β1γ
T
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)
∗
H
β
βqγ
T
α1...αpa1...ar
β1...βq−1βb1...bs
− (ρ, η)
∗
H
a1
aγT
α1...αpaa2...ar
β1...βqb1...bs
− ...− (ρ, η)
∗
H
ar
aγT
α1...αpa1...ar−1a
β1...βqb1...bs
+(ρ, η)
∗
H
b
b1γ
T
α1...αpa1...ar
β1...βqbb2...bs
+ ...+ (ρ, η)
∗
H
b
bsγT
α1...αpa1...ar
β1...βqb1...bs−1b
and
T
α1...αpa1...ar
β1...βqb1...bs
|c= Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
c
)
T
α1...αpa1...ar
β1...βqb1...bs
+
+(ρ, η)
∗
V
α1c
α T
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)
∗
V
αpc
α T
α1...αp−1αa1...ar
β1...βqb1...bs
− (ρ, η)
∗
V
βc
β1
T
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)
∗
V
βc
βq
T
α1...αpa1...ar
β1...βq−1βb1...bs
− (ρ, η)
∗
V
a1c
a T
α1...αpaa2...ar
β1...βqb1...bs
− ...− (ρ, η)
∗
V
arc
a T
α1...αpa1...ar−1a
β1...βqb1...bs
+(ρ, η)
∗
V
bc
b1
T
α1...αpa1...ar
β1...βqbb2...bs
...+ (ρ, η)
∗
V
bc
bs
T
α1...αpa1...ar
β1...βqb1...bs−1b
.
Definition 6.4.2 We assume that (E, pi,M) = (F, ν,N) .
If (ρ, η)
∗
Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and
(
(ρ, η)
∗
H
a
bc, (ρ, η)
∗
H˜
a
bc, (ρ, η)
∗
V
ac
b , (ρ, η)
∗
V˜
ac
b
)
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are the components of a distinguished linear (ρ, η)-connection for the generalized tangent
bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
such that
(ρ, η)
∗
H
a
bc = (ρ, η)
∗
H˜
a
bc and (ρ, η)
∗
V
ac
b = (ρ, η)
∗
V˜
ac
b ,
then we will say that the generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is endowed
with a normal distinguished linear (ρ, η)-connection on components(
(ρ, η)
∗
H
a
bc, (ρ, η)
∗
V
ac
b
)
.
The components of a normal distinguished linear (IdTM , IdM )-connection
(
∗
H,
∗
V
)
will
be denoted
(
∗
H
i
jk,
∗
V
i
jk
)
.
6.5 The lift of accelerations for a differentiable curve
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
.
We admit that
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
is a distinguished linear (ρ, η)-connection for the
vector bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Let g ∈ Man
(
∗
E,E
)
be such that (g, h) is a Bv-morphism of
(
∗
E,
∗
pi,M
)
source
and (E, pi,M) target.
Let
(6.5.1)
I
c˙
−−−→
∗
E | Im(η◦h◦c)
t 7−→ pa (t) sa (η ◦ h ◦ c (t))
be the (g, h)-lift of differentiable curve I
c
−−−→M.
Definition 6.5.1 The differentiable curve
(6.5.2)
I
c¨
−−−→ (ρ, η)T
∗
E| Im c˙
t 7−→ gαa (h ◦ c (t)) pa (t)
∗
∂˜α (c˙ (t)) +
dpa (t)
dt
·
∂˜
a
(c˙ (t))
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will be called the differentiable (g, h)-lift of accelerations of the differentiable curve c.
The section
(6.5.3)
Im (c˙)
∗
u(c,c˙,c¨)
−−−−→ (ρ, η)T
∗
E| Im(c˙)
c˙ (t) 7−→ gαa (η ◦ h ◦ c (t)) · pa (t)
∗
∂˜α (c˙ (t)) +
dpa (t)
dt
·
∂˜
a
(c˙ (t))
will be called the canonical section associated to the triple (c, c˙, c¨) .
Remark 6.5.1 For any t ∈ I, we obtain:
(6.5.4)
∗
u (c, c˙, c¨) (c˙ (t)) = gαa (η ◦ h ◦ c (t)) · pa (t)
∗
δ˜α (c˙ (t)) +
dpb (t)
dt
·
∂˜
b
(c˙ (t))
+ (ρ, η)
∗
Γbα ◦
∗
u (c, c˙) ◦ η ◦ h ◦ c (t) · gαa ◦ h ◦ c (t) · pa (t)
·
∂˜
b
(c˙ (t)) .
We observe easily that
∗
u (c, c˙, c¨) (c˙ (t)) ∈ H (ρ, η)T
∗
E| Im(c˙)if and only if the compo-
nents functions
(
pa, a ∈ 1, r
)
are solutions for the differentiable equations
(6.5.5)
dub
dt
+ (ρ, η)
∗
Γbα ◦
∗
u (c, c˙) ◦ η ◦ h ◦ c · gαa ◦ h ◦ c · ua, a ∈ 1, r.
Remark 6.5.2 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) , then, using the differen-
tiable (g, IdM )-lift
(6.5.6)
I
c˙
−−−→
∗
TM
t 7−→ g˜ji (c (t))
dcj (t)
dt
· dxi (c (t)) ,
we obtain the (g, IdM )-lift of accelerations of the differentiable curve c as being
(6.5.7)
I
c¨
−−−→ (IdTM , IdM )T
∗
E| Im(c˙)
t 7−→
dci (t)
dt
·
∂
∂z˜i
(c˙ (t)) + g˜ji (c (t))
dcj (t)
dt
·
∂
∂p˜i
(c˙ (t))
Definition 6.5.2 If the component functions(
(gαa ◦ h ◦ c) · pa, a ∈ 1, r
)
are solutions for the differentiable system of equations
(6.5.8)
dzα
dt
+ (ρ, η)
∗
H
α
βγ ◦
∗
u (c, c˙) ◦ η ◦ h ◦ c · zβ · zγ = 0, α ∈ 1, p,
then the differentiable curve c˙ will be called horizontal parallel with respect to the dis-
tinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
If the component functions
(
pa, a ∈ 1, r
)
are solutions for the differentiable system
of equations
(6.5.9)
dub
dt
− (ρ, η)
∗
V
ac
b ◦
∗
u (c, c˙) ◦ η ◦ h ◦ c · ua · uc = 0, b ∈ 1, r.
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then the differentiable curve c˙ will be called vertical parallel with respect to the distin-
guished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
Remark 6.5.3 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) , then the differentiable
(g, IdM )-lift (6.5.6) is horizontal parallel with respect to the distinguished linear con-
nection
(
∗
H,
∗
V
)
if the component functions
(
dcj (t)
dt
, i ∈ 1,m
)
are solutions for the
differentiable system of equations
(6.5.11)
dzi(t)
dt
+
∗
H
i
jk ◦
∗
u (c, c˙) ◦ c · zj · zk = 0, i ∈ 1,m.
Moreover, the differentiable (g, IdM )-lift (4.5.6) is vertical parallel with respect
to the distinguished linear connection
(
∗
H,
∗
V
)
if the component functions(
g˜ji ◦ c ·
dcj
dt
, i ∈ 1,m
)
are solutions for the differentiable system of equations
(6.5.12)
duj
dt
+
∗
V
ik
j ◦
∗
u (c, c˙) ◦ c · ui · uk = 0, j ∈ 1,m.
6.6 The (ρ, η, h)-torsion and the (ρ, η, h)-curvature of a distinguished
linear (ρ, η)-connection
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
be a distinguished linear (ρ, η)-connection for the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Definition 6.6.1 The application
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)2
(ρ,η,h)T
−−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
(X,Y ) 7−→ (ρ, η, h)
∗
T (X,Y )
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defined by
(6.6.1) (ρ, η, h)
∗
T (X,Y ) = (ρ, η)
∗
DXY − (ρ, η)
∗
DYX − [X,Y ]
(ρ,η)T
∗
E
,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, will be called the (ρ, η, h)-torsion associated
to distinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
The applications
∗
H (ρ, η, h)
∗
T
(
∗
H (·) ,
∗
H (·)
)
,
∗
H (ρ, η, h)
∗
T
(
∗
H (·) ,
∗
H (·)
)
, ...,
∗
V (ρ, η, h)
∗
T
(
∗
V (·) ,
∗
V (·)
)
are called
∗
H
(
∗
H
∗
H
)
,
∗
V
(
∗
H
∗
H
)
, ...,
∗
V
(
∗
V
∗
V
)
(ρ, η, h)-torsions associated to distinguished
linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
Proposition 6.6.1 The (ρ, η, h)-torsion (ρ, η, h)
∗
T associated to distinguished linear
(ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
, is R-bilinear and antisymmetric in the lower in-
dices.
Using the notations:
(6.6.2)
∗
H (ρ, η, h)
∗
T
(∗
δ˜γ ,
∗
δ˜β
)
= (ρ, η, h)
∗
T
α
βγ
∗
δ˜α,
∗
V (ρ, η, h)
∗
T
(∗
δ˜γ ,
∗
δ˜β
)
= (ρ, η, h)
∗
Tbβγ
·
∂˜
b
,
∗
H (ρ, η, h)
∗
T
(
·
∂˜
c
,
∗
δ˜β
)
= (ρ, η, h)
∗
P
α c
β
∗
δ˜α,
∗
V (ρ, η, h)
∗
T
(
·
∂˜
c
,
∗
δ˜β
)
= (ρ, η, h)
∗
P
c
bβ
·
∂˜
b
,
∗
V (ρ, η, h)
∗
T
(
·
∂˜
c
,
·
∂˜
b
)
= (ρ, η, h)
∗
S
bc
a
·
∂˜
a
,
we can easily prove the following
Theorem 6.6.1 The (ρ, η, h)-torsion (ρ, η, h)
∗
T associated to the distinguished linear
(ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
, is characterized by the tensor fields with local
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components:
(6.6.3)
(ρ, η, h)
∗
T
α
βγ = (ρ, η)
∗
H
α
βγ − (ρ, η)
∗
H
α
γβ − L
α
βγ ◦ h ◦
∗
pi,
(ρ, η, h)
∗
Tbβγ = − (ρ, η, h)
∗
R b βγ ,
(ρ, η, h)
∗
P
α c
β = (ρ, η)
∗
V
αc
β ,
(ρ, η, h)
∗
P
c
bβ =
∂
∂pc
(
(ρ, η)
∗
Γbβ
)
− (ρ, η)
∗
H
c
bβ,
(ρ, η, h)
∗
S
bc
a = (ρ, η)
∗
V
bc
a − (ρ, η)
∗
V
cb
a .
In particular, when (ρ, η, h) = (IdTM , IdM , IdM ) , we regain the local components of
torsion associated to distinguished linear connection
(
∗
H,
∗
V
)
:
(6.6.3)′
∗
T
i
jk =
∗
H
i
jk −
∗
H
i
kj,
∗
Tbjk = −
∗
R b jk,
∗
P
i c
j =
∗
V
ic
j ,
∗
P
c
b k =
∂
∗
Γbk
∂pc
−
∗
H
c
bk,
∗
S
bc
a =
∗
V
bc
a −
∗
V
bc
a .
Definition 6.6.2 The application(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
))3
(ρ,η,h)
∗
R
−−−−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
((
Y˜ , Z˜
)
, X˜
)
7−→ (ρ, η, h)
∗
R
(
Y˜ , Z˜
)
X˜
defined by:
(6.6.4)
(ρ, η, h)
∗
R
(
Y˜ , Z˜
)
X˜ = (ρ, η)
∗
DY˜
(
(ρ, η)
∗
DZ˜X˜
)
−
− (ρ, η)
∗
DZ˜
(
(ρ, η)
∗
DY˜ X˜
)
− (ρ, η)
∗
D[Y˜ ,Z˜]
(ρ,η)T
∗
E
X˜,
for any X˜, Y˜ , Z˜ ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, will be called the (ρ, η, h)-curvature as-
sociated to distinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
Proposition 6.6.2 The (ρ, η, h)-curvature (ρ, η, h)
∗
R associated to distinguished linear
(ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
, is R-linear in each argument and antisymmetric
in the first two arguments.
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Using the notations:
(6.6.5)
(ρ, η, h)
∗
R
(∗
δ˜ε,
∗
δ˜γ
) ∗
δ˜β = (ρ, η, h)
∗
R
α
β γε
∗
δ˜α,
(ρ, η, h)
∗
R
(∗
δ˜ε,
∗
δ˜γ
) ·
∂˜
a
= (ρ, η, h)
∗
R
a
b γε
·
∂˜
b
,
(ρ, η, h)
∗
R
(
∗
δ˜γ ,
·
∂˜
b
)
∗
δ˜ε = (ρ, η, h)
∗
P
α b
ε γ
∗
δ˜α,
(ρ, η, h)
∗
R
(
∗
δ˜γ ,
·
∂˜
b
)
·
∂˜
a
= (ρ, η, h)
∗
P
ab
c γ
·
∂˜
c
,
(ρ, η, h)
∗
R
(
·
∂˜
c
,
·
∂˜
b
)
∗
δ˜β = (ρ, η, h)
∗
S
α bc
β
∗
δ˜α,
(ρ, η, h)
∗
R
(
·
∂˜
c
,
·
∂˜
b
)
·
∂˜
a
= (ρ, η, h)
∗
S
abc
d
·
∂˜
d
.
we can easily prove the following
Theorem 6.6.2 The (ρ, η, h)-curvature (ρ, η, h)
∗
R associated to distinguished linear
(ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
, is characterized by the tensor fields with local
components:
(6.6.6)

(ρ, η, h)
∗
R
α
β γε =Γ(
∗
ρ˜, Id ∗
E
)
(∗
δ˜ε
)
(ρ, η)
∗
H
α
βγ−Γ(
∗
ρ˜, Id ∗
E
)
(∗
δ˜γ
)
(ρ, η)
∗
H
α
βε
+(ρ, η)
∗
H
α
θε(ρ, η)
∗
H
θ
βγ−(ρ, η)
∗
H
α
θγ(ρ, η)
∗
H
θ
βε
−(ρ, η, h)
∗
R b εγ(ρ, η)
∗
V
αb
β −L
θ
εγ ◦ h ◦
∗
pi · (ρ, η)
∗
H
α
βθ,
(ρ, η, h)
∗
R
a
b γε =Γ(
∗
ρ˜, Id ∗
E
)
(∗
δ˜ε
)
(ρ, η)
∗
H
a
bγ−(
∗
ρ˜, Id ∗
E
)
(∗
δ˜γ
)
(ρ, η)
∗
H
a
bε
+(ρ, η)
∗
H
c
bε(ρ, η)
∗
H
a
cγ−(ρ, η)
∗
H
c
bγ(ρ, η)
∗
H
a
cε
−(ρ, η, h)
∗
Rc εγ(ρ, η)
∗
V
ac
b −L
θ
εγ ◦ h ◦
∗
pi · (ρ, η)
∗
H
a
bθ,
(6.6.7)

(ρ, η, h)
∗
P
α b
ε γ = Γ(
∗
ρ˜, Id ∗
E
)(
∗
δ˜γ)(ρ, η)
∗
V
αb
ε −Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)
(ρ, η)
∗
H
α
εγ
+(ρ, η)
∗
H
α
θγ · (ρ, η)
∗
V
θb
ε − (ρ, η)
∗
V
αb
θ · (ρ, η)
∗
H
θ
εγ
+Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)(
(ρ, η)
∗
Γcγ
)
· (ρ, η)
∗
V
αc
ε ,
(ρ, η, h)
∗
P
ab
c γ = Γ(
∗
ρ˜, Id ∗
E
)
(∗
δ˜γ
)
(ρ, η)
∗
V
ab
c − Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)
(ρ, η)
∗
H
a
cγ
+(ρ, η)
∗
H
d
cγ(ρ, η)
∗
V
ab
d − (ρ, η)
∗
V
db
c (ρ, η)
∗
H
a
dγ
+Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)(
(ρ, η)
∗
Γdγ
)
(ρ, η)
∗
V
ad
c ,
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(6.6.8)

(ρ, η, h)
∗
S
α bc
β = Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
c
)
(ρ, η)
∗
V
αb
β − Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)
(ρ, η)
∗
V
αc
β
+(ρ, η)
∗
V
αc
θ (ρ, η)
∗
V
θb
β − (ρ, η)
∗
V
αb
θ (ρ, η)
∗
V
θc
β ,
(ρ, η, h)
∗
S
abc
d = Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
c
)
(ρ, η)
∗
V
ab
d − Γ(
∗
ρ˜, Id ∗
E
)
(
·
∂˜
b
)
(ρ, η)
∗
V
ac
d
+(ρ, η)
∗
V
ec
d (ρ, η)
∗
V
ab
e − (ρ, η)
∗
V
e
bd (ρ, η)
∗
V
ac
e .
In particular, when (ρ, η, h) = (IdTM , IdM , IdM ) , we see the local components of
the curvature associated to distinguished linear connection
(
∗
H,
∗
V
)
in the followings:
(6.6.6)′
∗
R
i
j kl =
∗
δl
(
∗
H
i
jk
)
−
∗
δk
(
∗
H
i
jl
)
+
∗
H
i
hl ·
∗
H
h
jk −
∗
H
i
hk ·
∗
H
h
jl −
∗
R b lk ·
∗
V
ib
j ,
∗
R
a
b kl =
∗
δl
(
∗
H
a
bk
)
−
∗
δk
(
∗
H
a
bl
)
+
∗
H
c
bl ·
∗
H
a
ck −
∗
H
c
bk ·
∗
H
a
cl −
∗
Rc lk ·
∗
V
ac
b ,
(6.6.7)′
∗
P
i b
l k =
∗
δk
(
∗
V
ib
l
)
−
·
∂˜
b(
∗
H
i
lk
)
+
∗
H
i
hk ·
∗
V
hb
l −
∗
V
ib
h ·
∗
H
h
lk +
·
∂˜
b(
∗
Γck
)
·
∗
V
ic
l ,
∗
P
ab
c k =
∗
δk
(
∗
V
ab
c
)
−
·
∂˜
b(
∗
H
a
ck
)
+
∗
H
d
ck ·
∗
V
ab
d −
∗
V
db
c ·
∗
H
a
dk +
·
∂˜
b(
∗
Γdk
)
·
∗
V
ad
c ,
(6.6.8)′
∗
S
i bc
j =
·
∂˜
c(
∗
V
ib
j
)
−
·
∂˜
b(
∗
V
ic
j
)
+
∗
V
ic
h ·
∗
V
hb
j −
∗
V
ib
h ·
∗
V
hc
j ,
∗
S
abc
d =
·
∂˜
c(
∗
V
ab
d
)
−
·
∂˜
b(
∗
V
ac
d
)
+
∗
V
ae
d ·
∗
V
ab
e −
∗
V
eb
d ·
∗
V
ac
d .
Definition 6.6.3 The tensor field
(6.6.9)
Ric
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
=
= (ρ, η, h)
∗
R α βd
∗
z˜
α
⊗ d
∗
z˜
β
+ (ρ, η, h)
∗
P
b
α d
∗
z˜
α
⊗ δp˜b
+(ρ, η, h)
∗
P
a
βδp˜a ⊗ d
∗
z˜
β
+ (ρ, η, h)
∗
S
a b
δp˜a ⊗ δp˜b,
(6.6.10)
(ρ, η, h)
∗
Rαβ = (ρ, η, h)
∗
R
γ
α βγ (ρ, η, h)
∗
P
b
α = (ρ, η, h)
∗
P
β b
α β
(ρ, η, h)
∗
P
a
β = (ρ, η, h)
∗
P
ac
c β (ρ, η, h)
∗
S
ab
= (ρ, η, h)
∗
S
acb
c
,
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will be called the Ricci tensor field associated to distinguished linear (ρ, η)-connection(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
This tensor field will be used for writing the Einstein equations in Subsection 6.10.
6.7 Formulas of Ricci type. Identities of Cartan and Bianchi type
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and ((F, ν,M) , [, ]F.h , (ρ, η)) ∈ |GLA| .
Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
be a distinguished linear (ρ, η)-connection for the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Theorem 6.7.1 Using the definition of (ρ, η, h)-curvature associated to the distin-
guished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
, it results the following formulas:
(R1)

(ρ, η)
∗
D ∗
HX
(ρ, η)
∗
D ∗
HY
∗
HZ − (ρ, η)
∗
D ∗
HY
(ρ, η)
∗
D ∗
HX
∗
HZ
= (ρ, η, h)
∗
R
(
∗
HX,
∗
HY
)
∗
HZ + (ρ, η)
∗
D ∗
H
[
∗
HX,
∗
HY
]
(ρ,η)T
∗
E
∗
HZ
+(ρ, η)
∗
D ∗
V
[
∗
HX,
∗
HY
]
(ρ,η)T
∗
E
∗
HZ,
(ρ, η)
∗
D ∗
VX
(ρ, η)
∗
D ∗
HY
∗
HZ − (ρ, η)
∗
D ∗
HY
(ρ, η)
∗
D ∗
VX
∗
HZ
= (ρ, η, h)
∗
R
(
∗
VX,
∗
HY
)
∗
HZ + (ρ, η)
∗
D ∗
H
[
∗
VX,
∗
HY
]
(ρ,η)T
∗
E
∗
HZ
+(ρ, η)
∗
D ∗
V
[
∗
VX,
∗
HY
]
(ρ,η)T
∗
E
∗
HZ,
(ρ, η)
∗
D ∗
VX
(ρ, η)
∗
D ∗
VY
∗
HZ − (ρ, η)
∗
D ∗
VY
(ρ, η)
∗
D ∗
VX
∗
HZ
= (ρ, η, h)
∗
R
(
∗
VX,
∗
VY
)
∗
HZ + (ρ, η)
∗
D ∗
V
[
∗
VX,
∗
VY
]
(ρ,η)T
∗
E
∗
HZ,
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and
(R2)

(ρ, η)
∗
D ∗
HX
(ρ, η)
∗
D ∗
HY
∗
VZ − (ρ, η)
∗
D ∗
HY
(ρ, η)
∗
D ∗
HX
∗
VZ
= (ρ, η, h)
∗
R
(
∗
HX,
∗
HY
)
∗
VZ + (ρ, η)
∗
D ∗
H
[
∗
HX,
∗
HY
]
(ρ,η)T
∗
E
∗
VZ
+(ρ, η)
∗
D ∗
V
[
∗
HX,
∗
HY
]
(ρ,η)T
∗
E
∗
VZ,
(ρ, η)
∗
D ∗
VX
(ρ, η)
∗
D ∗
HY
∗
VZ − (ρ, η)
∗
D ∗
HY
(ρ, η)
∗
D ∗
VX
∗
VZ
= (ρ, η, h)
∗
R
(
∗
VX,
∗
HY
)
∗
VZ + (ρ, η)
∗
D ∗
H
[
∗
VX,
∗
HY
]
(ρ,η)T
∗
E
∗
VZ
+(ρ, η)
∗
D ∗
V
[
∗
VX,
∗
HY
]
(ρ,η)T
∗
E
∗
VZ,
(ρ, η)
∗
D ∗
VX
(ρ, η)
∗
D ∗
VY
∗
VZ − (ρ, η)
∗
D ∗
VY
(ρ, η)
∗
D ∗
VX
∗
VZ
= (ρ, η, h)
∗
R
(
∗
VX,
∗
VY
)
∗
VZ + (ρ, η)
∗
D ∗
V
[
∗
VX,
∗
VY
]
(ρ,η)T
∗
E
∗
VZ.
Using the previous theorem, the horizontal and vertical sections of adapted base and
an arbitrary section
Z˜α
∂
∂z˜α
+ Y a
∂
∂y˜a
∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
we can propose the following
Theorem 6.7.2 We obtain the following formulas of Ricci type:
(R1)

Z˜α |γ|β − Z˜
α
|β|γ = (ρ, η, h)
∗
R
α
θ γβ · Z˜
θ −
(
Lθγβ ◦ h ◦
∗
pi
)
· Z˜α |θ
− (ρ, η, h)
∗
Tbγβ · Z˜
α|b − (ρ, η, h)
∗
T
θ
γβ · Z˜
α
|θ,
Z˜α |γ |
b − Z˜α|b |γ = (ρ, η, h)
∗
P
α b
θ γ · Z˜
θ − (ρ, η, h)
∗
P
b
cγ · Z˜
α |c
− (ρ, η, h)
∗
P
θ b
γ · Z˜
α
|θ,
Z˜α|c|b − Z˜α|b|c = (ρ, η, h)
∗
S
α cb
θ ·Z˜
θ − (ρ, η, h)
∗
S
bc
a ·Z˜
α|a,
and
(R2)

Ya |γ|β − Ya |β|γ = (ρ, η, h)
∗
R
c
a γβ · Yc −
(
Lθγβ ◦ h ◦ pi
)
· Ya |θ
− (ρ, η)
∗
Tcγβ · Ya|
c − (ρ, η, h)
∗
T
θ
γβ · Ya |θ,
Ya |γ |
b − Ya|b |γ = (ρ, η, h)
∗
P
cb
a γ ·Yc − (ρ, η, h)
∗
P
b
cγ · Ya|
c
− (ρ, η)
∗
P
θ b
γ ·Ya |θ,
Ya|c|b − Ya|b|c = (ρ, η, h)
∗
S
dbc
a · Yd − (ρ, η, h)
∗
S
bc
d ·Ya|
d.
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In particular, if (ρ, η, h) = (IdTM , IdM , idM ) and the Lie bracket [, ]TM is the usual
Lie bracket, then the formulas of Ricci type (R1) and (R2) become:
(R1)
′

Z˜i |k|j − Z˜
i
|j|k =
∗
R
i
h kj · Z˜
h −
∗
Tbkj · Z˜
i|b −
∗
T
h
kj · Z˜
i
|h,
Z˜i |k|
b − Z˜i|b |k =
∗
P
i b
h k · Z˜
h −
∗
P
b
ck · Z˜
i |c −
∗
P
h b
k · Z˜
i
|h,
Z˜i|c|b − Z˜i|b|c =
∗
S
i cb
h ·Z˜
h −
∗
S
bc
a ·Z˜
i|a
and
(R2)
′

Ya |k|j − Ya |j|k =
∗
R
c
a kj · Yc −
∗
Tckj · Ya|
c−
∗
T
i
kj · Ya |i,
Ya |k|
b − Ya|b |k =
∗
P
cb
a k·Yc −
∗
P
b
ck · Ya|
c −
∗
P
h b
k ·Ya |h,
Ya|c|b − Ya|b|c =
∗
S
dbc
a · Yd −
∗
S
bc
d ·Ya|
d.
Using the 1-forms associated to distinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
(6.7.1)
(ρ, η)
∗
ω
α
β = (ρ, η)
∗
H
α
βγdz˜
γ + (ρ, η)
∗
V
αc
β δp˜c,
(ρ, η)
∗
ω
a
b = (ρ, η)
∗
H
a
bγdz˜
γ + (ρ, η)
∗
V
ac
b δp˜c,
the torsion 2-forms
(6.7.2)

(ρ, η, h)
∗
T
α
= 12 (ρ, η, h)
∗
T
α
βγdz˜
β ∧ dz˜γ + (ρ, η, h)
∗
P
α c
β dz˜
β ∧ δp˜c,
(ρ, η, h)
∗
Tb =
1
2 (ρ, η, h)
∗
Tbβγdz˜
β ∧ dz˜γ + (ρ, η, h)
∗
P
c
bβ dz˜
β ∧ δp˜c
+12 (ρ, η, h)
∗
S
ac
b δp˜a ∧ δp˜c
and the curvature 2-forms
(6.7.3)

(ρ, η, h)
∗
R
α
β =
1
2 (ρ, η, h)
∗
R
α
β γθdz˜
γ ∧ dz˜θ + (ρ, η, h)
∗
P
α c
β γdz˜
γ ∧ δp˜c
+12 (ρ, η, h)
∗
S
α bc
β δp˜b ∧ δp˜c,
(ρ, η, h)
∗
R
a
b =
1
2 (ρ, η, h)
∗
R
a
b γθdz˜
γ ∧ dz˜θ + (ρ, η, h)
∗
P
ac
b γdz˜
γ ∧ δp˜c
+12 (ρ, η, h)
∗
S
a cd
b δp˜c ∧ δp˜d,
we obtain the following
Theorem 4.7.3 Identities of Cartan type hold good:
(C1)
(ρ, η, h)
∗
T
α
= d(ρ,η)T
∗
E (dz˜α) + (ρ, η)
∗
ω
α
β ∧ dz˜
β
(ρ, η, h)
∗
Tb = d
(ρ,η)T
∗
E (δp˜b) + (ρ, η)
∗
ω
a
b ∧ δp˜a
,
(C2)
(ρ, η, h)
∗
R
α
β = d
(ρ,η)T
∗
E
(
(ρ, η)
∗
ω
α
β
)
+ (ρ, η)
∗
ω
α
γ ∧ (ρ, η)
∗
ω
γ
β
(ρ, η, h)
∗
R
a
b = d
(ρ,η)T
∗
E
(
(ρ, η)
∗
ω
a
b
)
+ (ρ, η)
∗
ω
a
c ∧ (ρ, η)
∗
ω
c
b.
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In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and the Lie bracket [, ]TM is the usual
Lie bracket, then the identities of Cartan type (C1) and (C2) become:
(C1)′
∗
T
i
= d
(
Id
T
∗
E
,Id∗
E
)
T
∗
E (
dz˜i
)
+
∗
ω
i
j ∧ dz˜
j
∗
Tb = d
(
Id
T
∗
E
,Id∗
E
)
T
∗
E
(δp˜b) + ω
a
b ∧ δp˜a
and
(C2)′
∗
R
i
j = d
(
Id
T
∗
E
,Id∗
E
)
T
∗
E
(
∗
ω
i
j
)
+
∗
ω
i
k ∧
∗
ω
k
j
∗
R
a
b = d
(
Id
T
∗
E
,Id∗
E
)
T
∗
E ( ∗
ω
a
b
)
+
∗
ω
a
c ∧
∗
ω
c
b.
Remark 6.7.1 For any
X,Y,Z ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
the following identities hold good:
(6.7.4)
∗
V (ρ, η, h)
∗
R (X,Y )
∗
HZ = 0
∗
H (ρ, η, h)
∗
R (X,Y )
∗
VZ = 0,
(6.7.5)
∗
VDX
(
(ρ, η, h)
∗
R (Y,Z)
∗
HU
)
= 0
∗
HDX
(
(ρ, η, h)
∗
R (Y,Z)
∗
VU
)
= 0,
and
(6.7.6) (ρ, η, h)
∗
R (X,Y )Z =
∗
H (ρ, η, h)
∗
R (X,Y )
∗
HZ +
∗
V (ρ, η, h)
∗
R (X,Y )
∗
VZ.
Using the formulas of Bianchi type presented in Subsection 4.2 of our paper and the
Remark 6.7.1 we obtain the following
Theorem 6.7.4 The identities of Bianchi type:
(B1)

∑
cyclic(X,Y,Z)
{
∗
H (ρ, η)DX
(
(ρ, η, h)
∗
T (Y,Z)
)
−
∗
H (ρ, η, h)
∗
R (X,Y )Z
+
∗
H (ρ, η, h)
∗
T
(
∗
H (ρ, η, h)
∗
T (X,Y ) , Z
)
+
∗
H (ρ, η, h)
∗
T
(
∗
V (ρ, η, h)
∗
T (X,Y ) , Z
)}
= 0,∑
cyclic(X,Y,Z)
{
∗
V (ρ, η)DX
(
(ρ, η, h)
∗
T (Y,Z)
)
−
∗
V (ρ, η, h)
∗
R (X,Y )Z
+
∗
V (ρ, η, h)
∗
T
(
∗
H (ρ, η, h)
∗
T (X,Y ) , Z
)
+
∗
V (ρ, η, h)
∗
T
(
∗
V (ρ, η, h)
∗
T (X,Y ) , Z
)}
= 0.
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and
(B2)

∑
cyclic(X,Y,Z,U)
{
∗
H (ρ, η)DX
(
(ρ, η, h)
∗
R (Y,Z)U
)
−
∗
H (ρ, η, h)
∗
R
(
∗
H (ρ, η, h)
∗
T (X,Y ) , Z
)
U
−
∗
H (ρ, η, h)
∗
R
(
∗
V (ρ, η, h)
∗
T (X,Y ) , Z
)
U
}
= 0,∑
cyclic(X,Y,Z,U)
{
∗
V (ρ, η)DX
(
(ρ, η, h)
∗
R (Y,Z)U
)
−
∗
V (ρ, η, h)
∗
R
(
∗
H (ρ, η, h)
∗
T (X,Y ) , Z
)
U
−
∗
V (ρ, η, h)
∗
R
(
∗
V (ρ, η, h)
∗
T (X,Y ) , Z
)
U
}
= 0,
hold good for any X,Y,Z ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Corollary 6.7.1 Using the following sections (δθ, δγ , δβ), the identities (B1) become:
(B1)′

∑
cyclic(β,γ,θ)
{
(ρ, η, h)
∗
T
α
βγ|θ
− (ρ, η, h)
∗
R
α
β γθ
+(ρ, η, h)
∗
T
λ
γθ (ρ, η, h)
∗
T
α
βγ + (ρ, η, h)
∗
Tbγθ (ρ, η, h)
∗
P
α b
β
}
= 0,∑
cyclic(β,γ,θ)
{
(ρ, η, h)
∗
Tbβγ |θ + (ρ, η, h)
∗
T
α
γθ (ρ, η, h)
∗
Tbβα
+(ρ, η, h)
∗
Tcγθ (ρ, η, h)
∗
P
c
bβ
}
= 0,
and using the following sections (δλ, δθ, δγ , δβ), the identities (B2) become:
(B2)′

∑
cyclic(β,γ,θ,λ)
{
(ρ, η, h)
∗
R
α
β γθ|λ
− (ρ, η, h)
∗
T
µ
θλ (ρ, η, h)
∗
T
α
βγµ
− (ρ, η, h)
∗
Tbθλ (ρ, η, h)
∗
P
α b
β γ
}
= 0,∑
cyclic(γ,θ,λ)
{
(ρ, η, h)
∗
R
a
b γθ|λ
− (ρ, η, h)
∗
T
µ
θλ (ρ, η, h)
∗
R
a
b γµ
− (ρ, η, h)
∗
Tcθλ (ρ, η, h)
∗
P
ac
b γ
}
= 0.
Using another base of sections, we shall obtain new identities of Bianchi type necessary
in the applications.
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6.8 The (ρ, η)-(pseudo)metrizability
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, pi,M) ∈ |Bv| and ((F, ν,M) , [, ]F.h , (ρ, η)) ∈ |GLA| . Let (ρ, η)
∗
Γ be a (ρ, η)-
connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
be a distin-
guished linear (ρ, η)-connection for the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Definition 6.8.1 A tensor d-field
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b ∈ DT
02
20
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
will be called a pseudometrical structure if its components are symmetric and the ma-
trices
∥∥∥gαβ (∗ux)∥∥∥and ∥∥∥gab (∗ux)∥∥∥ are nondegenerate, for any point ∗ux ∈ ∗E.
Moreover, if the matrices
∥∥∥gαβ (∗ux)∥∥∥ and ∥∥∥gab (∗ux)∥∥∥ has constant signature, then
the tensor d-field
∗
G will be called metrical structure.
Let
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
be a (pseudo)metrical structure. If α, β ∈ 1, p and a, b ∈ 1, r, then for any vector local
(m+ r)-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, we consider the real functions
∗
pi
−1
(U)
g˜βα
−−−−−−→ R
and
∗
pi
−1
(U)
g˜ba
−−−−−−→ R
such that
g˜βα
(
∗
ux
)
· gαγ
(
∗
ux
)
= δβγ
and
g˜ba
(
∗
ux
)
· gac
(
∗
ux
)
= δcb,
for any
∗
ux ∈
∗
pi
−1
(U) \ {0x}.
Definition 6.8.2 We will say that the (pseudo)metrical structure
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
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is Riemannian (pseudo)metrical structure if around each point x ∈ M it exists a lo-
cal vector m + r-chart
(
U,
∗
sU
)
and a local m-chart (U, ξU ) such that gαβ ◦ s
−1
U ◦(
ξ−1U × IdRm
)
(x, p) and gab ◦ s−1U ◦
(
ξ−1U × IdRm
)
(x, p) depends only on x, for any
∗
ux ∈
∗
pi
−1
(U) .
If only the condition is verified: ”gαβ ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, p) depends only on x,
for any
∗
ux ∈
∗
pi
−1
(U)” (respectively ”gab ◦ s−1U ◦
(
ξ−1U × IdRm
)
(x, p) depend only on x,
for any
∗
ux ∈
∗
pi
−1
(U)”), then we will say that the (pseudo)metrical structure G is a Rie-
mannian
∗
H-(pseudo)metrical structure respectively a Riemannian
∗
V-(pseudo)metrical
structure.
Definition 6.8.3 We will say that the (pseudo)metrical structure
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
is locally Minkowski structure if around each point x ∈M it exists a local vector m+ r-
chart
(
U,
∗
sU
)
and a local m-chart (U, ξU ) such that gαβ ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, p) and
gab ◦ s−1U ◦
(
ξ−1U × IdRm
)
(x, p) depends only on p, for any
∗
ux ∈
∗
pi
−1
(U) .
If only the condition is verified: ”gαβ ◦ s
−1
U ◦
(
ξ−1U × IdRm
)
(x, p) depend only on
p, for any
∗
ux ∈
∗
pi
−1
(U)” respectively ”gab ◦ s−1U ◦
(
ξ−1U × IdRm
)
(x, p) depends only on
p, for any
∗
ux ∈
∗
pi
−1
(U)”, then we will say that the (pseudo)metrical structure
∗
G is a
(pseudo)metrical structure
∗
H-locally Minkowski and
∗
V-locally Minkowski, respectively.
Definition 6.8.4 The generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
will be called
(ρ, η)-(pseudo)metrizable if it exists a (pseudo)metrical structure
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
and a distinguished linear (ρ, η)-connection(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
such that
(6.8.1) (ρ, η)DXG = 0, ∀X ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
The condition (6.8.1) is equivalent with the following equalities:
(6.8.2) gαβ|γ = 0, g
ab
|γ = 0, gαβ|
c = 0 , gab|c = 0.
If gαβ|γ=0 and g
ab
|γ=0, then we will say that the vector bundle(
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
is
∗
H-(ρ, η)-(pseudo)metrizable.
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If gαβ|
c = 0 and gab|c = 0, then we will say that the vector bundle(
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
is
∗
V-(ρ, η)-(pseudo)metrizable.
Theorem 6.8.1 If (
(ρ, η)
∗
H˚, (ρ, η)
∗
V˚
)
is a distinguished linear (ρ, η)-connection for the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
and
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
is a (pseudo)metrical structure, then the real local functions:
(6.8.3)
(ρ, η)
∗
H
α
βγ =
1
2
g˜αε
(
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜γ
)
gεβ
+Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜β
)
gεγ − Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜ε
)
gβγ+
+gθεL
θ
γβ ◦ h ◦
∗
pi − gβθL
θ
γε ◦ h ◦
∗
pi − gθγL
θ
βε ◦ h ◦
∗
pi
)
,
(ρ, η)
∗
H
a
bγ = (ρ, η)
∗
H˚
a
bγ +
1
2
g˜bcg
ac
0
|γ
,
(ρ, η)
∗
V
αc
β = (ρ, η)
∗
V˚
αc
β +
1
2
gβεg˜
αε
0
|
c
,
(ρ, η)
∗
V
ac
b =
1
2
g˜be
(
Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
c
)
gea
+Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
a
)
gec − Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
e
)
gac
)
are components of a distinguished linear (ρ, η)-connection such that the generalized tan-
gent bundle (
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
becomes (ρ, η)-(pseudo)metrizable.
Corollary 6.8.1 If the distinguished linear (ρ, η)-connection(
(ρ, η)
∗
H˚, (ρ, η)
∗
V˚
)
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coincide with the Berwald linear (ρ, η)-connection, then the local real functions:
(6.8.4)
(ρ, η)
c
∗
H
α
βγ =
1
2
g˜αε
(
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜γ
)
gεβ
+Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜β
)
gεγ − Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜ε
)
gβγ
+gθεL
θ
γβ ◦ h ◦
∗
pi − gβθL
θ
γε ◦ h ◦
∗
pi − gθγL
θ
βε ◦ h ◦
∗
pi
)
,
(ρ, η)
c
∗
H
a
bγ =
∂ (ρ, η)
∗
Γbγ
∂pa
+
1
2
g˜bcg
ac
0
|γ
,
(ρ, η)
c
∗
V
αc
β =
1
2
gβε
∂g˜αε
∂pc
,
(ρ, η)
c
∗
V
bc
a =
1
2
g˜ae
(
∂geb
∂pc
+
∂gec
∂pb
−
∂gbc
∂pe
)
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle (
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
becomes (ρ, η)-(pseudo)metrizable.
Moreover, if the (pseudo)metrical structure
∗
G is H- and V-Riemannian, then the
local real functions:
(4.8.5)
(ρ, η)
c
∗
H
α
βγ=
1
2
gαε
(
ρkγ◦h◦pi
∂gεβ
∂xk
+ ρjβ◦h◦pi
∂gεγ
∂xj
− ρeε◦h◦pi
∂gβγ
∂xe
+
+gθεL
θ
γβ◦h◦pi − gβθL
θ
γε◦h◦pi − gθγL
θ
βε◦h◦pi
)
,
(ρ, η)
c
∗
H
a
bγ=
∂ (ρ, η) Γaγ
∂yb
+
1
2
gac
(
ρiγ◦h◦pi
∂gbc
∂xi
−
∂ρΓeγ
∂yb
gec −
∂ρΓeγ
∂yc
geb
)
,
(ρ, η)
c
∗
V
α
βc = 0, (ρ, η)
c
∗
V
a
bc = 0
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle (
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
becomes (ρ, η)-(pseudo)metrizable.
Theorem 6.8.2 Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
.
Let (
(ρ, η)
∗
H˚, (ρ, η)
∗
V˚
)
be a distinguished linear (ρ, η)-connection for(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
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and let
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
be a (pseudo)metrical structure.
Let
(6.8.6)
Oαεβγ =
1
2
(
δαβδ
ε
γ − gβγ g˜
αε
)
, O∗αεβγ =
1
2
(
δαβδ
ε
γ + gβγ g˜
αε
)
,
Oaebc =
1
2
(δabδ
e
c − g˜bcg
ae) , O∗aebc =
1
2 (δ
a
bδ
e
c + g˜bcg
ae) ,
be the Obata operators
If the real local functions Xαβγ ,X
αc
β , Y
a
bγ , Y
ac
b are components of tensor fields, then
the local real functions are given in the following:
(6.8.7)
(ρ, η)
∗
H
α
βγ = (ρ, η)
c
∗
H
α
βγ +O
αε
γηX
η
εβ,
(ρ, η)
∗
H
a
bγ = (ρ, η)
c
∗
H
a
bγ +O
ae
bdY
d
eγ,
(ρ, η)
∗
V
αc
β = (ρ, η)
c
∗
V
αc
β +O
∗αε
βη X
ηc
ε ,
(ρ, η)
∗
V
ac
b = (ρ, η)
c
∗
V
ac
b +O
∗ae
bd Y
dc
e ,
are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle (
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
becomes (ρ, η)-(pseudo)metrizable.
Theorem 6.8.3 Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
.
If (
(ρ, η)
∗
H˚, (ρ, η)
∗
V˚
)
is a distinguished linear (ρ, η)-connection for the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
and
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
is a (pseudo)metrical structure, then the real local functions:
(6.8.8)
(ρ, η)
∗
H
α
βγ = (ρ, η)
∗
H˚
α
βγ +
1
2gβεg˜
εα
0
|γ
,
(ρ, η)
∗
H
a
bγ = (ρ, η)
∗
H˚
a
bγ +
1
2 g˜beg
ea
0
|γ
,
(ρ, η)
∗
V
αc
β = (ρ, η)
∗
V˚
αc
β +
1
2gβεg˜
εα
0
|
c
,
(ρ, η)
∗
V
ac
b = (ρ, η)
∗
V˚
ac
b +
1
2 g˜beg
ea
0
|
c
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are the components of a distinguished linear (ρ, η)-connection such that the generalized
tangent bundle (
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
becomes (ρ, η)-(pseudo)metrizable.
6.9 Generalized Hamilton (ρ, η)-spaces, Hamilton (ρ, η)-spaces
and Cartan (ρ, η)-spaces
We consider the following diagram:
∗
E
∗
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
such that (E, pi,M) = (F, ν,N) and the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
is (ρ, η)-(pseudo)metrizable.
Definition 6.9.1 A smooth Hamilton fundamental function on the dual vector bundle(
∗
E,
∗
pi,M
)
is a mapping
∗
E
H
−−−→ R
which satisfies the following conditions:
1. H ◦
∗
u ∈ C∞ (M), for any
∗
u ∈ Γ
(
∗
E,
∗
pi,M
)
\ {0};
2. H ◦ 0 ∈ C0 (M), where 0 means the null section of
(
∗
E,
∗
pi,M
)
.
Let H be a differentiable Hamiltonian defined on the total space of the vector bundle(
∗
E,
∗
pi,M
)
.
If
(
U,
∗
sU
)
is a local vector (m+ r)-chart for
(
∗
E,
∗
pi,M
)
, then we obtain the following
real functions defined on
∗
pi
−1
(U):
(6.9.1)
Hi
put
=
∂H
∂xi
put
=
∂
∂xi
(H) Hbi
put
=
∂2H
∂xi∂pb
put
=
∂
∂xi
(
∂
∂pb
(H)
)
Ha
put
=
∂H
∂pa
put
=
∂
∂pa
(H) Hab
put
=
∂2H
∂pa∂pb
put
=
∂
∂pa
(
∂
∂pb
(H)
) .
Definition 6.9.2 If for any local vector m+ r-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, we have:
(6.9.2) rank
∥∥∥Hab (∗ux)∥∥∥ = r,
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for any
∗
ux ∈
∗
pi
−1
(U) \ {0x}, then we say that the Hamiltonian H is regular.
Proposition 6.9.1 If the Hamiltonian H is regular, then for any local vectorm+r-chart(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, we obtain the real functions H˜ba locally defined by
(6.9.3)
∗
pi
−1
(U)
H˜ba
−−−→ R
∗
ux 7−→ Hba
(
∗
ux
)
where
∥∥∥H˜ba (∗ux)∥∥∥ = ∥∥∥Hab (∗ux)∥∥∥−1, for any ∗ux ∈ ∗pi−1 (U) .
Definition 6.9.3 A smooth Cartan fundamental function on the vector bundle
(
∗
E,
∗
pi,M
)
is a mapping
∗
E
K
−−−→ R+
which satisfies the following conditions:
1. K ◦
∗
u ∈ C∞ (M), for any
∗
u ∈ Γ
(
∗
E,
∗
pi,M
)
\ {0};
2. K ◦ 0 ∈ C0 (M), where 0 means the null section of
(
∗
E,
∗
pi,M
)
;
3. K is positively 1-homogenous on the fibres of vector bundle
(
∗
E,
∗
pi,M
)
;
4. For any local vector m+ r-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, the hessian:
(6.9.4)
∥∥∥K2 ab (∗ux)∥∥∥
is positively define for any
∗
ux ∈
∗
pi
−1
(U) \ {0x}.
Definition 6.9.4 If the (pseudo)metrical structure
∗
G is determined by a (pseudo)metrical
structure
g ∈ T 20
(
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,
then the (ρ, η)-(pseudo)metrizable vector bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
will be called the generalized Hamilton (ρ, η)-space.
In particular, if the (pseudo)metrical structure g is determined with the help of
a Hamilton fundamental function or Cartan fundamental function, then the (ρ, η)-
(pseudo)metrizable vector bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
will be called the Hamilton (ρ, η)-space or the Cartan (ρ, η)-space, respectively.
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The generalized Hamilton (IdTM , IdM )-space, the Hamilton (IdTM , IdM )-space,
and the Cartan (IdTM , IdM )-space will be called the generalized Hamilton space, Hamil-
ton space, Cartan space.
Definition 6.9.5 The normal distinguished linear (ρ, η)-connections of a Hamilton or
Cartan (ρ, η)-space will be called Hamilton and Cartan linear (ρ, η)-connections.
The Hamilton and Cartan linear (IdTM , IdM )-connections will be called Hamilton
and Cartan linear connections, respectively.
Theorem 6.9.1 If the (pseudo)metrical structure
∗
G is determined by a (pseudo)metrical
structure
g ∈ T 20
(
V (ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,
then the real local functions:
(6.9.5)
(ρ, η)
∗
H
a
bc =
1
2
gae
(
Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜b
)
g˜ec + Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜c
)
g˜be
−Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜e
)
g˜bc − g˜cd · L
d
be◦h◦
∗
pi
+g˜bd · L
d
ec◦h◦
∗
pi − g˜ed · L
d
bc◦h◦
∗
pi
)
,
(ρ, η)
∗
V
bc
a =
1
2
g˜ae
(
Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
c
)
geb
+Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
b
)
gec − Γ
(
∗
ρ˜, Id ∗
E
)( ·
∂˜
e
)
gbc
)
are the components of a normal distinguished linear (ρ, η)-connection with
(ρ, η)-
∗
H
(
∗
H
∗
H
)
and (ρ, η)-
∗
V
(
∗
V
∗
V
)
torsions free such that the generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
derives generalized Hamilton (ρ, η)-space.
This normal distinguished linear (ρ, η)-connection will be called generalized linear
(ρ, η)-connection of Levi-Civita type.
If the (pseudo)metrical structure g is determined with the help of a Hamilton or Car-
tan fundamental function, then the Hamilton and the Cartan linear (ρ, η)-connections
will be called canonical Hamilton and Cartan linear (ρ, η)-connection, respectively.
The canonical Hamilton and Cartan linear (IdTM , IdM )-connection will be called
the canonical Hamilton and Cartan linear connection respectively.
Theorem 6.9.2 Let
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
be the normal distinguished linear (ρ, η)-
connection presented in the previous theorem.
If
∗
T
a
bc
∗
δ˜a ⊗ dz˜
b ⊗ dz˜c ∈ T 1020
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
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and
∗
S
bc
a
·
∂˜
a
⊗ δp˜b ⊗ δp˜c ∈ T
02
01
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
such that they satisfy the following conditions:
∗
T
a
bc = −
∗
T
a
cb,
∗
S
bc
a = −
∗
S
bc
a , ∀b, c ∈ 1, r,
then the real local functions:
(6.9.6)
(ρ, η)
∗
H˜
a
bc = (ρ, η)
∗
H
a
bc +
1
2
gae ·
(
g˜ed
∗
T
d
bc − g˜bd
∗
T
d
ec + g˜cd
∗
T
d
be
)
,
(ρ, η)
∗
V˜
bc
a = (ρ, η)
∗
V
bc
a +
1
2
g˜ae ·
(
ged
∗
S
bc
d − g
bd
∗
S
ec
d + g
cd
∗
S
be
d
)
are the components of a normal distinguished linear (ρ, η)-connection with
(ρ, η)-
∗
H
(
∗
H
∗
H
)
and (ρ, η)-
∗
V
(
∗
V
∗
V
)
torsions a priori given such that the generalized tan-
gent bundle (
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
derives generalized Hamilton (ρ, η)-space.
Moreover, we obtain:
(6.9.7)
∗
T
a
bc = (ρ, η)
∗
H
a
bc − (ρ, η)
∗
H
a
cb − L
a
bc ◦ h ◦
∗
pi,
∗
S
bc
a = (ρ, η)
∗
V
bc
a − (ρ, η)
∗
V
cb
a .
6.10 Einstein equations
We shall consider a metric structure
∗
G = gαβdz˜
α ⊗ dz˜β + gabδp˜a ⊗ δp˜b
and a distinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
compatible with the
structure metric
∗
G having
∗
H
(
∗
H
∗
H
)
and
∗
V
(
∗
V
∗
V
)
-torsions prescribed.
Definition 6.10.1 If (ρ, η, h)
∗
R α β and (ρ, η, h)
∗
S
a b
are the components of tensor Ricci
associated to distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ) ,
then the scalar
(6.10.1) (ρ, η, h)
∗
R=(ρ, η, h)
∗
R α βg
αβ + (ρ, η, h)
∗
S
a b
g˜ab
will be called the scalar of curvature of distinguished linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V ) .
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Definition 6.10.2 The tensor field
(6.10.2)
(ρ, η, h)
∗
T = (ρ, η, h)
∗
T α βdz˜
α ⊗ dz˜β + (ρ, η, h)
∗
T
b
α dz˜
α ⊗ δp˜b
+(ρ, η, h)
∗
T
a
βδp˜a ⊗ dz˜
β + (ρ, η, h)
∗
T
a b
δp˜a ⊗ δp˜b
such that its components verify the following conditions:
(6.10.3)
κ (ρ, η, h)
∗
T α β = (ρ, η, h)
∗
Rαβ −
1
2
(ρ, η, h)
∗
R · gαβ,
−κ (ρ, η, h)
∗
T
b
α = (ρ, η, h)
∗
P
b
α ,
κ (ρ, η, h)
∗
T
a
β = (ρ, η, h)
∗
P
a
β,
κ (ρ, η, h)
∗
T
a b
= (ρ, η, h)
∗
S
a b
−
1
2
(ρ, η, h)
∗
R · gab,
where κ is a constant, will be called the energy-momentum tensor field associated to
distinguished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
and metrical structure
∗
G.
The equations (4.10.3) will be called the Einstein equations associated to distin-
guished linear (ρ, η)-connection
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
and metrical structure
∗
G.
Formally, the Einstein equations will be written
(6.10.3)′ Ric
(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
− 12 (ρ, η, h)
∗
R ·
∗
G = κ · (ρ, η, h)
∗
T.
6.11 Dual mechanical systems
Using the diagram:
(6.11.1)
∗
E
∗
pi

(
E, [, ]E,h , (ρ, η)
)
pi

M
h
//M
where
(
(E, pi,M) , [, ]E,h , (ρ, η)
)
is a generalized Lie algebroid, we build the generalized
tangent bundle
(((ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E), [, ]
(ρ,η)T
∗
E
, (
∗
ρ˜, Id ∗
E
)).
Definition 6.11.1 A triple
(6.11.2)
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
,
where
(6.11.3)
∗
F e = Fa
·
∂˜
a
∈ Γ
(
V (ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
is an external force and (ρ, η)
∗
Γ is a (ρ, η)-connection, will be called dual mechanical
(ρ, η)-system.
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A dual mechanical (ρ, η)-system((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
endowed with a (pseudo)metrical structure
∗
G determined with the help of a (pseudo)metrical
structure
g = gabδp˜a ⊗ δp˜a ∈ T
02
00
(
(ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
will be denoted
(6.11.4)
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ,
∗
G
)
and will be called generalized Hamilton mechanical (ρ, η)-system.
Any dual mechanical (IdTM , IdM )-system and any generalized Hamilton mecha-
nical (IdTM , IdM )-system will be called mechanical system and generalized Hamilton
mechanical system, respectively.
Definition 6.11.2 If H respectively K is a smooth Hamilton respectively Cartan
function, then we put the triple(((
∗
E,
∗
pi,M
)
,
∗
pi,M
)
,
∗
F e,H
)
,
respectively ((
∗
E,
∗
pi,M
)
,
∗
F e,K
)
,
where
∗
F e = Fa
·
∂˜
a
∈ Γ
(
V (ρ, η)T
∗
E, (ρ, η)τ ∗
E
,
∗
E
)
is an external force. These are called Hamilton mechanical (ρ, η)-system and Cartan
mechanical (ρ, η)-system respectively.
Any Hamilton mechanical (IdTM , IdM )-system and any Cartan mechanical
(IdTM , IdM )-system will be called Hamilton mechanical system and Cartan mechanical
system, respectively.
6.11.1 (ρ, η)-semisprays and (ρ, η)-sprays for dual mechanical (ρ, η)-systems
Let
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
be an arbitrary dual mechanical (ρ, η)-system.
Definition 6.11.1.1 The vertical section
(6.11.1.1)
∗
C=pa
·
∂˜
a
,
will be called the Liouville section.
Definition 6.11.1.2 The section
∗
S ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
will be called (ρ, η)-
semispray if there exists an almost tangent structure e such that
(6.11.1.2) e
(
∗
S
)
=
∗
C.
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Let (g, h) be a locally invertible Bv-morphism of
(
∗
E,
∗
pi,M
)
source and (E, pi,M)
target.
Theorem 6.11.1.1 The section
(6.11.1.3) S =
(
gab ◦ h ◦
∗
pi
)
pb
∂
∂z˜a
− 2
(
Ga −
1
4Fa
)
∂
∂p˜a
is a (ρ, η)-semispray such that the real local functions Ga, a ∈ 1, n, satisfy the following
conditions
(6.11.1.4)
(ρ, η)
∗
Γbc = −
(
g˜eb ◦ h ◦
∗
pi
)
∂(Gc− 14Fc)
∂pe
+12
(
gde ◦ h ◦
∗
pi · pe
)
Ladb ◦ h ◦
∗
pi · g˜ac ◦ h ◦
∗
pi, b, c ∈ 1, r.
In addition, we remark that the local real functions
(6.11.1.5)
(ρ, η)
∗
Γ˚bc
put
= −
(
g˜eb◦h◦
∗
pi
)
∂Gc
∂pe
+12
(
gde ◦ h ◦
∗
pi · pe
)
Ladb ◦ h ◦ pi · g˜ac ◦ h ◦
∗
pi, a, b∈1, r
are the components of a (ρ, η)-connection (ρ, η)
∗
Γ˚ for the vector bundle
(
∗
E,
∗
pi,M
)
.
The (ρ, η)-semispray
∗
S will be called the canonical (ρ, η)-semispray associated to
mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible Bv-
morphism (g, h) .
Proof. We consider the Mod-endomorphism
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
P
−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
X 7−→
∗
J (g,h)
[
∗
S,X
]
(ρ,η)T
∗
E
−
[
∗
S,
∗
J (g,h)X
]
(ρ,η)T
∗
E
.
Let X = Z˜a
∗
∂˜a + Ya
·
∂˜
a
be an arbitrary section.
Since [
∗
S,X
]
(ρ,η)T
∗
E
=
[(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a, Z˜
b
∗
∂˜b
]
(ρ,η)T
∗
E
+
[(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a, Yb
·
∂˜
b
]
(ρ,η)T
∗
E
−
[
2
(
Ga −
1
4Fa
) ·
∂˜
a
, Z˜b
∗
∂˜b
]
(ρ,η)T
∗
E
−
[
2
(
Ga −
1
4Fa
) ·
∂˜
a
, Yb
·
∂˜
b
]
(ρ,η)T
∗
E
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and [(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a, Z˜
b
∗
∂˜b
]
(ρ,η)T
∗
E
=
(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦
∗
pi ∂Z˜
c
∂xi
∗
∂˜c
−Z˜bρjb ◦ h ◦
∗
pi
∂
(
gce◦h◦
∗
pi·pe
)
∂xj
∗
∂˜c
+
(
gae ◦ h ◦
∗
pi · pe
)
Z˜b
(
Lcab ◦ h ◦
∗
pi
) ∗
∂˜c,[(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a, Yb
·
∂˜
b
]
(ρ,η)T
∗
E
=
(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦
∗
pi ∂Yc
∂xi
·
∂˜
c
−Yb
∂
(
gce◦h◦
∗
pi·pe
)
∂pb
∗
∂˜c,[
2
(
Ga −
1
4Fa
) ·
∂˜
a
, Z˜b∂˜b
]
(ρ,η)T
∗
E
= 2
(
Ga −
1
4Fa
)
∂Z˜c
∂pa
∗
∂˜c
−2Z˜bρjb ◦ h ◦
∗
pi
∂(Gc− 14Fc)
∂xj
·
∂˜
c
,[
2
(
Ga −
1
4Fa
) ·
∂˜
a
, Yb
·
∂˜
b
]
(ρ,η)T
∗
E
= 2
(
Ga −
1
4Fa
)
∂Yc
∂pa
·
∂˜
c
−2Yb
∂(Gc− 14Fc)
∂pb
·
∂˜
c
,
it results that
(P1)
∗
J (g,h)
[
∗
S,X
]
(ρ,η)T
∗
E
=
(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦
∗
pi ∂Z˜
c
∂xi
·
(
g˜dc ◦ h ◦
∗
pi
) ·
∂˜
d
−Z˜bρjb ◦ h ◦
∗
pi
∂
(
gce◦h◦
∗
pi·pe
)
∂xj
·
(
g˜dc ◦ h ◦
∗
pi
) ·
∂˜
d
+
(
gae ◦ h ◦
∗
pi · pe
)
Z˜bLcab ·
(
g˜dc ◦ h ◦
∗
pi
) ·
∂˜
d
−Y b
∂
(
gce◦h◦
∗
pi·pe
)
∂yb
·
(
g˜dc ◦ h ◦
∗
pi
) ·
∂˜
d
−2
(
Ga −
1
4Fa
)
∂Z˜c
∂pa
·
(
g˜dc ◦ h ◦
∗
pi
) ·
∂˜
d
.
Since[
∗
S,
∗
J (g,h)X
]
(ρ,η)T
∗
E
=
[(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a,
(
g˜cb ◦ h ◦
∗
pi
)
Z˜b
·
∂˜
c
]
(ρ,η)T
∗
E
−
[
2
(
Ga −
1
4Fa
) ·
∂˜
a
,
(
g˜cb ◦ h ◦
∗
pi
)
Z˜b
·
∂˜
c
]
(ρ,η)T
∗
E
and[(
gae ◦ h ◦
∗
pi · pe
) ∗
∂˜a,
(
g˜cb ◦ h ◦
∗
pi
)
Z˜b
·
∂˜c
]
(ρ,η)T
∗
E
=
(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦
∗
pi
∂
(
g˜db◦h◦
∗
pi·Z˜b
)
∂xi
·
∂˜
d
−g˜cb ◦ h ◦
∗
pi · Z˜b
∂
(
gde◦h◦
∗
pi·pe
)
∂pc
∗
∂˜d,
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[
2
(
Ga −
1
4Fa
) ·
∂˜
a
, g˜cb ◦ h ◦
∗
piZ˜b
·
∂˜
c
]
(ρ,η)T
∗
E
= 2
(
Ga −
1
4Fa
) ∂(g˜db◦h◦∗pi·Z˜b)
∂pa
·
∂˜
d
−2g˜cb ◦ h ◦
∗
pi · Z˜b
∂(Gd− 14Fd)
∂pc
·
∂˜
d
it results that
(P2)
[
∗
S,
∗
J (g,h)X
]
(ρ,η)T
∗
E
=
(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦ pi
∂
(
g˜db◦h◦
∗
pi·Z˜b
)
∂xi
·
∂˜
d
−g˜cb ◦ h ◦
∗
pi · Z˜b
∂
(
gde◦h◦
∗
pi·pe
)
∂pc
∗
∂˜d
−2
(
Ga −
1
4Fa
) ∂(g˜db◦h◦∗pi·Z˜b)
∂pa
·
∂˜
d
+2g˜cb ◦ h ◦
∗
pi · Z˜b
∂(Gd− 14Fd)
∂pc
·
∂˜
d
.
We remark that(
gae ◦ h ◦
∗
pi · pe
)
ρia ◦ h ◦
∗
pi
∂
(
g˜db◦h◦
∗
pi·Z˜b
)
∂xi
= gae ◦ h ◦
∗
pi · pe
(
ρia ◦ h ◦
∗
pi
)
∂Z˜c
∂xi
· g˜dc ◦ h ◦
∗
pi
−Z˜bρjb ◦ h ◦
∗
pi
∂
(
gce◦h◦
∗
pi·pe
)
∂xj
· g˜dc ◦ h ◦
∗
pi,
Yd = Yb
∂
(
gce◦h◦
∗
pi·pe
)
∂pb
· g˜dc ◦ h ◦
∗
pi
and
Z˜d = g˜cb ◦ h ◦
∗
pi · Z˜b
∂
(
gde◦h◦
∗
pi·pe
)
∂pc
.
Using the equalities (P1) and (P2) we obtain:
P
(
Z˜a
∗
∂˜a + Ya
·
∂˜
a
)
= Z˜a
∗
∂˜a+
+
(
−Ya − 2g˜cb ◦ h ◦
∗
pi
∂(Ga− 14Fa)
∂pc
Z˜b +
(
gde ◦ h ◦
∗
pi · pe
)
Z˜bLcdb ◦ h ◦
∗
pi · g˜ac ◦ h ◦
∗
pi
) ·
∂˜
a
.
After some calculations, it results that P is an almost product structure.
Using the equality
P = Id− 2 (ρ, η)
∗
Γ,
we obtain that
(ρ, η) Γ
(
Z˜a
∗
∂˜a + Ya
·
∂˜
a
)
=
=
(
Ya + g˜ac◦h◦
∗
pi
∂(Gb− 14Fb)
∂pa
Z˜c − 12
(
gde ◦ h ◦
∗
pi · pe
)
Z˜cL
f
dc ◦ h ◦
∗
pi · g˜af ◦ h ◦
∗
pi
) ·
∂˜
a
Since
(ρ, η) Γ
(
Z˜a
∗
∂˜a + Ya
·
∂˜
a
)
=
(
Yc − (ρ, η)
∗
ΓbcZ˜
b
) ·
∂˜
c
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it results that relations (4.11.1.4) are satisfied. In addition, since
(ρ, η)
∗
Γ˚bc = (ρ, η)
∗
Γbc −
1
4 g˜db ◦ h ◦
∗
pi ∂Fc
∂pd
and
(ρ, η)
∗
Γ˚b´c´ = (ρ, η)
∗
Γb´c´ −
1
4 g˜e´c´ ◦ h ◦
∗
pi ∂Fb´
∂pe´
=M bb´ ◦
∗
pi
(
−ρic ◦ h ◦
∗
pi ·
∂M a´b
∂xi
pa´ + (ρ, η)
∗
Γbc
)
M cc´ ◦ h ◦
∗
pi
+M bb´ ◦
∗
pi
(
1
4 g˜ec ◦ h ◦
∗
pi · ∂Fb
∂pe
)
M cc´ ◦ h ◦
∗
pi
=M bb´ ◦
∗
pi
(
−ρic ◦ h ◦
∗
pi ·
∂M a´b
∂xi
pa´ +
(
(ρ, η)
∗
Γbc −
1
4 g˜ec ◦ h ◦
∗
pi · ∂Fb
∂pe
))
M cc´ ◦h◦
∗
pi
=M bb´ ◦
∗
pi
(
−ρic ◦ h ◦
∗
pi ·
∂M a´b
∂xi
pa´ + (ρ, η)
∗
Γ˚bc
)
M cc´ ◦h◦
∗
pi
it results the conclusion of the theorem. q.e.d.
Theorem 6.11.1.2 The following properties hold:
1◦ Since
∗
◦
δ˜c =
∗
∂˜c + (ρ, η)
∗
Γ˚bc
·
∂˜
b
, c ∈ 1, r,
it results that
(6.11.1.6)
∗
◦
δ˜c =
∗
δ˜c −
1
4 g˜ec ◦ h ◦ pi ·
∂Fb
∂pe
·
∂˜
b
, c ∈ 1, r.
2◦ Since
δ˚p˜b = − (ρ, η)
∗
Γ˚bcdz˜
c + dp˜b,
it results that
(6.11.1.7) δ˚p˜b = δp˜b +
1
4 g˜ec ◦ h ◦
∗
pi ∂Fb
∂p˜e
dz˜c, b ∈ 1, r.
Theorem 6.11.1.3 The real local functions
(6.11.1.8)
(
∂(ρ,η)
∗
Γbc
∂pa
,
∂(ρ,η)
∗
Γbc
∂pa
, 0, 0
)
, a, b, c ∈ 1, r
and
(6.11.1.8)′
(
∂(ρ,η)
∗
Γ˚bc
∂pa
,
∂(ρ,η)
∗
Γ˚bc
∂pa
, 0, 0
)
, a, b, c ∈ 1, r
respectively are the coefficients to a normal Berwald linear (ρ, η)-connection for the
generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
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Theorem 6.11.1.4 The tensor of integrability of the (ρ, η)-connection (ρ, η)
∗
Γ˚ is as
follows:
(6.11.1.9)
(ρ, η, h)
∗
R˚b cd = (ρ, η, h)
∗
Rb cd +
1
4
(
g˜ed ◦ h ◦
∗
pi ∂Fb
∂pe |c
− g˜ec ◦ h ◦
∗
pi ∂Fb
∂pe |d
)
+
+ 116
(
g˜ed ◦ h ◦
∗
pi ∂Fl
∂pe
g˜fc ◦ h ◦
∗
pi ∂
2Fb
∂pl∂pf
− g˜fc ◦ h ◦
∗
pi ∂Fl
∂pf
g˜ed ◦ h ◦
∗
pi ∂
2Fb
∂pl∂pe
)
+
+14
(
L
f
cd ◦ h ◦
∗
pi
)(
g˜ef ◦ h ◦
∗
pi
)
∂Fb
∂pe
,
where |c is the h-covariant derivation with respect to the normal Berwald linear ρ-
connection (6.11.1.8).
Proof. Since
(ρ, η, h)
∗
R˚b cd = Γ
(
∗
ρ˜, Id ∗
E
)∗◦δ˜c
((ρ, η) ∗Γ˚bd
)
− Γ
(
∗
ρ˜, Id ∗
E
)∗◦δ˜d
((ρ, η) ∗Γ˚bc
)
−Lecd ◦ h ◦
∗
pi · (ρ, η)
∗
Γ˚be,
and
Γ
(
∗
ρ˜, Id ∗
E
)∗◦δ˜c
((ρ, η) ∗Γ˚bd
)
= Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜c
)(
(ρ, η)
∗
Γbd
)
+14Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜c
)(
g˜ed ◦ h ◦
∗
pi ∂Fb
∂pe
)
−14 g˜ec ◦ h ◦
∗
pi
∂Ff
∂pe
∂
∂pf
(
(ρ, η)
∗
Γbd
)
− 116 g˜ec ◦ h ◦
∗
pi
∂Ff
∂pe
∂
∂pf
(
g˜ed ◦ h ◦
∗
pi ∂Fb
∂pe
)
,
Γ
(
∗
ρ˜, Id ∗
E
)∗◦δ˜d
((ρ, η) ∗Γ˚bc
)
= Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜d
)(
(ρ, η)
∗
Γbc
)
+14Γ
(
∗
ρ˜, Id ∗
E
)(∗
δ˜d
)(
g˜ec ◦ h ◦
∗
pi ∂Fb
∂pe
)
−14 g˜ed ◦ h ◦
∗
pi
∂Ff
∂pe
∂
∂pf
(
(ρ, η)
∗
Γbc
)
− 116 g˜ed ◦ h ◦
∗
pi
∂Ff
∂pe
∂
∂pf
(
g˜ec ◦ h ◦
∗
pi ∂Fb
∂pe
)
,
Lecd ◦ h ◦
∗
pi · (ρ, η)
∗
Γ˚be = L
e
cd ◦ h ◦
∗
pi · (ρ, η)
∗
Γbe
+Lecd ◦ h ◦
∗
pi ·
(
g˜fe ◦ h ◦
∗
pi ∂Fb
∂pe
)
it results the conclusion of the theorem. q.e.d.
Theorem 6.11.1.5 Let
∗
T
a
bcδa ⊗ dz˜
b ⊗ dz˜c ∈ T 1020
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
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and
∗
S
bc
a
·
∂˜a ⊗ δy˜
b ⊗ δy˜c ∈ T 0201
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
such that they verify the following conditions:
∗
T
a
bc = −
∗
T
a
cb,
∗
S
bc
a = −
∗
S
bc
a , ∀b, c ∈ 1, r.
If
(
(ρ, η)
∗
H˜, (ρ, η)
∗
V˜
)
is the distinguished linear (ρ, η)-connection presented in the
Theorem 6.9.2, then the local real functions:
(6.11.1.10)
(ρ, η)
∗˜˚
H
a
bc = (ρ, η)
∗
H˜
a
bc +
1
8g
ae
(
−g˜fc ◦ h ◦
∗
pi ∂Fd
∂pf
∂g˜be
∂pd
+ g˜fe ◦ h ◦
∗
pi ∂Fd
∂pf
∂g˜bc
∂pd
− g˜fb ◦ h ◦
∗
pi ∂Fd
∂pf
∂g˜ec
∂pd
)
,
(ρ, η)
∗˜˚
V
a
bc = (ρ, η)
∗
V˜
a
bc
are the components of a normal distinguished linear (ρ, η)-connection with (ρ, η)-
∗
H
(
∗
H
∗
H
)
and (ρ, η)-
∗
V
(
∗
V
∗
V
)
torsions a priori given such that the generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
derives generalized Hamilton (ρ, η)-space.
In addition, we have:
(6.11.1.11)
(ρ, η, h)
∗˜˚
T
a
bc =
∗
T
a
bc
(ρ, η, h)
∗˜˚
S
bc
a =
∗
S
bc
a .
The local functions g˜fc, g˜fe, g˜fb are the local functions associated to the locally
invertible Bv-morphism (g, h) .
Proposition 6.11.1.1 If
∗
S is the canonical (ρ, η)-semispray associated to the me-
chanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible Bv-mor-
phism (g, h), then
(6.11.1.12) 2Gb´ = 2Gb ·M
b
b´ ◦ h ◦
∗
pi −
(
gae ◦ h ◦
∗
pi
)
pe
(
ρia ◦ h ◦
∗
pi
)
∂pb´
∂xi
.
Proof. Since the Jacobian matrix of coordinates transformation is∥∥∥∥∥∥
M a´a ◦ h ◦
∗
pi 0
ρia ◦ h ◦
∗
pi
∂Mab´ ◦
∗
pi
∂xi
pa M
b
b´ ◦
∗
pi
∥∥∥∥∥∥ =
∥∥∥∥∥ M a´a ◦ h ◦
∗
pi 0
ρia ◦ h ◦
∗
pi ∂pb´
∂xi
M bb´ ◦
∗
pi
∥∥∥∥∥
and ∥∥∥∥∥ M a´a ◦ h ◦
∗
pi 0
ρia ◦ h ◦
∗
pi ∂pb´
∂xi
M bb´ ◦
∗
pi
∥∥∥∥∥ ·
( (
gae ◦ h ◦
∗
pi
)
pe
−2
(
Gb −
1
4Fb
) ) =
=
( (
ga´e´ ◦ h ◦
∗
pi
)
pe´
−2
(
Gb´ −
1
4Fb´
)
)
,
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the conclusion results immediately. q.e.d.
In the following we consider a differentiable curve I
c
−→ M and its (g, h)-lift c˙.
Definition 6.11.1.3 The curve c˙ is an integral curve of the (ρ, η)-semispray
∗
S of
the dual mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
, if it is verify the following
equality:
(6.11.1.13) dc˙(t)
dt
= Γ
(
∗
ρ˜, Id ∗
E
)
∗
S (c˙ (t)) .
Theorem 6.11.1.6 The integral curves of the canonical (ρ, η)-semispray associated
to the mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible
Bv-morphism (g, h), are the (g, h)-lifts solutions of the equations:
(6.11.1.14) dpb(t)
dt
+ 2Gb◦
∗
u (c, c˙) (x (t))=12Fb◦
∗
u (c, c˙) (x (t)), b∈1,r,
where x (t) = (η ◦ h ◦ c) (t) .
Proof. Since the equality
dc˙(t)
dt
= Γ
(
∗
ρ˜, Id ∗
E
)
∗
S (c˙ (t))
is equivalent with
d
dt
((η ◦ h ◦ c)i(t), pb(t)) =
=
(
ρia ◦ η ◦ h ◦ c(t)g
ae ◦ h ◦ c(t)pe(t),−2
(
Gb −
1
4Fb
)
((η ◦ h ◦ c)(t), p (t))
)
,
it results
dpb(t)
dt
+ 2Gb(x (t) , p (t))=
1
2Fb(x (t) , p (t)), b∈1,r,
dxi(t)
dt
= ρia ◦ η ◦ h ◦ c (t) g
ae ◦ h ◦ c (t) pe (t) ,
where xi (t) = (η ◦ h ◦ c)i (t). q.e.d.
Definition 6.11.1.4 If
∗
S is a (ρ, η)-semispray, then the vector field
(6.11.1.15)
[
∗
C,
∗
S
]
(ρ,η)T
∗
E
−
∗
S
will be called the derivation of (ρ, η)-semispray
∗
S.
The (ρ, η)-semispray
∗
S will be called (ρ, η)-spray if there are verified the following
conditions:
1.
∗
S ◦ 0 ∈ C1, where 0 is the null section;
2. Its derivation is the null vector field.
The (ρ, η)-semispray
∗
S will be called quadratic (ρ, η)-spray if there are verified the
following conditions:
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1.
∗
S ◦ 0 ∈ C2, where 0 is the null section;
2. Its derivation is the null vector field.
In particular, if (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we obtain the
spray and the quadratic spray which is similar with the classical spray and quadratic
spray.
Theorem 6.11.1.7 If
∗
S is the canonical (ρ, η)-semispray associated to mechani-
cal (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible Bv-morphism
(g, h), then
(6.11.1.16)
2
(
Gb −
1
4Fb
)
= (ρ, η)
∗
Γbc
(
gcf ◦ h ◦
∗
pi · pf
)
+12
(
gde ◦ h ◦
∗
pi · pe
)
Ladc ◦ h ◦
∗
pi
·g˜ba ◦ h ◦
∗
pi
(
gcf ◦ h ◦
∗
pi · pf
)
, b ∈ 1, r.
Then we obtain the spray
(6.11.1.17)
∗
S =
(
gae ◦ h ◦
∗
pi
)
pe
∂
∂z˜a
+ (ρ, η)
∗
Γbc
(
gcf ◦ h ◦
∗
pi · pf
)
∂
∂p˜b
+12
(
gde ◦ h ◦
∗
pi · pe
)
Ladc ◦ h ◦
∗
pi · g˜ba ◦ h ◦
∗
pi
(
gcf ◦ h ◦
∗
pi · pf
)
∂
∂p˜b
.
This (ρ, η)-spray will be called the canonical (ρ, η)-spray associated to mechanical
system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible Bv-morphism (g, h).
In particular, if (ρ, η, g, h) = (IdTM , IdM , IdM , IdM ) , then we get the canonical
spray associated to connection
∗
Γ which is similar with the classical canonical spray
associated to connection
∗
Γ.
Proof. Since [
∗
C,
∗
S
]
(ρ,η)T
∗
E
=
[
pa
·
∂˜
a
,
(
gbe ◦ h ◦
∗
pi · pe
) ∗
∂˜b
]
(ρ,η)T
∗
E
−2
[
pa
·
∂˜
a
,
(
Gb −
1
4Fb
) ·
∂˜
b
]
(ρ,η)T
∗
E
,
[
pa
·
∂˜
a
,
(
gbe ◦ h ◦
∗
pi · pe
) ∗
∂˜b
]
(ρ,η)T
∗
E
= pa
∂
(
gbe◦h◦
∗
pi·pe
)
∂pa
∗
∂˜b
−
(
gbe ◦ h ◦
∗
pi · pe
)
ρ
j
β ◦ h ◦
∗
pi ∂pa
∂xi
·
∂˜
a
=
(
pa · gbe ◦ h ◦
∗
pi · δea
) ∗
∂˜b − 0
=
(
gbe ◦ h ◦
∗
pi · pe
) ∗
∂˜b
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and [
pa
·
∂˜
a
,
(
Gb −
1
4Fb
) ·
∂˜
b
]
(ρ,η)T
∗
E
= pa
∂(Gb− 14Fb)
∂pa
·
∂˜
b
−
(
Gb −
1
4Fb
)
δba
·
∂˜
a
= pa
∂(Gb− 14Fb)
∂pa
·
∂˜
b
−
(
Gb −
1
4Fb
) ·
∂˜
b
it results that
(S1)
[
∗
C,
∗
S
]
(ρ,η)T
∗
E
−
∗
S = 2
(
−pf
∂(Gb− 14Fb)
pf
+ 2
(
Gb −
1
4Fb
)) ·
∂˜
b
Using the equality (6.11.1.4) it results that
(S2)
∂(Gb− 14Fb)
pf
= − (ρ, η)
∗
Γbc ◦
∗
u (c, c˙) ◦ (η ◦ h ◦ c) · gcf ◦ h ◦
∗
pi
+12
(
gde ◦ h ◦
∗
pi · pe
)
· Ladc ◦ h ◦
∗
pi · g˜ba ◦ h ◦
∗
pi · gcf ◦ h ◦
∗
pi.
Using the equalities (S1) and (S2) it results the conclusion of the theorem. q.e.d.
Remark 6.11.1.2. If (ρ, η, h) = (idTM , IdM , IdM ) , then we get the canonical spray
associated to connection
∗
Γ.
Theorem 6.11.1.8 The integral curves of canonical (ρ, η)-spray associated to me-
chanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
and from locally invertible Bv-morphism
(g, h) are the (g, h)-lifts solutions of the following system of equations:
(6.11.1.17)
dpb
dt
− (ρ, η)
∗
Γbc ◦
∗
u (c, c˙) ◦ (η ◦ h ◦ c) ·
(
gcf ◦ h ◦
∗
pi · pf
)
+12
(
gde ◦ h ◦
∗
pi · pe
)
· Ladc ◦ h ◦
∗
pi · g˜ba ◦ h ◦
∗
pi ·
(
gcf ◦ h ◦
∗
pi · pf
)
= 0,
where x (t) = η ◦ h ◦ c (t) .
6.11.2 The Hamiltonian formalism for Hamilton mechanical (ρ, η)-systems
Let
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
be an arbitrary Hamilton mechanical (ρ, η)-system.
The natural dual (ρ, η)-base (dz˜α, dp˜a) of natural (ρ, η)-base
(
∂
∂z˜α
, ∂
∂p˜a
)
is deter-
mined by the equations
〈
dz˜α, ∂
∂z˜β
〉
= δαβ ,
〈
dz˜α, ∂
∂p˜b
〉
= 0,〈
dp˜a,
∂
∂z˜β
〉
= 0,
〈
dp˜a,
∂
∂p˜b
〉
= δba.
It is very important to remark that the 1-forms dz˜α, α ∈ 1, p and dp˜a, a ∈ 1, r are
not the differentials of coordinates functions as in the classical case, but we will use the
same notations.
In this case
(dz˜α) 6= d(ρ,η)T
∗
E (z˜α) = 0,
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where d(ρ,η)T
∗
E is the exterior differentiation operator associated to exterior differential
F
(
∗
E
)
-algebra (
Λ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·,∧
)
.
Let H be a regular Hamiltonian and let (g, h) be a Bv-morphism locally invertible
of
(
∗
E,
∗
pi,M
)
source and (E, pi,M) target.
Definition 6.11.2.1 The 1-form
(6.11.2.1) θH =
(
g˜ea ◦ h ◦
∗
pi ·He
)
dz˜a
will be called the 1-form of Poincare´-Cartan type associated to the regular Hamiltonian
H and to the locally invertible Bv-morphism (g, h).
We obtain easily:
(6.11.2.2) θH
(
∗
∂
∂z˜b
)
= g˜eb ◦ h ◦
∗
pi ·He, θH
(
∂
∂p˜b
)
= 0.
Definition 6.11.2.2 The 2-form
ωH = d
(ρ,η)T
∗
EθL
will be called the 2-form of Poincare´-Cartan type associated to the regular Hamiltonian
H and to the locally invertible Bv-morphism (g, h).
By the definition of d(ρ,η)T
∗
E , we obtain:
(6.11.2.3)
ωH (U, V ) = Γ
(
∗
ρ˜, Id ∗
E
)
(U) (θH (V ))−
−Γ (ρ˜, IdE) (V ) (θH (U))− θH
(
[U, V ]
(ρ,η)T
∗
E
)
,
for any U, V ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
It follows:
(6.11.2.4)
ωL
(
∗
∂
∂z˜a
,
∗
∂
∂z˜b
)
=
(
ρia ◦ h ◦
∗
pi
)
·
∂
(
g˜eb◦h◦
∗
pi·He
)
∂xi
−
(
ρib ◦ h ◦
∗
pi
)
·
∂
(
g˜ea◦h◦
∗
pi·He
)
∂xi
− Lcab ◦ h ◦
∗
pi ·
(
g˜ec ◦ h ◦
∗
pi ·He
)
;
ωL
(
∗
∂
∂z˜a
, ∂
∂p˜b
)
= g˜ea ◦ h ◦
∗
pi ·Heb;
ωL
(
∂
∂p˜a
, ∂
∂p˜b
)
= 0.
Definition 6.11.2.3 The real function
(6.11.2.5) EH = pa ·Ha −H
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will be called the energy of regular Hamiltonian H.
Theorem 6.11.2.1 The equation
(6.11.2.6) i∗
S
(ωH) = −d(ρ,η)T
∗
E (EH) ,
∗
S ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,
has an unique solution
∗
SH (g, h) of the type:
(6.11.2.7)
(
gae ◦ h ◦
∗
pi
)
pe
∗
∂
∂z˜a
− 2
(
Ga −
1
4Fa
)
∂
∂p˜a
,
where
(6.11.2.8) 2Ga =
(
gbe ◦ h ◦
∗
pi · H˜ea
)
·Eb (H, g, h) +
1
2Fa
and
(6.11.2.9)
Eb(H, g, h)=ρ
i
b◦h◦
∗
pi ·Hi − gae ◦ h ◦
∗
pi · pe · ρia◦h◦
∗
pi ·
∂
(
g˜eb◦h◦
∗
pi·He
)
∂xi
+gae ◦ h ◦
∗
pi · pe · Ldab◦h◦
∗
pi ·
(
g˜ed ◦ h ◦
∗
pi ·He
)
.
∗
SH (g, h) will be called the canonical (ρ, η)-semispray associated to Hamilton me-
chanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
and from locally invertible Bv-morphism
(g, h).
Proof. We obtain that
i∗
S
(ωH) = −d
(ρ,η)T
∗
E (EH)
if and only if
ωH
(
∗
S,X
)
= −Γ
(
∗
ρ˜, Id ∗
E
)
(X) (EH) ,
for any X ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Particularly, we obtain:
ωH
(
∗
S,
∗
∂
∂z˜b
)
= −Γ
(
∗
ρ˜, Id ∗
E
)(
∗
∂
∂z˜b
)
(EH) .
If we expand this equality using (6.11.2.2) and (6.11.2.4), we obtain
gae ◦ h ◦
∗
pi · pe ·
[
ρia◦h◦
∗
pi ·
∂
(
g˜eb◦h◦
∗
pi·He
)
∂xi
− ρib◦h◦
∗
pi ·
∂
(
g˜ea◦h◦
∗
pi·He
)
∂xi
− Ldab◦h◦
∗
pi ·
(
g˜ed ◦ h ◦
∗
pi ·He
)]
+ 2
(
Ga −
1
4Fa
) (
g˜eb ◦ h ◦
∗
pi
)
·Hea
= −ρib◦h◦
∗
pi ·
(
gae ◦ h ◦
∗
pi · pe
)
·
∂
(
g˜ea◦h◦
∗
pi·He
)
∂xi
+ ρib◦h◦
∗
pi ·Hi.
After some calculations, we obtain
2
(
Ga −
1
4
Fa
)
=
(
gbe ◦ h ◦ pi · H˜ea
)
·Eb (H, g, h) ,
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where
Eb (H, g, h) = ρ
i
b◦h◦
∗
pi ·Hi − gae ◦ h ◦
∗
pi · pe · ρia◦h◦
∗
pi ·
∂
(
g˜eb◦h◦
∗
pi·He
)
∂xi
+gae ◦ h ◦
∗
pi · pe · Ldab◦h◦
∗
pi ·
(
g˜ed ◦ h ◦
∗
pi ·He
)
.
q.e.d.
Theorem 6.11.2.2 The real local functions
(6.11.2.10)
(ρ, η)
∗
Γbc =
1
2 g˜ec ◦ h ◦
∗
pi
∂
((
gae◦h◦
∗
pi·Heb
)
Ea(H,g,h)
)
∂pe
−12
(
gde ◦ h ◦
∗
pi · pe
)
Ladc ◦ h ◦
∗
pi · g˜ab ◦ h ◦
∗
pi, b, c ∈ 1, r.
are the components of a (ρ, η)-connection (ρ, η)
∗
Γ for the vector bundle
(
∗
E,
∗
pi,M
)
which will be called the (ρ, η)-connection associated to Hamilton mechanical (ρ, η)-
system
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
and from locally invertible Bv-morphism (g, h).
Corollary 6.11.2.1 The real local functions
(6.11.2.11)
(ρ, η)
∗
Γ˚bc = (g˜ec ◦ h ◦ pi)
∂Gb
∂pe
−12
(
gde ◦ h ◦
∗
pi · pe
)
Ladc ◦ h ◦
∗
pi · g˜ab ◦ h ◦
∗
pi, b, c ∈ 1, r
are the components of a (ρ, η)-connection (ρ, η)
∗
Γ˚ for the vector bundle
(
∗
E,
∗
pi,M
)
.
In addition, we have
(6.11.2.12) (ρ, η)
∗
Γ˚ bc = (ρ, η)
∗
Γbc +
1
4(g˜ec ◦ h ◦ pi) ·
∂Fb
∂pe
, ∀a, c ∈ 1, r.
Theorem 6.11.2.3 The integral curves of the canonical (ρ, η)-semispray associ-
ated to
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
mechanical (ρ, η)-system and from locally invertible Bv-
morphism (g, h) are the autoparallel lifts with respect to (ρ, η)-connection (ρ, η)
∗
Γ.
Definition 6.11.2.4 The equations
(6.11.2.13)
dpb (t)
dt
+
(
gae ◦ h ◦
∗
pi · H˜eb · Ea (H, g, h)
)
◦
∗
u (c, c˙) ◦ (η ◦ h ◦ c (t)) = 0,
will be called the equations of Hamilton-Jacobi type associated to Hamilton mechanical
(ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
and from locally invertible Bv-morphism (g, h) .
Remark 6.11.2.1 The integral curves of the canonical (ρ, η)-semispray associated
to dual mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
and from locally invertible Bv-
morphism (g, h) are the (g, h)-lifts solutions for the equations of Hamilton-Jacobi type
(6.11.2.13).
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7 The (horizontal) Legendre (ρ, η, h)-equivalence
Let (E, pi,M) be a vector bundle.
We take
(
xi, ya
)
as canonical local coordinates on (E, pi,M) , where i ∈ 1,m and
a ∈ 1, r.
Consider (
xi, ya
)
−→
(
xi´
(
xi
)
, ya´
(
xi, ya
))
a change of coordinates on (E, pi,M). Then the coordinates ya change to ya´ by the rule:
(7.1) ya´ =M a´a y
a.
Let
(
∗
E,
∗
pi,M
)
be the dual vector bundle of (E, pi,M).
We take
(
xi, pa
)
as canonical local coordinates on
(
∗
E,
∗
pi,M
)
, where i ∈ 1,m and
a ∈ 1, r.
Consider (
xi, pa
)
−→
(
xi´
(
xi
)
, pa´
(
xi, pa
))
a change of coordinates on
(
∗
E,
∗
pi,M
)
. Then the coordinates pa change to pa´ by the
rule:
(7.1′) pa´ =M
a
a´ pa.
If (U, sU ) and
(
U,
∗
sU
)
are vector local (m+ r)-charts then
Maa´ (x) ·M
a´
b (x) = δ
a
b , ∀x ∈ U.
Let L be a differentiable Lagrangian defined on the total space of the vector bundle
(E, pi,M) .
If (U, sU ) is a vector local (m+ r)-chart for (E, pi,M), then we obtain the following
real functions defined on pi−1 (U):
(7.3)
Li
put
= ∂L
∂xi
Lib
put
= ∂
2L
∂xi∂yb
La
put
= ∂L
∂ya
Lab
put
= ∂
2L
∂ya∂yb
.
We build the fiber bundle morphism
E
ϕL
−−−−−−→
∗
E
pi ↓ ↓
∗
pi
M
IdM
−−−−−−−→ M
,
where ϕL is locally defined
(7.4) pi
−1 (U)
ϕL
−−−−−−→
∗
pi
−1
(U)
ux 7−→ Lb (ux) s
a (x)
,
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for any vector local (m+ r)-chart (U, sU ) of (E, pi,M) and for any vector local (m+ r)-
chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
.
Using the differentiable Lagrangian L, we build the differentiable Hamiltonian H,
locally defined by
(7.2′)
∗
pi
−1
(U)
H
−−−−−→ R
∗
ux = pas
a 7−→ paya − L (ux)
,
for any vector local (m+ r)-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, where
(
ya, a ∈ 1, r
)
are the
components solutions of the differentiable equations
pb = Lb (ux) , ux ∈ pi
−1 (U) .
If
(
U,
∗
sU
)
is a vector local (m+ r)-chart for
(
∗
E,
∗
pi,M
)
, then we obtain the following
real functions defined on
∗
pi
−1
(U):
(7.3′)
Hi =
∂H
∂xi
Hbi =
∂2H
∂xi∂pb
Ha = ∂H
∂pa
Hab = ∂
2H
∂pa∂pb
.
Using this Hamiltonian, we build the fiber bundle morphism
∗
E
ϕH
−−−−−−−→ E
∗
pi ↓ ↓ pi
M
IdM
−−−−−−−→ M
,
where ϕH is locally defined
(7.4′)
∗
pi
−1
(U)
ϕH
−−−−−−−→ pi−1 (U)
∗
ux 7−→ Ha
(
∗
ux
)
sa (x)
,
for any vector local (m+ r)-chart (U, sU ) of (E, pi,M) and for any vector local (m+ r)-
chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
.
Using the B-morphism (ϕL, IdM ), we build the B
v-morphism ((ρ, η)TϕL, ϕL) given
by the diagram
(7.5)
(ρ, η)TE
(ρ,η)TϕL
−−−−−−−−−→ (ρ, η)T
∗
E
(ρ, η) τE ↓ ↓ (ρ, η) τ ∗
E
E
ϕL
−−−−−−−−−→
∗
E
,
such that
(7.6)
Γ ((ρ, η)TϕL, ϕL)
(
Z˜α∂˜α
)
=
(
Z˜α ◦ ϕH
) ∗
∂˜α +
[(
ρiα◦h◦pi
)
Z˜αLib
]
◦ ϕH
·
∂˜
b
,
Γ ((ρ, η)TϕL, ϕL)
(
Y a
·
∂˜a
)
= (Y aLab) ◦ ϕH
·
∂˜
b
,
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for any Z˜α∂˜α + Y
a
·
∂˜a ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
The Bv-morphism ((ρ, η)TϕL, ϕL) will be called the (ρ, η)-tangent application of
the Legendre bundle morphism associated to the Lagrangian L.
Using the B-morphism (ϕH , IdM ), we build the B
v-morphism ((ρ, η)TϕH , ϕH)
given by the diagram
(7.5′)
(ρ, η)T
∗
E
(ρ,η)TϕH
−−−−−−−−−−→ (ρ, η)TE
(ρ, η) τ ∗
E
↓ ↓ (ρ, η) τE
E∗
ϕH
−−−−−−−−−→ E,
such that
(7.6′)
Γ ((ρ, η)TϕL, ϕL)
(
Z˜α
∗
∂˜α
)
=
(
Z˜α ◦ ϕL
)
∂˜α +
[(
ρiα◦h◦
∗
pi
)
Z˜αHbi
]
◦ ϕL
·
∂˜b,
Γ ((ρ, η)TϕL, ϕL)
(
Ya
·
∂˜
a
)
=
(
YaH
ab
)
◦ ϕL
·
∂˜b,
for any Z˜α
∗
∂˜α + Ya
·
∂˜
a
∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
The Bv-morphism ((ρ, η)TϕH , ϕH) will be called the (ρ, η)-tangent application of
the Legendre bundle morphism associated to the Hamiltonian H.
Let
(7.7)
(
∂
∂xi
, ∂
∂ya
)
put
=
(
∂i,
·
∂a
)
be the natural base for sections Lie algebra (Γ (TE, τE, E) ,+, ·, [, ]TE) .
Let
(7.7′)
(
∂
∂xi
, ∂
∂pa
)
put
=
( ∗
∂
∂xi
, ∂
∂pa
)
put
=
(
∗
∂i,
·
∂
a
)
be the natural base for sections Lie algebra
(
Γ
(
T
∗
E, τ ∗
E
,
∗
E
)
,+, ·, [, ]
T
∗
E
)
.
Using the diagram:
(7.8)
E
(
F, [, ]F,h , (ρ, η)
)
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
where
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid, we build the generalized
tangent bundle
(7.9) ((ρ, η)TE, (ρ, η) τE , E) .
The natural (ρ, η)-base of sections is denoted
(7.10)
(
∂
∂z˜α
, ∂
∂y˜a
)
put
=
(
∂˜α,
·
∂˜a
)
.
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Using the diagram:
(7.8′)
∗
E
(
F, [, ]F,h , (ρ, η)
)
∗
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
where
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid, we build the generalized
tangent bundle
(7.9′)
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
The natural (ρ, η)-base of sections is denoted
(7.10′)
(
∗
∂
∂z˜α
, ∂
∂p˜a
)
put
=
(
∗
∂˜α,
·
∂˜
a
)
.
7.1 The duality between mechanical systems
Let ((E, pi,M) , Fe, (ρ, η)Γ) be a mechanical (ρ, η)-system.
Let g ∈Man (E,E) such that (g, h) is a Bv-morphism locally invertible of (E, pi,M)
source and (E, pi,M) target, on components gab .
The Mod-endomorphism
(7.1.1)
Γ ((ρ, η)TE, (ρ, η) τE, E)
J(g,h)
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Z˜a∂˜a + Y
b
·
∂˜b 7−→
(
g˜ba ◦ h ◦ pi
)
Z˜a
·
∂˜b
is the almost tangent structure associated to Bv-morphism (g, h).
The vertical section
(7.1.2) C=ya
·
∂˜a
is the Liouville section.
Let
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)
∗
Γ
)
be a dual mechanical (ρ, η)-system.
Let g ∈ Man
(
∗
E,E
)
be such that (g, h) is a Bv-morphism locally invertible of(
∗
E,
∗
pi,M
)
source and (E, pi,M) target, on components gab.
The Mod-endomorphism
(7.1.1)′
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
J (g,h)
−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜a
∗
∂˜a + Yb
·
∂˜
b
7−→
(
g˜ba ◦ h ◦
∗
pi
)
Z˜a
·
∂˜
b
is the almost tangent structure associated to Bv-morphism (g, h).
The vertical section
(7.1.2)′ ∗C=pb
·
∂˜
b
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is the Liouville section.
Let
(7.1.3) S = yb (gab ◦ h ◦ pi)
∂
∂z˜a
− 2
(
Ga − 14F
a
)
∂
∂y˜a
be the (ρ, η)-semispray associated to mechanical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ)
and from locally invertible Bv-morphism (g, h) and let
(7.1.3)′
∗
S = pb
(
gab ◦ h ◦
∗
pi
) ∗
∂
∂z˜a
− 2
(
Ga −
1
4Fa
)
∂
∂p˜a
be the (ρ, η)-semispray associated to the mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
, Fe, (ρ, η)
∗
Γ
)
and from locally invertible Bv-morphism (g, h) .
Theorem 7.1.1 If
(7.1.4) Γ ((ρ, η)TϕL, ϕL) (S) =
∗
S,
then we obtain:
(7.1.5) yb (gab ◦ h ◦ pi) ◦ ϕH = pb
(
gab ◦ h ◦
∗
pi
)
and
(7.1.6)
2
(
Gb −
1
4Fb
)
= 2
[(
Ga − 14F
a
)
· Lab
]
◦ ϕH
−yc
{[(
gac · ρ
i
a
)
◦ h ◦ pi
]
· Lib
}
◦ ϕH .
Theorem 7.1.2 Dual, if
(7.1.4)′ Γ ((ρ, η)TϕH , ϕH)
(
∗
S
)
= S,
then we obtain:
(7.1.5)′ pb
(
gba ◦ h ◦
∗
pi
)
◦ ϕL = y
b (gab ◦ h ◦ pi)
and
(7.1.6)′
2
(
Ga − 14F
a
)
= 2
[(
Gb −
1
4Fb
)
·Hab
]
◦ ϕL
−pc
{[(
gac · ρia
)
◦ h ◦
∗
pi
]
·Hbi
}
◦ ϕL.
7.2 The duality between Lie algebroids structures
The generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
can be endowed with a Lie algebroid structure(
[, ](ρ,η)TE , (ρ˜, IdE)
)
.
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The Lie bracket [, ](ρ,η)TE is defined by
(7.2.1)
[(
Z˜α1
∂
∂z˜α
+ Y a1
∂
∂y˜a
)
,
(
Z˜
β
2
∂
∂z˜β
+ Y b2
∂
∂y˜b
)]
(ρ,η)TE
=
=
[
Z˜α1 Ta, Z˜
β
2 Tβ
]
pi∗(h∗F )
⊕
[(
ρiα ◦ h ◦ pi
)
Z˜α1
∂
∂xi
+ Y a1
∂
∂y˜a
,(
ρiβ ◦ h ◦ pi
)
Z˜
β
2
∂
∂xi
+ Y b2
∂
∂y˜b
]
TE
,
for any sections
(
Z˜α1
∂
∂z˜α
+ Y a1
∂
∂y˜a
)
and
(
Z˜
β
2
∂
∂z˜β
+ Y b2
∂
∂y˜b
)
.
The anchor map (ρ˜, IdE) is a B
v-morphism of ((ρ, η)TE, (ρ, η) τE , E) source and
(TE, τE , E) target, where
(5.2.2)
(ρ, η)TE
ρ˜
−→ TE(
Z˜α ∂
∂z˜α
+ Y a ∂
∂y˜a
)
(ux) 7−→
((
ρiα◦h◦pi
)
Z˜α ∂
∂xi
+Y a ∂
∂y˜a
)
(ux).
The generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
can be endowed with a Lie algebroid structure(
[, ]
(ρ,η)T
∗
E
,
(
∗
ρ˜, Id ∗
E
))
.
The Lie bracket [, ]
(ρ,η)T
∗
E
is defined by
(7.2.1)′
[(
Z˜α1
∗
∂
∂z˜α
+ Y1a
∂
∂p˜a
)
,
(
Z˜
β
2
∗
∂
∂z˜β
+ Y2b
∂
∂p˜b
)]
(ρ,η)T
∗
E
=
=
[
Z˜α1 Ta, Z˜
β
2 Tβ
]
∗
pi
∗
(h∗F )
⊕
[(
ρiα ◦ h ◦
∗
pi
)
Z˜α1
∂
∂xi
+ Y1a
∂
∂p˜a
,(
ρiβ ◦ h ◦
∗
pi
)
Z˜
β
2
∂
∂xi
+ Y2b
∂
∂p˜b
]
T
∗
E
,
for any sections
(
Z˜α1
∗
∂
∂z˜α
+ Y1a
∂
∂p˜a
)
and
(
Z˜
β
2
∗
∂
∂z˜β
+ Y2b
∂
∂p˜b
)
.
The anchor map
(
∗
ρ˜, Id ∗
E
)
is a Bv-morphism of
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
source and(
T
∗
E, τ ∗
E
,
∗
E
)
target, where
(5.2.2)′
(ρ, η)T
∗
E
∗
ρ˜
−→ T
∗
E(
Z˜α
∗
∂
∂z˜α
+ Ya
∂
∂p˜a
)
(
∗
ux)7−→
((
ρiα◦h◦
∗
pi
)
Z˜α
∗
∂
∂xi
+Ya
∂
∂p˜a
)
(
∗
ux).
Theorem 7.2.1 If the Bv-morphism ((ρ, η)TϕL, ϕL) is morphism of Lie algebroids,
then we obtain:
(7.2.3)
(
L
γ
αβ ◦ h ◦ pi
)
◦ ϕH = L
γ
αβ ◦ h ◦
∗
pi,
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(7.2.4)
[(Lγαβρ
k
γ)◦h◦pi·Lkb]◦ϕH =ρiα◦h◦
∗
pi·
∗
∂
∂xi
[(ρjβ◦h◦pi·Ljb)◦ϕH ]
−ρj
β
◦h◦
∗
pi·
∗
∂
∂xj
[(ρiα◦h◦pi·Lib)◦ϕH ]
+(ρiα◦h◦pi·Lia)◦ϕH · ∂∂pa [(ρ
j
β
◦h◦pi·Ljb)◦ϕH]
−(ρjβ◦h◦pi·Lja)◦ϕH ·
∂
∂pa
[(ρiα◦h◦pi·Lib)◦ϕH],
(7.2.5)
0 = ρiα◦h◦
∗
pi ·
∗
∂
∂xi
(Lba ◦ ϕH)
+
(
ρiα◦h◦pi · Lbc
)
◦ ϕH
∂
∂pc
(Lba ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
[(
ρiα◦h◦pi · Lia
)
◦ ϕH
]
and
(7.2.6)
0 = Lac ◦ ϕH ·
∂
∂pc
(Lbd ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
(Lad ◦ ϕH) .
Proof. Developing the following equalities
Γ ((ρ, η)TϕL, ϕL)
[
∂˜α, ∂˜β
]
(ρ,η)TE
=
[
Γ ((ρ, η)TϕL, ϕL) ∂˜α,Γ ((ρ, η)TϕL, ϕL) ∂˜β
]
(ρ,η)T
∗
E
,
Γ ((ρ, η)TϕL, ϕL)
[
∂˜α,
·
∂˜b
]
(ρ,η)TE
=
[
Γ ((ρ, η)TϕL, ϕL) ∂˜α,Γ ((ρ, η)TϕL, ϕL)
·
∂˜b
]
(ρ,η)T
∗
E
and
Γ ((ρ, η)TϕL, ϕL)
[ ·
∂˜a,
·
∂˜b
]
(ρ,η)TE
=
[
Γ ((ρ, η)TϕL, ϕL)
·
∂˜a,Γ ((ρ, η)TϕL, ϕL)
·
∂˜b
]
(ρ,η)T
∗
E
it results the conclusion of the theorem. q.e.d.
Corollary 7.2.1 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ), then we obtain:
(7.2.4)′ 0 =
∗
∂
∂xi
(Ljb ◦ ϕH)−
∗
∂
∂xj
(Lib ◦ ϕH)
+Lia ◦ ϕH ·
∂
∂pa
(Ljb ◦ ϕH)− Lja ◦ ϕH ·
∂
∂pa
(Lib ◦ ϕH)
(5.2.5)′ 0 =
∗
∂
∂xi
(Lba ◦ ϕH) + Lbc ◦ ϕH ·
∂
∂pc
(Lba ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
(Lia ◦ ϕH)
and
(7.2.6)′
0 = Lac ◦ ϕH ·
∂
∂pc
(Lbd ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
(Lad ◦ ϕH) .
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Theorem 7.2.2 Dual, if the the Bv-morphism ((ρ, η)TϕH , ϕH) is morphism of Lie
algebroids, then we obtain:
(7.2.7)
(
L
γ
αβ ◦ h ◦
∗
pi
)
◦ ϕL = L
γ
αβ ◦ h ◦ pi,
(7.2.8)
[
(Lγαβρ
k
γ)◦h◦
∗
pi·Hbk
]
◦ϕL =ρ
i
α◦h◦pi·
∂
∂xi
[(
ρ
j
β
◦h◦
∗
pi·Hbj
)
◦ϕL
]
−ρjβ◦h◦pi·
∂
∂xj
[(
ρiα◦h◦
∗
pi·Hbi
)
◦ϕL
]
+
(
ρiα◦h◦
∗
pi·Hci
)
◦ϕL·
∂
∂yc
[(
ρ
j
β◦h◦
∗
pi·Hbj
)
◦ϕL
]
−
(
ρ
j
β
◦h◦
∗
pi·Hcj
)
◦ϕL·
∂
∂yc
[(
ρiα◦h◦
∗
pi·Hbi
)
◦ϕL
]
,
(7.2.9)
0 = ρiα◦h◦pi ·
∂
∂xi
(
Hba ◦ ϕL
)
+
(
ρiα◦h◦
∗
pi ·Hbc
)
◦ ϕL
∂
∂yc
(
Hba ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
[(
ρiα◦h◦
∗
pi ·Hai
)
◦ ϕL
]
and
(7.2.10)
0 = Hac ◦ ϕL ·
∂
∂yc
(
Hbd ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
(
Had ◦ ϕL
)
.
Proof. Developing the following equalities
Γ ((ρ, η)TϕH , ϕH)
[∗
∂˜α,
∗
∂˜β
]
(ρ,η)T
∗
E
=
[
Γ ((ρ, η)TϕH , ϕH)
∗
∂˜α,Γ ((ρ, η)TϕH , ϕH)
∗
∂˜β
]
(ρ,η)TE
,
Γ ((ρ, η)TϕH , ϕH)
[
∗
∂˜α,
·
∂˜
b
]
(ρ,η)T
∗
E
=
[
Γ ((ρ, η)TϕH , ϕH)
∗
∂˜α,Γ ((ρ, η)TϕH , ϕH)
·
∂˜
b
]
(ρ,η)TE
and
Γ ((ρ, η)TϕH , ϕH)
[
·
∂˜
a
,
·
∂˜
b
]
(ρ,η)T
∗
E
=
[
Γ ((ρ, η)TϕH , ϕH)
·
∂˜
a
,Γ ((ρ, η)TϕH , ϕH)
·
∂˜
b
]
(ρ,η)TE
it results the conclusion of the theorem. q.e.d.
Corollary 7.2.2 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ), then we obtain:
(7.2.8)′
0 = ∂
∂xi
(
Hbj ◦ ϕL
)
− ∂
∂xj
(
Hbi ◦ ϕL
)
+Hci ◦ ϕL ·
∂
∂yc
(
Hbj ◦ ϕL
)
−Hcj ◦ ϕL ·
∂
∂yc
(
Hbi ◦ ϕL
)
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(7.2.9)′
0 = ∂
∂xi
(
Hba ◦ ϕL
)
+Hbc ◦ ϕL ·
∂
∂yc
(
Hba ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
(Hai ◦ ϕL)
and
(7.2.10)′
0 = Hac ◦ ϕL ·
∂
∂yc
(
Hbd ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
(
Had ◦ ϕL
)
.
Definition 7.2.1 If ((ρ, η)TϕL, ϕL) and ((ρ, η)TϕH , ϕH) are Lie algebroids mor-
phisms, then we will say that (E, pi,M) and
(
∗
E,
∗
pi,M
)
are Legendre (ρ, η, h)-equivalent.
We will write
(E, pi,M)
L
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
.
Theorem 7.2.3 If
(E, pi,M)
L
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
then, using the equalities (7.2.3) and (7.2.7) it results that for any vcetor local (m+ r)-
chart (U, sU ) of (E, pi,M) and for any vector local (m+ r)-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
we obtain:
(7.2.11) ϕH ◦ ϕL = Idpi−1(U)
and
(7.2.12) ϕL ◦ ϕH = Id∗
pi
−1
(U)
.
Therefore, locally, ϕL is diffeomorphism and ϕ
−1
L = ϕH .
7.3 The duality betwen adapted (ρ, η)-basis
If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M) , then the adapted (ρ, η)-
base of sections is
(7.3.1)
(
∂
∂z˜α
− (ρ, η) Γaα
∂
∂y˜a
, ∂
∂y˜a
)
put
=
(
δ
δz˜α
, ∂
∂y˜a
)
put
=
(
δ˜α,
·
∂˜a
)
.
If (ρ, η)
∗
Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
, then the adapted
(ρ, η)-base of sections is
(7.3.1)′
(
∗
∂
∂z˜α
+ (ρ, η)
∗
Γbα
∂
∂p˜b
, ∂
∂p˜a
)
put
=
(
∗
δ
δz˜α
, ∂
∂p˜a
)
put
=
(
∗
δ˜α,
·
∂˜
a
)
.
Theorem 7.3.1 If
Γ ((ρ, η)TϕL, ϕL)
(
δ˜α
)
=
∗
δ˜α,
then
(7.3.2) (ρ, η)
∗
Γbα =
[(
ρiα◦h◦pi
)
· Lib − (ρ, η) Γ
a
α · Lab
]
◦ ϕH .
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Proof. After some calculations, it results the conclusion of the theorem. q.e.d.
Corollary 7.3.1 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ), then the equality
Γ ((ρ, η)TϕL, ϕL)
(
δ˜k
)
=
∗
δ˜k,
implies the equality
(7.3.2)′
∗
Γbk = [Lkb − Γ
a
k · Lab] ◦ ϕH .
Theorem 7.3.2 Dual, if
Γ ((ρ, η)TϕH , ϕH)
(∗
δ˜α
)
= δ˜α,
then
(7.3.3) − (ρ, η) Γaα =
[(
ρiα◦h◦
∗
pi
)
·Hai + (ρ, η)
∗
Γbα ·H
ba
]
◦ ϕL.
Proof. After some calculations, it results the conclusion of the theorem. q.e.d.
Corollary 7.3.2 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ), then the equality
Γ ((ρ, η)TϕH , ϕH)
(∗
δ˜k
)
= δ˜k,
implies the equality
(7.3.3)′ −Γak =
[
Hak +
∗
Γbk ·H
ba
]
◦ ϕL.
Definition 7.3.2 If
(E, pi,M)
L
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
.
and
(7.3.4) Γ ((ρ, η)TϕL, ϕL)
(
δ˜α
)
=
∗
δ˜α,
(7.3.4)′ Γ ((ρ, η)TϕH , ϕH)
(∗
δ˜α
)
= δ˜α,
then we will say that (E, pi,M) and
(
∗
E,
∗
pi,M
)
are horizontal Legendre (ρ, η, h)-equivalent.
We will write
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
.
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The dual natural (ρ, η)-base of the natural (ρ, η)-base
(
∂˜α,
·
∂˜a
)
is denoted (dz˜α, dy˜a)
and the dual adapted (ρ, η)-base of the adapted (ρ, η)-base
(
δ˜α,
·
∂˜a
)
is denoted
(7.3.5) (dz˜α, δy˜a)
put
= (dz˜α, dy˜a + (ρ, η) Γaα · dz˜
α) .
The dual natural (ρ, η)-base of the natural (ρ, η)-base
(
∗
∂˜α,
·
∂˜
a
)
is denoted (dz˜α, dp˜a)
and the dual adapted (ρ, η)-base of the adapted (ρ, η)-base
(∗
δ˜α,
·
∂˜a
)
is denoted
(7.3.5)′ (dz˜α, δp˜a)
put
=
(
dz˜α, dp˜a − (ρ, η)
∗
Γaα · dz˜α
)
.
Theorem 7.3.3 The equality (7.3.4) is equivalent with the equality:
(7.3.6) Γ ((ρ, η)TϕL, ϕL)
∗ (δp˜a) = Lab · δy˜
b
and the equality (7.3.4)′ is equivalent with the equality:
(7.3.6)′ Γ ((ρ, η)TϕH , ϕH)
∗ (δy˜a) = Hab · δp˜b
Theorem 7.3.4 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
then we obtain:
(7.3.7) (ρ, η)
∗
Γbα =
[(
ρiα◦h◦pi
)
· Lib − (ρ, η) Γ
a
α · Lab
]
◦ ϕH
and
(7.3.7)′ − (ρ, η) Γaα =
[(
ρiα◦h◦
∗
pi
)
·Hai + (ρ, η)
∗
Γbα ·H
ba
]
◦ ϕL.
If the Lagrangian L is regular, then we will define the real local functions L˜ab such
that ∥∥∥L˜ab (ux)∥∥∥ = ‖Lab (ux)‖−1 , ∀ux ∈ pi−1 (U) .
If the Hamiltonian H is regular, then we will define the real local functions H˜ab such
that ∥∥∥H˜ab (∗ux)∥∥∥ = ∥∥∥Hab (∗ux)∥∥∥−1 , ∀∗ux ∈ ∗pi−1 (U) .
Remark 7.3.1 If the Lagrangian L is regular and
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
then, using the equalities (7.3.7) and (7.3.7)′, we obtain:
(7.3.8)
(
ρiα◦h◦pi
)
· Lib · L˜
ab = −
[(
ρiα◦h◦
∗
pi
)
·Hbi
]
◦ ϕL
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and
(7.3.9) L˜ab = Hab ◦ ϕL.
Therefore, the Hamiltonian H is regular and
(7.3.10) H˜ab = Lab ◦ ϕH .
It is known that the following equalities hold good
(7.3.11)
[
δ˜α, δ˜β
]
(ρ,η)TE
=
(
L
γ
αβ ◦ h ◦ pi
)
δ˜γ + (ρ, η, h)R
a
αβ
·
∂˜a,
and
(7.3.11)′
[∗
δ˜α,
∗
δ˜β
]
(ρ,η)T
∗
E
=
(
L
γ
αβ ◦ h ◦
∗
pi
) ∗
δ˜γ + (ρ, η, h)Rb αβ
·
∂˜
b
,
Theorem 7.3.5 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
then, we obtain:
(7.3.12) (ρ, η, h)Rb αβ =
[
(ρ, η, h)Ra αβ · Lab
]
◦ ϕH
and
(7.3.12)′ (ρ, η, h)Ra αβ =
[
(ρ, η, h)Rb αβ ·H
ba
]
◦ ϕL.
Theorem 7.3.6 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
then we obtain
(7.3.13)
(
∂(ρ,η)Γaα
∂yb
· Lac
)
◦ ϕH = Lba ◦ ϕH ·
∂(ρ,η)Γcα
∂pa
+
(
ρiα◦h◦
∗
pi
)
·
∗
∂
∂xi
(Lbc ◦ ϕH)
+ (ρ, η) Γaα ·
∂
∂pa
(Lbc ◦ ϕH)
and
(7.3.13)′
−
(
∂(ρ,η)Γaα
∂yb
· Lac
)
◦ ϕH = Lba ◦ ϕH ·
∂(ρ,η)Γcα
∂pa
+
(
ρiα◦h◦
∗
pi
)
·
∗
∂
∂xi
(Lbc ◦ ϕH)
+ (ρ, η) Γaα ·
∂
∂pa
(Lbc ◦ ϕH)
Proof. Developing the following equalities
Γ ((ρ, η)TϕL, ϕL)
([
δ˜α,
·
∂˜a
]
(ρ,η)TE
)
=
[
Γ ((ρ, η)TϕL, ϕL) δ˜α,Γ ((ρ, η)TϕL, ϕL)
·
∂˜a
]
(ρ,η)T
∗
E
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and
Γ ((ρ, η)TϕH , ϕH)
[ ∗δ˜α, ·∂˜a
]
(ρ,η)T
∗
E

=
[
Γ ((ρ, η)TϕH , ϕH)
∗
δ˜α,Γ ((ρ, η)TϕH , ϕH)
·
∂˜a
]
(ρ,η)TE
it results the conclusion of the theorem. q.e.d.
7.4 The duality between distinguished linear (ρ, η)-connections
Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) and let
(7.4.1) (X,T )
(ρ,η)D
−−−−→ (ρ, η)DXT
be a covariant (ρ, η)-derivative for the tensor algebra of generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
which preserves the horizontal and vertical IDS by parallelism.
If (U, sU) is a vector local (m+ r)-chart for (E, pi,M) , then the real local functions(
(ρ, η)Hαβγ , (ρ, η)H
a
bγ , (ρ, η)V
α
βc, (ρ, η)V
a
bc
)
defined on pi−1 (U) and determined by the following equalities:
(7.4.2)
(ρ, η)Dδ˜γ δ˜β = (ρ, η)H
α
βγ δ˜α, (ρ, η)Dδ˜γ
·
∂˜b = (ρ, η)H
a
bγ
·
∂˜a
(ρ, η)D ·
∂˜c
δ˜β = (ρ, η)V
α
βc
δ˜α, (ρ, η)D ·
∂˜c
·
∂˜b = (ρ, η)V
a
bc
·
∂˜a
are the components of a distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Let (ρ, η)
∗
Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let
(7.4.1)′ (X,T )
(ρ,η)
∗
D
−−−−→ (ρ, η)
∗
DXT
be a covariant (ρ, η)-derivative for the tensor algebra of generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
which preserves the horizontal and vertical IDS by parallelism.
If
(
U,
∗
sU
)
is a vector local (m+ r)-chart for
(
∗
E,
∗
pi,M
)
, then the real local functions(
(ρ, η)
∗
H
α
βγ , (ρ, η)
∗
H
a
bγ , (ρ, η)
∗
V
αc
β , (ρ, η)
∗
V
ac
b
)
defined on
∗
pi
−1
(U) and determined by the following equalities:
(7.4.2)′
(ρ, η)
∗
D∗
δ˜γ
∗
δ˜β = (ρ, η)
∗
H
α
βγ
∗
δ˜α, (ρ, η)
∗
D∗
δ˜γ
·
∂˜
a
= (ρ, η)
∗
H
a
bγ
·
∂˜
b
(ρ, η)
∗
D ·
∂˜
c
∗
δ˜β = (ρ, η)
∗
V
αc
β
∗
δ˜α, (ρ, η)
∗
D ·
∂˜
c
·
∂˜
b
= (ρ, η)
∗
V
bc
a
·
∂˜
a
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are the components of a distinguished linear (ρ, η)-connection(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
Theorem 7.4.1 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
and
Γ ((ρ, η)TϕL, ϕL) ((ρ, η)DXY ) = (ρ, η)
∗
DΓ((ρ,η)TϕL,ϕL)XΓ ((ρ, η)TϕL, ϕL)Y,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E), then we obtain:
(7.4.3) (ρ, η)Hαβγ ◦ ϕH = (ρ, η)
∗
H
α
βγ ,
(7.4.4)
(
(ρ, η)Habγ · Lac
)
◦ ϕH =
(
ρkγ◦h◦
∗
pi
)
·
∗
∂
∂xk
(Lbc ◦ ϕH)
+ (ρ, η)
∗
Γbγ ·
∂
∂pb
(Lbc ◦ ϕH)
− (ρ, η)
∗
H
a
bγ · (Lac ◦ ϕH) ,
(7.4.5) (ρ, η)V αβd ◦ ϕH = (ρ, η)
∗
V
αc
β · (Lcd ◦ ϕH)
and
(7.4.6)
((ρ, η)V abc · Lad) ◦ ϕH = (Lce ◦ ϕH) ·
∂
∂pe
(Lbd ◦ ϕH)
− (Lce ◦ ϕH) · (ρ, η)
∗
V
ef
d · (Lbf ◦ ϕH) .
Theorem 7.4.2 Dual, if
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
and
Γ ((ρ, η)TϕH , ϕH)
(
(ρ, η)
∗
DXY
)
= (ρ, η)DΓ((ρ,η)TϕH ,ϕH )XΓ ((ρ, η)TϕH , ϕH)Y,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, then we obtain:
(7.4.3)′ (ρ, η)
∗
H
α
βγ ◦ ϕL = (ρ, η)H
α
βγ ,
(7.4.4)′
(
(ρ, η)
∗
H
a
bγ ·H
bc
)
◦ ϕL =
(
ρkγ◦h◦pi
)
· ∂
∂xk
(Hac ◦ ϕL)
+ (ρ, η) Γbγ ·
∂
∂yb
(Hac ◦ ϕL)
− (ρ, η)Habγ ·
(
Hbc ◦ ϕL
)
,
(7.4.5)′ (ρ, η)
∗
V
αc
β ◦ ϕL = (ρ, η)V
α
βc ·
(
Hcd ◦ ϕL
)
and
(7.4.6)′
(
(ρ, η)
∗
V
bc
a ·H
ad
)
◦ ϕL = (H
ce ◦ ϕH) ·
∂
∂ye
(
Hbd ◦ ϕL
)
− (Hce ◦ ϕL) · (ρ, η)V
d
ef ·
(
Hbf ◦ ϕL
)
.
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